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Thb Aathor's Completb School Alobbra. wm written to meet the wants 
of our Common and High SchooUi and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 

The present volume is designed for use in these advanced courses of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
as is expedient for the preparatory schools, it is believed that this will be found 
to contain all that these higher schools require. 

It was deemed necessary to make the work a complete treatise, including the 
Elements, for purposes of reference, and for reviews, and also in consideration 
of the fact that our higher institutions have various standards of re(|uirement 
ior admission. In fact, there are few students of Higher Algebra who do not 
find it necessary to have the Elements at hand for occasional consultation. 

This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the Complete School 
Algebha, with an abundant collection of New Examples ; but from it all ele- 
mentary illustrations, explanations, solutions, and suggestions, are omitted. 
The whole is so arranged as to secure readiness of reference and convenience 
of review by somewhat mature students. 

The subjects treated in Pabt III., which constitutes the Advanced Cours§ 
proper, will be best seen by turning to the Table of Contents. In this place 
the author wishes merely to call attention to a few of the distinguishing fea- 
tures of this Part. 

1. The conception of Function and Variable is introduced at once, and is 
made familiar by such use of it as mathematicians are constantly making. No 
one needs to be told that this conce])tion lies at the foundation of all higher 
algebraic discussion ; yet, strangely enough, the very terms are scarcely to be 
found in our common text-books, and the practical use of the conception is 
totally wanting. 
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2. The first chapter in the Advanced Course is given to an elementary and 
practical exposition of the Inflnitesimal Analysis. The author knows from his 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds ; and everybody knows that it is only by 
this analysis that the development of functions, as in the Binomial Formula, 
Logarithmic Series, etc., the general relation of function and variable, the 
evolution of many of the principles requisite in solving the Higher Equations, 
and many other subjects, are ever treated by mathematicians, except wlien they 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated processes by which we have been accustomed to teach our pupils 
in algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and its variable, etc., except when he is teaching the tyro. Why not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of thinking which he will ever after use ? 

3. By the introduction of a short chapter on Loci of Equations ^ which any 
one can read even without a knowledge of Elementary Geometry, and which 
in itself is always interesting to the pupil, and of fundamental use in the sub- 
sequent course, aU the more abstruse principles of Vie Theory of Equations are 
illustrated, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly. How great an advantage this is, no experienced teacher 
needs to be told. 

4. In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises in common use. 

» 

5. The important but difficult subject of the Discussion of Equaiions has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the principles to be 
applied, and has liecome sufficiently imbued with the spirit of the algebraic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of tlie 
tyro. It is nothing else than to think in mathematical formulae, and hence is 
one of the later products of mathematical study. It is hoped that the position 
assigned to this subject in the course, and the manner of treating it, will insure 
better results than we have hitherto been able to obtain. 

6. In the selection of Subjects to he Presented, constant r«^gard has Ixrrn had 
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to the demands of the sabsequent initiK^mitical course. This has led to the 
ODUssion of a number of theorems and methods, which, though well enough 
hi themselves as mere matter of theory, find no practical application In a sub- 
sequent course, however extended; and has, at the same time, led to tlie 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which lie nearches his Algebra In vain, if he has at hand 
nothing but our common American text-books. 

7. In Metliod of Treatment the following principles have been kept constantly 
in mind : 1. That the view presented be in line with the mathematical thinking 
of to-day. 2. That everything be rigidly demonstrated and amply and cleiirly 
illustrated. 3. When long experience has shown that the majority of good 
students have difficulty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly learned by a pupil until he 
can apply it ; and nothing so fixes principles in tlie mind as the use of them. 
Hence an unusually large number of examples has been introduced. 5. It is 
often necessary to multiply examples in order to meet the requirements of the 
class-room. 

8. Answei^s, — The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an occasional one in the 
body of the book. 

9. Finally, the Order of Topics is such that a student requiring a less extended 
course than the entire volume presents, can stop at any point, and feel assured 
tliat what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part III.; and a course which includes the 
first three chapters of this part will be found as extended as most of our 
Academies, and perhaps many of our Colleges, will find expedient. 

Such works as those of Seiiret, Ciroddb, Comberoussb, Wood, Htmers, 
Hind, Todhdnter, Young, and mo.st of our American treatises, have been at 
hand during the preparation of the entire volume. To Whitwortr's charming 
little treatise on Cfioics and Chance, the author is indebted for a numl>er of 
examples in the last section. 

The quick eye and cultivated taste of my friend, Mr. W. W. Beman, A.M., 
Instructor of Mathematics in the University, have done me excellent service in 
reading the proof-sheets, and have, I trust, given the work a degree of typo* 
graphical accuracy not usually found in first issues of such treatises. 
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Willi these words of explanation as to wliat I have attempted to do, I couiniit 
Mm volume to tlie hands of my fellow-laborers in tho worlL of teaching, assured 
from the genennisand appreciative reception which the/ have given my previous 
efforts, that this will not fail of a candid consideration. 

EDWARD OLNEY. 
Umveksity op Miciiioan, 

Ann Arbor, July, 1873. 
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GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 



BRANCHES OF PURE MATHEMATICS. 



i. "Pure Mathematics is a general term applied to several 
branches of science, which have for their object the investigation of 
the properties and relations of quantity — comprehending number, 
and magnitude as the result of extension — and of form. 

2. The Several Branches of Pure Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 

3. Arithmetic, Algebra, and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 

4. Quantity is the amount or extent of that which may be 
measured; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols used 
to represent quantity. Thus 25, m, xi, etc., are called quantities, 
although, strictly speaking, they are only representatives of quantities. 

5* Numher is quantity conceived as made up of pai*ts, and 
answers to the question, " How many ? " 

6. Number is of two kinds, Discontinuous and Continu- 
ous. 

7* Discontinuous dumber is number conceived as made 
up of finite parts ; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units ; i. e,, units of appreciable magnitude. 

8. Contintwus dumber is number which is conceived as 
composed of infinitesimal parts; or it is number which passes from 

I 
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one state of yalae to another by passing through all intermediate 

values, or states. 

9. Arithmetic treats of IHscontiniious dumber, — of 

its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affairs. 

10. Algebra treats of the Equation, and is chiefly occupied in 
explaining its nature and the methods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 
mathematical investigation.* 

11. Caleultis treats of Continuous Number , and is chiefly 
occupied iii deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the method of using them in mathematical investigation. 

12. Geometry treats of magnitude and form as the result of 
extension and position. 



LOGICO-MATHEMATICAL TEBM& 

13, A Proposition is a statement of something to be con- 
sidered or done. 

14:. Propositions are distinguished as Axioms, Tlieorems, Lemmas, 
Corollaries, Postulates, and Problems. 

. 15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

16. A Theorem is a proposition which states a real or supposed 

fact, whose truth or falsity we are to determine by reasoning. 

• 

17. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells lioio a thing is done ; a demon- 
stration tells why it is so done. A demonstration is often called proof. 

* The common defluition of Algebra, which m^kes Its distiu'ziiishing features to be ^A« literxU 
notation^ and the use of the signs, is entirely at fault. When Algebra tir«t appeared in Enrope, it 
po'scaaed neither of these features! What was it then? On the other hand, the signs are 
oommon t6 all branches of inathematicSf and the literal notation is as prominent in the Calcnlas 
tLA in Alg;ebra, and U used, more or lesi>, in common Arithmetic and Qeomctry. 
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18, A. Ijetnuna is a theorem deDioiistmted for the parpose of 
using it in the demonstration of another theorem. 

19m A. Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of the 
demonstration of a more^ general theorem, or which is a direct 
inference from a proposition. 

20. A Populate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

21. A Problem is a proposition to do some specified thing, 
and is stated with ^reference to developing the method of doing it 

22. A Rule is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 

23* A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

24:. A Scholium is a remark made at the close of a discussion; 
and designed to call attention to some particular feature or features 
of it 



/ 



PART I.' 

LITERAL ARITHMETlCt 



OHAPTEB L 

FUNDAMENTAL BULE8. 



SECTION L 



NOTATION. 

9S. A System of Notation is a system of symbols by means 
of whicli quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 

Symbols of Quantity. 

26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called Arabic figures, or, 
simply, figures. 

27. In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented by the common 
letters of the alphabet, a, J, c, . . . m, w, . . . a;, y, z. These letters 
may, however, be used in Arithmetic ; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 

* Pabts I. and 11. are a compend of the elements of the science, designed as a review for 
pupils who liave studied some elementary treatise, or for the use of such teachers and classes as 
desire a text-boolc which contains a condensed treatment of the subject, to be filled out by them- 
selves. In the author's Coxpletb School Algebra, the topics here presented will be found 
fully amplified, illustrated, and applied. All the elementary principles are here stated, and are 
usually demonstrated. There are also numerous examples under every topic. The Kby to the 
OoxFLETB School Algebra will Aimish tidditional examples for use in connection with this part 
t Part I. treats of the familiar operations of Addition, Subtraction, Multiplication, Division, 
Involution and Evolution, and the theory ef Fractions. The only difference between the pro- 
cesses here developed and the correspondfuj? ones in common Arithmetic grows out of the 
notation. 
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ing quantities by letters is often called the Algebraic method, and 
the method by the Arabic characters the Arithmetical It would be 
better to call the former the Literal method, and the latter the' 
Decimal, 

28. Tfie Literal Notation has some very great advantages 
over the decimal for purposes of mathematical reasoning. 1st, The 
symbols are more general in their signification ; and 2d, We are 
enabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general /or??iwZfl5, or rules, instead of special solutions. 

29. In using the decimal notation certain laws are established, in 
accordance with which all numbers can be represented by the ten 
figures. Thus, it is agreed that when several figures stand together 
without any other mark, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the sum of the several values shall be taken. This number is, there- 
fore, 4 hundreds + 3 tens + 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law. 

30* Known Quantities^ that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while Unknown Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter part of the alphabet. 

Accented letters, as a', a", a"'f a'"\ etc., (read " a prime," " a sec- 
ond," " a third," etc.,) and letters with subscripts, as a^, a,, a^ a^ 
etc., (read "a sub 1," "a sub 2," etc.,) are sometimes used. This 
form of notation is used when there are several like quantities in the 
same problem, but which have different numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lengths are considered, we may represent the several heights by a\ 
a'\ a", etc., or a„ a^ a„ etc. ; the thicknesses by b% V\ V", etc., or J^, 
J„ *3, eta, and the lengths by Vy ?", /'", etc., or Z„ Z„ l^ etc. 

The Greek letters are also often used both for khown and unknown 

quantities. 

Second Law. 

31. Wlien letters are written in connection, without any sign 
between them, their product is signified. Thus ale signifies that the 
three numbers represented by a, b, and (; are to be multiplied together. 
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32* A character like a figure 8 placed horizontally, oo , is Qged to 
represent what i« called Infinityj or a quantity larger than any 
aaiignable quantity. 

Symbols op Opebatiox. 

33. The Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe- 
matics, and need not be recapitulated here. 

ExpoisrEirrs. 

34» An JExponent is a small figure, letter, or other symbol 
of number, written at the right and a little aboTe another figure, 
letter, or symbol of number.* 

35. A Positive Integral JExponent signifies that the 
numlier affected by it is to be taken as a factor as many times as 
there are units in the exponent It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root/ 
and the numerator the power of the number to which the exponent 
is attached. 

37* The Radical Sign^ V, is also used \o indicate the 
square root of a quantity. When any other than the square root is 
to b(* designated by this, a small figure specifying the root is placed 
in the sign. 

38. A Negative JExponent, i. e., one with the — sign before 
it, cither integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, t. e.j had the 
+ sign, or no sign at all before it. 

Symbols of Relation. 

.99. Ths Sign of Geometrical JRatio is two dots in the 
form of a colon, : . 

40. Tlie Stifn of Arithmetical Ratio is two dots placed 

horizontally, •• . 

41. Tfie Sign of Equality is two parallel horizontal lines, 
= , The double colon, : : , is the sign of equality between ratios. 

* In giving this doflnitlon, be carcftil and not add, '*and indicates the power to which th« 
la to b6 raiied." This is false : an exponent docs not necessarily indicate a power. 
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42. The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally, a . 

43* The Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggregation. 

44. A Vinculum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, i I , have the same 
signification. 

45. A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 



as one quantity. Thus, + a 

-h 

■¥ c 



X is the same as (a -• J + c)x. 



Symbols of Continuation. 

46. A series of dots, , or of short dashes, -, 

written after a series of expressions, signifies " etc." Thus, a : ar 

: ar* : ar^ «/•" means that the series is to be extended 

from ar^ to ar% whatever may be the value of iu 

Symbols of P eduction. 

47. Three dots, two being placed horizontally and the thiru 
above and between, /. , signify therefore, or some analogous expres- 
sion. If the third dot is below the first two, •.* , the symbol is read 
"since,** "because," or by some equivalent expression. 

Positive and Negative Quantities. 

48. Positive and Negative are terms primarily applied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — ^A man's property may be called positive, and hi» debts negative. Dis- 
tance up majr be called positive, and distance cUntn, negative. Time befi/re 
a given period may be called positive, and after, negative. Degrees above on 
the thermometer scale are called positive, and below, negative. 

49. The signs + and — are used to indicate the character of 
quantities as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 
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S0» In problems in which the distinction of positive and negative 
is made^ each quantity in the formulcB is to be considered as having 
a sig7i of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 
as it is customary to consider quantities whose character is not 
specified as positive. 

III. 1. — In the expression db + m — ex, let the problem out of which it arose 
be such, that a, m, and x tend to a positive result, and b and 6 to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
( + a) X (—6) + ( + w») — (— c) X ( + «), which may be read, "positive a mult'- 
plied by negative 6, plus positive w, minus negative c multiplied by positive x" 
Suppressing the positive sign, this maybe written, a( - &) + w — {—c)^f by also 
omitting the unnecessary sign of multiplication. 

III. 2. — As tliis subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to' ascer- 
tain the sum or difference of 468, or m, and 827, or n, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, aud then 327, or n miles directly west ; 
or if we ask what is the difference in time between 468, or m years B. C, and 
327, or n years A. D., the numbers 468, or m, and 327, or n, take on, besides their 
primary signification as quantities, the additional thought of opposition in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can pull 75, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the problem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining, into a man's business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due hira worth 
e dollars. There is a mortgage on his farm of h dollars, and he owes on account 
a dollars. The m, n, and e are quantities opposite in their nature to b and a, 
TkU opposition in ehamcter is indicated by calling tliose quantities which con- 
tribute to one result positive, and tliose which contribute to the opposite result 
negative, 

Sim Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and the minus or subtractiye tervis stand in the same 
relation to each other as positive and negative quantities, it is cus- 
tomary to call them such. 

III. — In the expression 5ae ~ Sed + 6xy — 2adt thoagh the quantities, a, e, d, 
X and jf be merely abstract, and have no proper signs of character of their own, 
the terms do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, 5a<; and Sxjf tend, as we may say, to 
increase the result, wliile — Sed, and ~ 2ad tend to diminish it. Therefore the 
former may be called positive term^, and the latter negative. 

S2. ScH. — Less than zero. Negative quantities are frequently spoken of 
as 'Mess than zero.^' Though this language is not philosophically correct, 
it is in such common use, and the thmg signified is so sharply defined and easily 
comprehended, that its use ijiay possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man^s pecuniary affairs, 
it is said that he is worth 'Mess than nothing; " it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive $1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way **less than zero," or negative. 

53. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 

III. — ^Thus ~3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 3 miles an hour, he is evidently gaining ; i. e,, S is an 
increase upon ~5. Finally, consider the thermometer scale. If the mercury 
stands at 20** below (marked —20**) at one hour, and at — lO"* the next hour, the 
temperature is increasing ; and, if it increase su(fic:iently, will become 0, passing 
which it will reach +1'', +2*", etc. In this illustration, the quantity passes from 
negative to positive l>y passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90** is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90**, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in mathematics that, if a vary- 
ing qUANTITY CHANGES ITS SIGN, IT PASSES THROUGH ZERO, OR INFINITY. 



NAMES OF DIFFERENT FORMS OF EXPRESSION. 
Iid» A JPolynomial is an expression composed of two or mora 
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parts connected by the signs plus and minus, each of which parts is 
called a term, 

55. A Monomial is an expression consisting of one term ; a 
Binomial has two terms; a Trinomial has three terms, etc 

56. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The numerical factor, or the product of the known factors in a term, 
is most commonly called the coeflScient, though any factor, or the 
product of any number of factors in a term may be considered as 
coeflBcient to the other part of the term. 

37. Similar Terms are such as consist of the same letters 
affected with the same exponents. 



SECTION II. 

ADDITION. 



58. Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. 

59. Tlie Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

60. Prop. 1. Similar terms are united by Addition into one. 

Dem. — Let it be required to add 4«c, 6a<?, — 2«c, and — Zac. Now Aac is 4 
times ac, and 5ac is 5 times the same quantity (a«). But 4 times and 5 times the 
same quantity make 9 times that quantity. Hence, Aac added to 5ac make 9ac. 
To add — 2«c to 9ac we have to consider that the negative quantity, — 2ac, is so 
opposed in its character to the positive, 9flM;, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2^ destroys 2 of the 9 t'mes aw, and gives, 
when added to it, lae. In like manner, — Zac added to laCy gives Anc. Thus the 
four similar terms, 4^, 6rtc, — 2flMJ, and — 3flw, have been combined (added) into 
one term, Aac ; and it is evident that any other group of similar terms can be 
treated in tlie same manner, q. e. d. 

61. Cor. 1. — In adding similar terms, if the terms are all posi- 
tive, the stem is positive ; if all negative, the sum is negative ; if 
some are positive and some negative, the sum takes the sign of that 
kind {positive or negative) tohich is in excess, 

ScH. — The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say +5 and —8 added make 
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+ 2. This looks like Subtraction, and, in one view, it is Subtraction. But 
why call it Addition ? The reason is, because it is simply putting the quanti- 
ties together — aggregating them — not finding their difference^ Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 8 
pounds in the appante direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call tlie direction in which the 
first pulls positive, and the opposite direction negative, we have +5 and —3 
to add. This gives, as illustrated, +2. Hence we see, that the sum of +5 
and —3 is +2. 

But thp difference of + 5 and ~ 8 is 8, as will appear from the following 
illustration: Suppose one boy is trying to draw a sleigh in a certain direction^ 
and another is holding back 8 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead of holding back 
8 lbs., the second boy pushes 5 lbs., the first boy will have to pull only 5 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 6) and hold- 
ing back 3 lbs. (—8) is 8 lbs. 

In like manner the sum of (25 of property and (15 of debt, that is the 
aggregate value when they are combined, is (10. +25 and —15 are +10. 
But the difference between having (25 in pocket, and being (15 in debt, is 
(40. The difference between +25 and —15 is 40. 

62. Cor. 2. — Tlie sum of two quantities, the one positive and the 
otiier negative^ is the numerical difference, with the sign of the greater 
prefixed. 

63. Cor. 3, — It appears that addition in mathematics does not al- 
ways imply increase. WJiether a quantity is i^icreased or diminished 
by adding another to it, depends upon the relative nature of the two 
quaiitities. If they both tend to the same end, the result is an increase 
in that direction. If they tend to opposite eiids, the result is a dimi- 
nution of the greater by the less. 



64. Prop. 2. Dissimilar terms are not united into 07ie by addi- 
tion, but the operation of adding is expressed by writing fhein in 
succession, with the positive terms preceded by the + sign, and the 
negative by the — sign. 

Dem. — Let it be required to add + 4cy*, + 3/e&, — 2a'y,aLd — mn. icy* is 4 
times cy*, and dab is 3 times fib, a different quantity from ey- ; the sum will, 
therefore, not be 7 times, nor, so far as we can tell, any number of times cy* or 
ab, or any other quantity, and we can only express the addition thus : icy* i dab. 
In like manner, to add to this Fum — 2,ry wo can only cxi)res8 the addition, as 
4cy* + Sab + (— 2xy). But since 2iry is negative, it tends to destroy the positive 
quantities and will take out of them 2xy. Hence the result will be 4cy* + Sab 
— 2^. The effect of — mn will be the same in kind as that of — 2xyy and 
hence the total sum will be icy* + Zab — 2xy — mn. As a similar course 
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of reaaoning am be applied to any case, the tmtli of tlie p ropo aiti op ap' 
pean. 

ScH. — ^In aoch an expression as 4^' + 3a6 — 2ty — fun, the — sign before the 
mn does not signify that it is to be taken from the immediately preceding 
qnantity ; nor is this the signification of any of the signs. Bat the quan- 
tities having tlie — sign are considered as operating to destroy any which 
may have the + sign, and tiee term. 

6S0 Cob. — Adding a negative quantity is the same as subtracting 
a numerically equal posititfe quantity; that is,m + (— ») is m — n, 
shown as above. 

Dem^ — Since a negative quantity is one which tends to destroy a positive 
quantity, — n when added to m (t. t, + m) destroys n of the units in m, and 
hence g^ves as a result m — n. 



,66m JProb. — To add polynomials. 
RULE. — Combine each set op similab teb^s into one 

TEBM, AND CON^NECT THE BESULTS WITH THEIB OWN SIGNS. ThE 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Dem. — The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 



67. JPro2K 3. Literal termsy which are similar only with respect 
to part of their factors^ may be united into one term with a polynomial 
coefficient. 

Dem. — Let it bo required to add ^ax, — 2«r, and %mx. These terms are 
similar, only with respect to x, and we may say 5a times x and — 2c times x 
malie (5^ — 2c) times ar, or (5a — 2>c)x. And then, 5a ~ 2c times x and 2m times 
X make (5a — 2c + 2m) times a?, or (5a — 2c + 2w>r. Q. e. d. 



68. Prop. 4. Compound terms which have a common compound, 
or polynomial factor^ may be regarded as similar and added with 
respect to that factor, 

Dem. 5(a5* — y'), 2(iC* — y^) and — 3(a;* ~ y^) make, when added with re- 
spect to (x* — y'), 4(.t* — y*), for they are 5 + 2 — 3, or 4 times the same qaan. 
tity (dJ* — y*). In a similar manner wo may reason on other cases. Q. E. D. 



^ Thi» is the proflcicnt'B rule, as exhibited on p^e 45 of the Completx School ALOEBRAf 
Son. t. 
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8cH. — The object and process of addition, as now explained, will be 
eeen to be identical with the same as the pnpil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add ^48, 10506, 5008, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 



Examples. 

1. Find the sum of 2a —Sx*, 5x* — 7a, — 3a -^ x^, and a — 3a;*. 

2. Find the snm of ««-*«+ Sa*b - 5aJ«, 3a« - 4aH + 3J» 

- dab*, «3 4. j3 4. 3^f 5^ 2a» - U^ - 5ai«, 6a« J + lOab*, and - 6a» 

- KaH + 4aft« + 2*3. 

3. Find the sum of bca*x* + ^ba*x* + mx^y*, and 10ca*x* 

— 2ba*x* + 6ma;*y*. 

4. Add 2x* — 4a;^ + x^, 6x*y — aJ + x», 4a;* — x*, and 2x^ — 3 
+ 2A 

6. Add i{x + y) and i{x — y). 

6. Add ax+2by-hcz, Vx -{- Vy + Vz, Zy*—2x^ + 3«*, 4cz — Sax 

— 2byj and 2ax — 4Vy — 2z^. 

7. Add cz — 2ay, 2az — Say, my — az, with respect to z and y. 

8. Add {a'\'b)y/x-{2+m)y/y,4y^ + (a-\'c)x^,S7iy/y''{2d-e)x^, 
— 2w Vx + 12a y/y, and (m + n)y* + (i + 2c) y/x, 

9. Add a:* -h ary + y*, ax'^ — erary + flfy«, and — hy* + Jiy + Ja;*. 

10. Add a(a; + y) + 5(a; — y), ^w(ar + y) — w(a: — y). 

11. Add Sm\/x — y + 6;i-v/ar — y — GV^J — y — Swy^i?^ — y* 

12. Add Saa;"^ 4- oy^ — 2c, -4 + 8c, and - ^ax'^ — wiy* 

Va; y 

—3c. 

13. Add iv^a* - a;*, -f v/o*"^^"*, and >^a« - a;«. 
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32. A character like a figure 8 placed horizontally, oo , is used to 
represent what is called Infinity, or a quantity larger than any 
assignable quantity. 

Symbols of Operation. 

33. The Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe- 
matics, and need not be recapitulated here. 

ExpoNEins. 

34* An Exponent is a small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number.* 

35. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root/ 
and the numerator the power of the number to which the exponent 
is attached. 

37* The Madical Sign^ V, is also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure specifying the root is placed 
in the sign. 

38. A Negative Exponent, i. e., one with the ■- sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, i. e,j had the 
+ sign, or no sign at all before it. 

Symbols of Relation. 

30* The Sign of Geometrical JRatio is two dots in the 
form of a colon, : . 

40. The Sign of Arithmetical JRatio is two dots placed 
horizontally, •• . 

4:1. TJie Sign of Equality is two parallel horizontal lines, 
= . The double colon, : : , is the sign of equality between ratios. 

* In giving this definition, be carerul and not add, '* and indicates the power to which th« 
Biimber ia to be railed." Thia is false : an exponent docs not necessarily indicate a power. 
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42. The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally, a . 

43. The Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggregation. 

44. A Vinculum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, \ I , have the same 
signification. 

45. A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 



as one quantity. Thus, + a 

4- 6- 



X is the same as (a — J + c)x. 



Symbols of Continuation. 

46. A series of dots, , or of short dashes, --.---, 

written after a series of expressions, signifies " etc." Thus, a : ar 

: ar* : ar' a/-" moans that the series is to be extended 

from ar^ to ar*, whatever may be the value of n. 

Symbols of Psduction. 

47. Three dots, two being placed horizontally and the thiru 
above and between, .*. , signify therefore, or some analogous expres- 
sion. If the third dot is below the first two, •.* , the symbol is read 
** since," "because," or by some equivalent expression. 

Positive and Negative Quantities. 

48. Positive and Negative are terms primarily applied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — ^A man's property may be called positive, and hi» debts negative. Dis- 
tance up may be called positive, and distance d(ntn, negative. Time hefifre 
a given period may be called positive, and after, negative. Degrees aho^e on 
tlie thermometer scale are called positive, and heloWy negative. 

49. The signs + and — are used to indicate the character of 
quantities as positive or negative, as ivell as for the purpose of indi- 
cating addition and subtraction. 



1 
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50. In problems in which the distinction of positive and negative 
is made^ each quantity in the /ormwte is to be considered as having 
a sign of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 
as it is customary to consider quantities whose character is not 
specified as positive. 

III. 1. — In the expression ab •{■ m — ex, let the problem oat of wbich it aroee 
be sncb, that a, m, and x tend to a positive result, and h and e to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
{ + a) X {—b) + { + w) — {— c) X ( + «), which may be read, "positive a mult*- 
plied by negative b, plus positive m, minus negative e multiplied by positive x" 
Suppressing the positive sign, this maybe written, a{—b) + m — {—e)x, by also 
omitting the unnecessary sign of multiplication. 

III. 2. — As this subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to' ascer- 
tain the sum or difference of 468, or m, and 327, or n, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 327, or n miles directly west ; 
or if we ask what is the difference in time between 468, or m years B. C, and 
327, or n years A. D., the numbers 468, or m, and 327, or n, take on, besides their 
primary signification as quantities, the additional thought of opposition in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can pull 75, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the problem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining, into a man's business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due hira worth 
e dollars. There is a mortgage on his farm of b dollars, and he owes on account 
a dollars. The m, n, and e are quantities opposite in their nature to b and a. 
This opposition in character is indicated by calling tJwse qtiantities which con- 
tribute to one result positivCt and tJiose which contribute to the opposite result 
negative. 

Sl» Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive^ and the minus or subtractive terms etaud in the same 
relation to each other as positive and negative quantities, it is cus- 
tomary to call them such. 

III. — Iq the expression 6ae — Sed + Sxy — 2ad, though the qoantitiefi, a, e, d, 
X and p be merely abstract, and have no proper signs of character of their own, 
the termrS do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, 5ac and Sxy tend, as we may say, to 
increase the result, while — Scd, and — %ad tend to diminish it. Therefore the 
former may be called positive terms, and the latter negative. 

52. ScH. — Less than zero. Negative quantities are frequently spoken of 
as ^4ess than zero.'' Though this language is not philosophically correct, 
it is in such common use, and the thing signified is so sharply defined and easily 
comprehended, that its use ifiay possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man's pecuniary affairs, 
it is said that he is worth '4ess than nothing; " it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive $1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way **less than zero," or negative. 

53. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 

III. — ^Thus —3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 3 miles an hour, he is evidently gaining ; i. «., —3 is an 
increase upon —5. Finally, consider the thermometer scale. If the mercury 
stands at 20° below (marked —20**) at one hour, and at —10° the next hour, the 
temperature is increasing ; and, if it increase sufficiently, will become 0, passing 
which it wiU reach +1°, +2", etc. In this illustration, the quantity poMes from 
negative to positive by passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90** is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90°, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in mathematics that, if a vary- 
ing QUANTITY CHANGBS ITS SIGN, IT FASSES THROUGH ZERO, OR INFINITY. 



NAMES OF DIFFERENT FORMS OF EXPRESSION. 
S4s. A jPolf/noniial is an expression composed of two or mor» 
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^n^vU (H>UM(H3tcd by the signs plus and minus, each of which parts is 

&&% A Monomial is an expression consisting of one term ; a 
JtiUOMUU has two terms; a Trinomial has three terms, etc 

Stl% A Coefficient of a term is that factor which is considered 
^ denoting the number of times the remainder of the term is taken. 
TU^ numerical flEU^tor, or the product of the known factors in a term, 
i« most commonly called the coefficient, though any factor, or the 
|iroduot of any number of factors in a term may be considered as 
(5(iefl[lcient to the other part of the term. 

St* Similar Tertris are such as consist of the same letters 
affected with the same exponents. 



SECTION II. 

ADDITION. 

S8. Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. 

SO, Tlie Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

00. Prop. 1. Similar terms are united by Addition into one. 

Dem. — Let it be required to add Aac, 5«c, — 2a<j, and — Zac. Now Aac is 4 
times ac, and 5ac is 5 times the same quantity {ac). But 4 times and 5 times the 
0amo quantity make 9 times that quantity. Hence, Aac added to ^ac make 9ac. 
To add — 2ac to %ac we have to consider that the negative quantity, — 2nc, is so 
opposed in its character to the positive, 9ac, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2ac destroys 2 of tlie 9 t'mes ac, and gives, 
when added to it, lac. In like manner, — Zac added to lac, gives Aac. Thus the 
four similar terms, Aac, Sac, — 2«<5, and — 3flw, have been combined (added) into 
one term, Aac ; and it is evident that any other group of similar terms can be 
treated in the same manner, q. e. d. 

01. CoR. 1. — In adding similar terms, if the terms are all posi- 
tive, the sum is positive ; if all negative, the sum- is negative ; if 
some are positive and some negative, the sum takes the sign of that 
kind {positive or negative) tohich is in excess. 

ScH. — The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say +5 and —8 added make 
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+ 2. This looks like Subtraction, and, in one view, it la Subtraction. But 
why call it Addition ? The reason is, because it is simply putting the quanti- 
tioB together — aggregating them — not Jiuding their difference. Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 8 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call the direction in which the 
first pulls positive, and the opposite direction negative, we have +5 and —8 
to add. This gives, as illustrated, +2. Hence we see, that the sum of +5 
and —3 is +2. 

But thp difference of + 5 and — 8 is 8, as will appear from the following 
illustration: Suppose one boy is trying to draw a sleigh in a certain direction, 
and another is holding back 8 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead of holding hack 
3 lbs., the second boy puehee 5 lbs., the first boy will have to pull only 5 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and hold' 
ing back 3 lbs. (—3) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. + 25 and — 15 are + 10. 
But the difference httvfeen having $25 in pocket, and being $15 in debt, is 
$40. The difference between +25 and —15 is 40. 

62. Cor. 2. — Tlie sum of two quantities^ the one positive and the 
other negative^ is the numerical difference^ with the sign of the greater 
prefixed, 

63* Cor. 3. — It appears that additio7i in mathematics does not al- 
ways imply increase. WJtether a quantity is increased or diminished 
by adding another to it, depends upon the relative nature of the two 
quantities. If tliey both tend to the same end^ the result is an increase 
in that direction* If they tend to opposite ends, the result is a dimi- 
nution of the greater by the less. 
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64. Prop. 2. Dissimilar terms are not united into one by addl- 
tion, but the operation of adding is expressed by writing them in 
succession, with the positive terms preceded by the + sign, and the 
negative by the — sign, 

Dem. — Let it be required to add + 4cy*, + 3/«6, — 2j'y,ai:d — mn, 4cy* is 4 
times cy*, and 3a6 is 3 times a&, a different quantity from cy- ; the sum will, 
therefore, not be 7 times, nor, bo far as we can tell, any number of times cy^ or 
fib, or any other quantity, and we can only express the addition thus : 4cy* \ Zab. 
In like manner, to add to this Fum — 2xy wo can only t xj)reF8 the addition, as 
4fy* + 3a5 + (— 2iry). But since 2xy is negative, it tends to destroy the positive 
quantities and will take out of them 2ixy. Hence the result will be 4c,y- + Zab 
— 2^. The effect of — mn will be the same in kind as that of — %xy, and 
hence the total sum will be 4<*y* + Zab — 2xy — mn. As a similar course 
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of reasoning can be applied to any case, the truth of the propoeitum ap- 
pears. 

ScH. — ^In such an expression as 4cy* ^ dab— 2xy — fran,the — sign before tlic 
mn does not signify that it is to be taken from the immediately preceding 
quantity ; nor is this the signification of any of the signs. But the quan- 
tities having the — sign are considered as operating to destroy any which 
may have the + sign, and vice verm, 

65. Cor. — Addmg a negative quantity is the sanie as subtracting 
a numerically equal jwsitii^e quantity ; that is, in + (— w) is m — m, 
shown as above. 

Dem. — Since a negative quantity is one which tends to destroy a positive 
quantity, -^ n when added to m (t. €. + m) destroys n of the units in m, and 
hence gives as a result m — n. 



,66m JProbn — To add polynomials. 
RULE. — Combine each set of similar ter^s ikto one 

TERM, AND CONNECT THE RESULTS WITH THEIR OWN SIGNS. ThE 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Dem. — The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 



67. PrajK 3, Literal terms, which are similar only to ith respect 
to part of their factors, may be united into oneteryn with a polynomial 
coefficient. 

Dem. — Let it be required to add ^ax, — 2cXy and 2miC. These terms are 
similar, only with respect to x, and we may say 5a times x and — 2c times x 
make {^ — 2c) times x, or (5a — 2e)x. And then, 5a — 2c times x and 2m times 
X make (5a — 2<j + 2m) times x, or (6a — 2c + 2m)x, Q. e. d. 



68. Prop. 4. Compound terms which have a common compound, 
or polynomial factor, may be regarded as similar a^id added with 
respect to that factor. 

Dem. 5(ic* — y*), 2{x* — y*) and — 3(ic* — y*) make, when added with re- 
spect to (aj* — y*), 4(.T* — y')j for they are 5 + 2 — 3, or 4 times the same quan. 
tity (a?* — y*). In a similar manner we may reason on other cases. Q. E. D. 

^ This is the proficient's rule, as exhibited on p^ge 45 of the Complbti School Algebra, 
SOH. S. 



ADDITION. 18 

8cH. — ^The object and process of addition, as now explained, will be 
seen to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 5008, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 



Examples. 

1. Find the sum of 2a —3a:*, 6x* — 7a, — 3a -f a;*, and a — 3a5*. 

2. Find the sum of a* - b* + 3a*b - 5aJ«, 3a* - 4a«J + 3b* 

— dab^, a3 -f *' + 3a« J, 2a» - 4tb^ — 5aJ«, 6a*b + lOab*, and - 6a* 

— KaH + 4tab* + 2b*. 

3. Find the sum of oca^x* + ^ba*x* + mx*y*, and 10ca*x* 

— 2ba*x* 4- 6fnx*y*. 

4. Add 2xi — 4tx^ + ««, bx*y — aJ + «% ix* — x*, and 2x^ - 3 
+ 2x^. 

6. Add j^{x + y) and ^{x — y). 

6. Add ax+2by-\-cz, Vx + Vy + Vz, 3y»— 2a;* + 3^?*, 4£Z - 3aa; 

— 2byy and 2aa; — 4 Vy — 2z^. 

7. Add cz — 2ay, 2az — 3ay, my — az, with respect to z and y. 

8. Add ia+b)y/X'-(2-{'Vf)y/y,4ty^ + {a-\'c)x^ydny/y''{2d-e)x^, 
—2nVx + 12a y/y, and (??i4-n)y* + (J + 2c)\/a;. 

9. Add X* + xy -h y*, ax* — axy + ay*, and — by* + b'xy + bx*. 

10. Add a{x + y) + b{x — y), m(x + y) — n{x — y). 

11. Add dnWx — y + QnVx ^ y — 6^/x — y — 3iWx — y. 

12. Add dax"^ -f 5y-* — 2c, — = + 8c, and - 6aa;'i^ - my^ 

Vx y 

—3c. 

13. Add ]f\^a* - a;*, -f y"^**^^^, and >^a* - a;*. 
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14, Add Sl±±11^ a-±±_c ^^^, _ 24a;« - lyk 
Vz* - 1 («« - 1)* 

16. Add i(^2 - y-i + ^-«), and |(a:l + y- - ^)- 

16. Add (rt - 6 4- c)v^- .yS (a + A — c) (a;« - y«)^, and 
(i + c — a) Va;' — y«. 

17. Condense the pol3'UOmial 4aa:» — 3y* + 2c?« — 4a)iVx 4 3m^* 
— 2ax^ + Cc;?;, into 2(a — ^Zni\^ -f 3(w — l)y* + ^cz. 



»•» 



SECTION III. 

SUBTRACTIOX. 

69. Subtraction is, primarily, the process of taking a less 
quantity from a greater. In an enlarged sense, it comes to mean 
taking one quantity from another, irrespective of their magnitudes. 
It also comprehends all processes of finding the difference between 
quantities. In all cases tlie result is to be expressed in the fewest 
terms consistent with the notation used. 

70. The Difference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, it is 
what must be added to one in order to proiuce the other. When it is 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the Minuend. 

71* Proh. — To perform Subtraction. ■ 

RULE. — Change the sioxs of each term in the subtra- 
hend FROM + TO — , OR FROM — TO +, OR CONCEIVE THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 

Dem. — Since the difference sought is what must be added to the subtrahend 
to produce the minuend, we may consider this difference as made up of two 
parts, one the subtraliend with its signs changed, and the other the minuend. 
When the sum of these two parts is added to the subtrahend, it is evident that 
tlie first part will destroy the subtrahend^ and the other part, or minuend, will 
be tlie sum. 
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Thus, to perform the example : 
From Sax — 6^ — M — 4fii 

Take 2aa; + 26 — 5d + 8fi» 



Subtrahend with sigiui changed^ — 2ax ^2b + M — Bm 
Minuend, 5ax — 66 — 3d — 4m 



If these three 
quantities are 
added together, 
the sum will 

Difference, dax — 86 + 2d— 12m evidently be the 

minuend. If, therefore, we add the second and third of them (that is, the sub- 
trahend, with its signs changed, and the minuend) together, the sum will be 
what is necessary to be added to the subtrahend to produce the minuend, and 
hence is the difference sought, q. e. d. 

72, Cou. 1. — When a parenthesis, or (my symbol of like significa- 
tion (44), occurs in a polynomial, preceded by a — sign, and the 
parenthesis or equivalent symbol is removed, the signs of all the terms 
which were within mtist be changed, since the — sign indicates that 
the quantity toithin the parenthesis is a subtrahend. 

73, Cor. 2. — Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changi'ng all the signs. The reason of 
this is evident, since by removing the parenthesis according to the 
preceding corollary, the expression would return io its original form. 



Examples. 

1. How much must be added to 8 to produce 12 ? What is the 
difference between 8 and 12 ? How much must be added to 3aa:* 
— by^ (the subtrahend) to produce ?iax^ -f 2y' ? 

Ansioer, — ^To 3aa;* we must add hax* ; and to — 5y* we must 
add + 7y^. Hence in all we must add baz^ + 7y^. 

2. From ^x^ - 2x« — a; - 7 take 2x» — 3a;« + a; + 1. 

3. From rt* — x^ take a* + %ax -f %*. 

4. From 1 + 3a;* + 3.r + x^ take 1 — 3a;^ + 3a;— x^. 

5. From x^ + ^o^y^ + y^ take x^ — 2x^y^ 4- y* 

6. From 7\/l + a;«' — 3ay^ take - d^l + x* + day^. 

7. From ay^ + 10 Va^ take ay + x^/7ib. 

8. From bx* — 3Vwm + 1 take b^x + (mn)* — 1. 

9. From a + } + \/a — b take J + a — (a — hy + Vab* 
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10. Kemove the parentheses from the following : 

a - {(* - c) - e^} ; Ha- {3a- [4a - (5a - 2a)]} ; 
2{a - b) - c + d — {a - b —2 (c - d)\ ; 
3(2a-ft-c)-5 {a-(2ft + c)} +2 {J-(c-a)}. 

11. Include within brackets the 3d, 4th, and 5th terms of Sab 
— x* + ax — lOby + 50. Also the 4th and 5th. Also the 2d and 3d. 

Theobt of Subtraction. — Subtraction is finding tlie difference between 
quantities, that is, finding what must be added to one quantity to produce the 
other. This difference may always be considered as consisting of two parts, one 
of which destroys the subtrahend, and the other part is the minuend itself. 
Hence, to perform subtraction, we cliange the signs of the subtrahend to get 
that part of the difference which dertroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 



SECT/ON IV. 

MULTIPLICATION. 

74. MuUiplication is the process of finding the simplest ex- 
pression consistent with the notation used, for a quantity which 
shall be as many times a specified quantity, or snch a part of that 
quantity, as is represented by a specified number* 

75. Coit. 1. — The multiplier must always be conceived as an ab- 
stract number J since it sliotos how mant times the multiplicand is 
to be taken. 

76. CoR. 2. — The product is always of the same kind as the mvU 
tiplicand, 

77* Prop* 1. — Tlie product of several factors is the same in 
whatever order they are taken. 

Dem. — Ist. ax 6, is a taken h times, or a + a + a + a + a to 6 terms. 

Now, if we take 1 unit from each term (each a), we shall get h units ; and this 
process can l)e repeated a times, giving a times 6, or & x a. :. a x h = h x a. 

2d. When there are more than two factors, as abc. We have shown that ah 
= ha. Now call this product m, whence abe ^ mc. But by part 1st, mc = em, 
.*. abe = bae = cab = eba. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken. Q. E. D. 



78* Prop. 2, — Wlien two factors have the same sign their prod- 
uct is positive : when they have different signs their product is neg- 
ative. 
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Dem. — ^Ist. Let the factors be + a and + b. Conflidering a as the multiplier 
we are to take + b,a times, which gives + a&, a being considered as abstract in 
the operation, and the product, + ah, being of the same kind as the mnltipli- 
cand ; that is, positive. Now, when the product, + ab, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added; that is, written with its sign unchanged. .'. (+ 6) x (+ a) = + oft. 

2d. Let the factors be — a and ~ b. Considering a as the multiplier, we are 
to take —b,a times, which gives ^ ab,a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — a&, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. (— 6) x {— a) = + ab, 

3d. Let the factors bo — a and + b. Considering a as the multiplier, we are 
to take -k- b, a times, which gives + ab,a being considered as abstract in the 
operation, and the product, + ab, being of the same kind as the multiplicand ; 
that is, positive. Now, when this product, + ab, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. ( + 6) x (— «) = — ab. 

4th. Let the factors be + a and — b. Considering a as the multiplier, we are 
to take ^b,a times, which gives — ab,a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, is taken in connection with 
other quantities, the sign + of the multiplier shows that it is to be added ; that 
is, written with its own sign. .*. (— b) x {+ a) = — ab, Q. E. D. 

79m Cor. 1. — 77<e product of any number of positive factors is 
positive. 

80m Cor. 2. — Tlie product of an even niimher of negative factors is 
positive, 

'81. Cor. 3. — Tfie product of an odd number of negative factors is 
negative. 



82. Prop. 3. — TTie product of two or more factors consisting of 
the same qtiantity affected with exponentSy is the common quantity 
with an exponent equal to the sum of the exponents of the factors. 
That is a"* X a" = a"^" ; or a"*- a"- a^ = «"•+"+', etc., whether the expo- 
nents are integral or fractional, positive or negative. 

Dem. — 1st. When the opponents are pontive integers. Let it be required to 

multiply a^ bj a" and a*, a^ = aaaa to m factors, a" = acMoa to ?i 

factors, and a' = aaaaa to a factors. Hence the product, being composed 

of all the factors in the quantities to be multiplied together, contains m -h n + s 
factors each a, and hence is expressed «»"+" + *. Since it is evident that this rea- 
soning can be extended to any number of factors, as a"» x a" x a' x a**, etc., 
etc., the proposition in this case is proved. 

2 
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2d. When the exponenU are positive fl'oetions. Let it be required to multiplj 

Mem 

a^ by a^ . Now a^ means m of the n equal factors into which a is conceived to 

be resolved. If each of these n factors be resolved into b factors, a will be re- 
in 

solved into bti factors. Then, since a** contains m of the n equal factors of a, 

and each of these is resolved into b factors, m factors will contain bm of the bn 

m bm e 

equal factors of a. Hence a*" = a'"' . In like manner a^ may be shown equal to 

en me bm en 

a*" ; and a* x a^ = a^ x a^. This now signifies that a is to be resolved into 

m e bM 

bn factors, and bm -h en of them taken to form the product. .*. o^ x a^ = <i^ 

en bm *4* CM m c 

xa** = a *" ,ora^ *, which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 

m e ^ 

as a^ X a^ X c^, etc. 

3d. When the exponents are negative. Let it be required to multiply ar^ by 
o-*", m and n being either integral or fractional. By definition <r-"* x a— » = 

— X ~. Now, as fractions are multiplied by multiplying numerators together 

111 
and denominators together, we have — x — =r — -— by part 1st of the demon- 

Qtration. But this is the same as «—('«+") or a-^—\ /. a-* x a-" = a~"*"-* 



Examples. 

1. Prove as above that 81^ X 81* = 81^ and that Sl"^ = 81^. 

2. Pi-ove that m" X m^ = wr+^ 

3. Prove that 16"* x IB"^ = 16""*. 

4. Prove that 25"^ X 25^ is 1. 

5. Prove that a~^ X a^ is a, 

ScH. — The student must be careful to notice the difference between the 
signification of a fraction used as an exponent^ and its common signification. 
Thus % used as an exponent signifies that a number is resolved into 3 equal 
fojctors^ and the product of 2 of them taken •, whereas 5 '^ised as a common 
fraction signifies that a quantity is to be separated into 3 equal parts^ and 
the sum of two of them taken. 

83. Prob. — To multiply monomiaU, 

RULE. — Multiply the numerical coefficients as in the 

DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
all the factors, affecting each with an EXPONENT EQUAL TO 
THE SUM OF ALL THE EXPONENTS OF THAT LETTER IN ALL THE 
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FACTORS. The sign of the product will be + EXCEPT WHEN 
THERE IS AN ODD NUMBER OP NEGATIVE FACTORS ; IN WHICH CASE 
IT WILL BE — . 

Dem. — This rule is but an application of the preceding principles. Since the 
product is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the product does not affect its value, we can write 
the product, putting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together. 
Finally, performing the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 



84, JProb* — To multiply two factors together when one or both 
are polynomials. 

R ULE. — Multiply each term of the multiplicand by each 

TERM OF THE MULTIPLIER, AND ADD THE PRODUCTS. 

Dem. — Thus, if any quantity is to be multiplied hy a + h — e,iiwe take it a 
times (t. e. multiply by a), then b times, and add the results, we have taken it 
a + b times. But this is taking it e too many times, as the multiplier required 
it to be taken a + b minus c times. Hence we must multiply by c, and subtract 
this product from the sum of the other two. Now to subtract this product is 
simply to add it with its signs changed (7^). But, regarding the — sign of c 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and b, 

Q. E. D. 



85, Thbo. — TTie square of the sum of two quantities is equal to 
the square of the first^ plus twice the product of the two, plus the 
square of the second. 

86, Theo. — The square of the difference of tioo quantities is 
equal to the square of the first, minus twice the product of the two, 
plus the square of the second. 

87, Theo. — The product of the sum and difference of two quan- 
tities is equal to the difference of their squares. 

The demonstration of these three theorems consists in multiplying 
a; -f- y by rr + y, a; — y by a; — y, and ic + y by a; — y. 
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. 1 

Examples. 

1. Multiply together 3ax, — 3a*a:*, 4Jy, — y*, and 2x*y^, 

2. Multiply together 3a;*, — mafy 2m% x-% — 2, and 2af*. 

3. Multiply together 40a:*, x^y and ^x^y^; also 3a*J', and 
- 3a*ji 

4. Multiply m« by m *, a'* by a*, aH"' by a'ft*, m • by wi"*, 

5. Multiply 3a - 2J by a + 4J. 

6. Multiply a;* + a;y + y* by x* ^ xy + y*. 

7. Multiply w* + /i* + 0* — m*n* — wi*o* — n*o* by m* + «• 

+ 0*. 

8. Multiply a"* — a" + a* by a** — a. 

9. Multiply together z — a, z — b, z-- c, z ^ d. 

10. Multiply together x + y, a; — y, ic* + a;y + y* and x* — a;y 
+ y«. 

Sue. — Tiy the factors in different orders, and compare the labor required. 

11. Multiply arh"' - a^'^h '' + 1 by «'*&'*• + 1. 

12. Multiply 2a^-''&i-'» + Sa"- 1 J"* by 10a''-^+i^"+i - oa'^-'J-"*. 

13. Square the following by the theorems (85^ 86) : 

1 + a, x—2, 3f+3g, a'^ - a~h*, af + a;, "j^-, «■** + y"'f 
f«^ - ia"i' hx-^y'^ — ay-ia;», 2a«J-^3-p) ^ ^^^y-*. 

14. Write the following products by {87) : 

(3m« + 5;i«) X (3m8 - 5w«), (VJJy^ + ^/3z) X ( V2y* - v^3/), 
(1 + fa) X (1 - fa), (99aa; + ^Vax) X (99aa; — 9a^a:*). 

15. Expand (a + J + c) (a ^h — c) (a — b + c) (— a + J + c). 
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« 

Multiplication by Detached Coefficients. 

88» In cases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successive terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
efficients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. A few 
examples will make this clear : 

1. Multiply 2a» — Sa^x + 5ax* — ic» by 2a« — oa; + llzK 

OPERATION. 

2-3+ 5- 1 

2-1+7 



4 - 6 + 10 - 2 
— 2+3-5+1 

+ 14-21 + 35-7 

4-8 + 27-28 + 36-7 



Prod., 4a» - Sa^x + ^Ka^x* - 2Sa*x^ + SQax^ - 7a;» 
2. Multiply a;» + 2a? — 4 by fl;« — 1. 

SuG. — ^By writing these polynomials thus, a?' + Oa;* + 2a? — 4, «• + (te — 1, 
the law of the exponents in each case hecomes evident. Hence we have. 

1+0+2-4 
1 + 0-1 



1+0+2-4 

-1-0-2 +4 

1 +0+1-4-2+4 
Prod., aj* + Ooj* + aj' — 4u* — 2a: + 4, or a?* + aj* — 4u* — 2aj + 4 

3. Multiply Sa* + 4aa; — 6x^ by 2a« — 6ax + 4a:«. 

4. Multiply 2a8 - 3ab* + 5J« by 2a* - 6b*. 

Bug.— The detached coefficients are 2 + — 8 + 5, and 2 + — 5. 

6. Multiply a^ + a*x + oa?* + «» by a — a;. 

6. Multiply x^ - 3a;« + 3a? - 1 by a;« - 2ar + 1. 
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SECTION V. 

DIVISION. 

89m Division is the process of finding how many times one 
quantity is contained in another. 

00. The problem of division maybe stated: Given the pradud 
of two factors and one of the factors^ to find the other ; and the mjfffr 
dent reason for any quotient isy that multiplied by the divisor it 
gives the dividend. 

91» CoR. 1. — Dividend and divisor may both be multiplied or 
both be divided by the same number without affecting the quotient 

02. CoR. 2. — If the dividend be multiplied or divided by any 
number, while the divisor remains the same^ the quotient is multiplied 
or divided by the same. 

03. CoR. 3. — If the divisor be mtdtiplied by any number while the 
dividend remains the same, the quotient is divided by that number ; 
but if the divisor be divided, the quotient is multiplied. 

04. CoR. 4. — The sum of the quotients of two or more quantities 
divided by a common divisor, is the same as the quotient of the sum 
of the quantities divided by the same divisor. 

05. Cor. 5. — 77ie difference of the quotients of tioo quantities 
divided by a common divisor, is the same as the quotient of the dif- 
ference divided by the same divisor. 

These corollaries are direct consequences of the definition, and need no 
demonstration ; but they should be amply illustrated. 

90. Def. — CanceUation is the striking out of a factor common to both 
dividend and divisor, and does not affect the quotient, as appears from ipi). 



07. Lemma 1. — When the dividend is positive^ the quotient has 
the same sign as the divisor ; but xchen the dividend is negative, the 
quotient has an opposite sign to the divisor. 

08. Lemma 2. — When the dividend and divisor consist of the 
same quantity affected by exponents, the quotient is the common 
quantity with an 'exponent eqtuil to the exponent in the dividend^ 
minus that in the divisor. 
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\ These lemmas are immediate consequences of the law of the signs and 
exponents in multiplication. 

99, Cor. 1. — Any quantity with an exponent isly since it may 
be considered as arising from dividing a quantity by itself. 

Thus, X representing any quantity, and m any exponent, o;*^ + af^ =: a;® = 1. 

100m Cor. 2. — Negative eoeponents arise from division when 
there are more factors of any number in the divisor than in the divi- 
dend. 

101. Cob. 3. — A factor may be transferred from dividend to 
divisor {or from numerator to denominator of a fraction ^ which is 
the sam£ thing)^ and vice versa^ by changing the sign of its exponent. 



102. JPvob. 1. — To divide one monomial by another. 

RULE, — Divide the numerical coefficient of the divi- 
dend BY THAT OF THE DIVISOR AND TO THE QUOTIENT ANNEX THE 
LITERAL FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
ITS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPRESSING ALL FACTORS WHOSE EXPONENTS ARE 0. ThE SIGN 
OF THE QUOTIENT WILL BE + WHEN DIVIDEND AND DIVISOR HAVE 
LIKE SIGNS, AND — WHEN THEY HAVE UNLIKE SIGNS. 

Dem. — The dividend being the product of divisor an4 quotient, contains all 
the factors of both ; hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 



103. Pvob. 2. — To divide a jyohjnomial by a monomicd. 

R ULE, — Divide each term of the polynomial dividend by 

THE MONOMIAL DIVISOR, AND WRITE THE RESULTS IN CONNECTION 
WITH THEIR OWN SIGNS. 

Dem. — This rule is simply an application of the corollaries (9^, 9S). 



lOptm DSF. — ^A polynomial is said to be arranged with reference to a certain 
letter when the term containing the highest exponent of that letter is placed first 
at the left or right, the term containing the next highest exponent next, etc., etc 
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lOS. Prcb. 3, — 2v> perform division when both dividend an^ 

divisor are polynomials, 

BULK — Having arranged dividend and divisor with 

REFERENCE TO THE SAME LETTER, DIVIDE THE FIRST TERM OF THE 
dividend by the first term of THE DIVISOR FOR THE FIRST 
TERM OF THE QUOTIENT. ThEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TERM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MAY 
BE NECESSARY TO FORM A NEW DIVIDEND. DiVIDB AS BEFORF, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE. 

Dem. — ^The arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter^ and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend. 
Now by the operation, the product of the divisor into the first term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
second term of the quotient ; and so on, till, the product of the divisor into eacli 
term of the quotient, that is, the product of the divisor into the whole quotient, 
is taken from the dividend. If there is no remainder, it is evident that this 
product is equcU to the dividend. If there is a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend except the remainder. 
And this remainder is not included in the parts subtracted from the dividend, by 
operating according to the rule. 

ScH. — This process of division is strictly analogous to ** Long Division" 
in common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of the thousands, hundreds, tens, units, etc., 
while the other processes are precisely the same in both. 

Examples. 

1. Divide m* by m», n" hyn"^, (aJ)*"* by (aJ)" , a^ by a*, a"* 
by fl*, x'^ by a;"*, a;"* by « ». 

2. Free _^ , , ^ ^ _, ^ , and -^-^^ — — - from negative expo- 
nents, and explain the process. 

3. Divide 15ay« by Say, Sa^b^c^d by ia^b^c*, 3ah^ by aM, 
'-3oa^bx^hy':ia^bxy—20a^bh by -^Oab^c, y' by y\ —y by y-\ 
12arb^"'g by -7a"b'''^g'% ~4a*&-»c« by - 12a"*Jc«-*, a'-«+**''-c* 

m n 

by «•-'+! J^'+'c*, and a^y"* by o^yK 
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4. Divide Drt*** - l!^«ifc»4-3««*« by 3aA, lla:*y*a«* + 121a:V 

— 4:4:X^ y^ab^ by lla:^^^, lorta:^ — loa^x 4- 3aa; by — 6aXy 4a* ®m* 

— I2rr»»m» + 5280 by - 12«-*o, 209a:^y* - 2i7xt/^+' by 19icy, 
y* + 3a«yt - 2i^ fey y* 4*+* - **+•• - A'+- - **+*" by A% ax^ 

— 2aa; • 4- 3ax by aaf+*. 

5. Divide 4x« - 28a:j^ 4- 49y« by 2a: - 7y. 

6. Divide 6x^ - 13ax^ 4- lda*x*'-13a^X'-5a*^ by 2a;«-3aa;-a«. 
• 7. Dhide a;* 4- y^ 4- 3a;y — 1 by a; 4- y — 1. 

8. Divide «« Ji « - 64 by aJ« - 2, a: - 4«^ by x^ - 2^ 

9. Divide xy-ahj x^y^ — a^, 243a « 4- 1024 by 4 4- 3a. 

10. Divide y» ^|fy4 +Hy» -ly* - Wy + iby y» -| + 6- 

11. Divide 1 4- 2a:« - 7a;* - 16a;» by 1 + 2a; 4- 3a;« 4- 4a;3. 

12. Divide (a;« - y«)' by {x - y)^ a^ 4- J" ^ by a 4- §-^ 

1 1 
18. DiTide y* 1^7 y • 

14^ Divide 1 by 1 — a;«, also by 1 4- a:*, 1 4- «, and by 1 — a:; 
J5. Divide a'+" 4- a"* 4- aJ" 4- J*+" by a" 4- b\ 

le. Divide a"»-»*y*c - a'*+-'y-V + a'^b-'cT 4- a* «-*•*+•(?• 

— a""+*-"JV"-* 4- J'+*6^+«-* by a-'^J"'"* 4- &c*-\ 

17. Divide wi"'+* 4- am»*" 4- nm^ 4- aw*"+* by wi 4- w. 

18. Divide mn(x^ 4-l)4-(w« 4- m«) (a;*4-a;)4-(w«4-2wm) (a;»4-a;«) 
by nx^ 4- w^a; 4- «. 

19. Divide hkx^ 4- 2(A - k)x^ - (A« 4- 4 - *«)«« 4- 2 (A 4- i)a? 
^ //i by kx* — h + 2x. 

^. Divide a; 4- y 4- « ~ S\/3^z by a; * + y * 4- z\ 



Division by Detached Coefficients. 

106. Division by detached coefficients can be effected in the same 
casefi as multiplication (88). The student will be able to trace the 
process and see ihe reason from an example. 
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1. Divide 10a* - 27a»« + 34a««« - 18ar» - Sir* by 3a* - Sao; 
+ 4a;«. 

OPERATION. 

5 -6 -2 



2-8 + 4)10-27 + 34-18-8 
10-15 + 20 



-12 
-12 


+ 
+ 


14- 

18- 


18 
24 






^_ 


4 + 
4 + 


6- 
6- 


-8 
-8 



5a' - 6aa? - 2!B* QuaL 



2. Divide x^ — 3ax^ - 8a«a;« 4- 18a»a; — 8a* by «« + 2aa? — 2a«. 

3. Divide 6a* - 96 by 3a - 6. 

Su6.— The detached coefficients aie6 + + + — 96 and 8— IL 

4 Divide 3y^ 4- 3a:y* — 4x*y —4a:' by a; + y, 

5- Divide a;'* 4- y '' by a: 4- y ; also x^ — y* by x* — y*. 



Synthetic Division. 

107. When division by detached coeflScients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner's method of 
synthetic division. A careful inspection of the operation under 
Ex. 1, in the last article, will acquaint the student with the process. 



2 
+ 3 
-4 



operation. Explanation of Operation. — Arrange the 

10 _ 27 + 34 — 18 — 8 coefficients of the divisor in a vertical column 

. + 15 — 20 +. 24 + 8 &t the left of the dividend, changing the signs of 

— 18 — 6 all after the first. Draw a line underneath the 

5 ZTg ^2 whole under which to write the coefficients of 



5a'*-0aa;-2aJ^ QuqL the quotient. 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the first term of the dividend is always destroyed by 
this operation, we need give it (10) no farther consideration. Now, multiplying 
the other coefficients after the first {i. e. + d and — 4) toith their signs changed, 
by 5, we have + 15 and — 20, which are to be added (?) to — 27 and + 34. Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can be formed mentally by adding (?) + 15 to — 27, and the next term of 
the quotient by dividing this sum (— 12) by 2. Hence — 6 is the second term of 

* Strictly, the '' coctflcieut of; '* bat thi« foru) Is u«e4 for brevity. 
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the quotient. (We did not add (?) — 20 to + 34, because there is more to be 
taken in before the first term of the next partial dividend is formed.) 

Having found the second termi of the quotient (— 6), we multiply the terms 
of the divisor, except the first, (with their signs changed) by — 6, and write the 
results, — 18 and + 24, under the third and fourth of the dividend, to which 
they are to be added (?). Now we have all that is to be added* to + 34 (viz., 

— 20 and — 18) in order to obtadn the first term of the next partial dividend. 
Hence, adding, we get — 4. which divided by 2 gives — 2 as the next term of 
the quotient. Multiplying all the terms of the divisor except the first, as before, 
we have — 6 and + 8, which fall under — 18 and — 8. Now adding + 24 and 

— 6 to — 18, nothing remains. So also +8 — 8 = 0, and the work is complete, 
as far as the coefficients of the quotient are concerned. 

2. Divide x^ - 5^» + 15a;* - 24a;» + 27«» - 13;» + 5 by «* - 2x^ 

+ 4a;« - 2a; + 1. 

OPERATION. 



1 


l_5 + 15_24 + 27-18 + 5 


+ 2 


+ 2- 4+ 2- 1+ 8-5 


-4 


- 6 + 12- 6 + 10 


+ 2 


+ 10-20 


-1 






1-3+ 6 



Qu0t., oj' — 3a; + 5 

8. Divide 4y« - 24iy« + 60y* - 80y» 4- 60y» - 24y + 4 by 2y« 
-* 4y + 2, 

4. Divide «'* ^ y "^ by a; — y ; also 1 by 1 — a:: 

5. Will X + 2 diyide a;* + 2a;' - 7a:* - 20a; + 12 without a re- 
inainder ? Will xS f 

6. Will a; + 3, or a; — 3, divide a;* — 6a;* — 16a; + 21 without a re- 
mainder ? Will a; -h 7, or a; — 7 ? 

■ ■ ■ ' ■ ■' -. ■ . f m 

* The stadent will not Ikil to mo that this addition it equivalent to the ordinary sabtraction 
iinee the signs of the tenns bAve been changed. 



28 UTEBAL ABTTHMETia 



OHAFTEB n. 

FACTOBING. 



SECTION I. 

FUNDAMENTAL PROPOSITIONS. 

108. The Factors of a number are those numbers which mul- 
tiplied together produce it A Factor is, therefore, a Divisor. A 
Factor is also frequently called a mea8U)*ey a term arising in Geome- 
try. 

109. A Common IHvisor is a common integral factor of 
two or more numbers. The Oreateat Common Divisor of two or 
more numbers is the greatest common integral factor, or the product 
of all the common integral factors. Common Measure and Com- 
mon Divisor are equivalent terms. 

110. A Common Multiple of two or more numbers is an 
^integral number which contains each of them as a factor, or which 
is divisible by each of them. The Xfcast Common Multiple of two 
or more numbers is the least integral number which is divisible by 
each of them. 

111. A Composite Number is one which is composed of 
integral factors different from itself and unity. 

112. A Prime Number is one which has no integral factor 
other than itself and unity. 

113. Numbers are said to be Prime to each other when they have 
no common integral factor other than unity. 

ScH. 1. — The above definitions and distinctions have come into use from 
considering Decimal Numbers. They arc applicable to literal numbers only 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense that they can be fac* 
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tored ; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot aflirm. 



114L. Prop. 1. — A monomial may be resolved into Htered ftxe- 
tors by separating its letters into any number of groups^ so that the 
sum of all the exponents of each letter shall make the exponent of 
that letter in the given monomial. 



lis. Prop. 2. — Any fa<aor wkieh oeeurs in every term of a 
polynomial can be removed by dividing each term of the polynomial 
by it. 

110. JProp. 3. — If two terms of a trinomial are POsmvB and 
the third term is twice the proditct of the square roots of these two^ 
and POSiTiYEy the trinomial is the square of the sum of these square 
roots. If the third term is negative, the trinomial is the square of 
t/ie DIFFERENCE of the two roots. 



117. Prop. 4. — The difference between two quantities is equal 
to the product of the sum and difference of their square roots. 



1 18. Prop. S. — When one of the favors of a quantity is given^ 
to find the other ^ divide the given quantity by the given factor^ and 
the quotient will be the other. 



119. Prop. 6. — The dfff^erence between any two quantities is a 
divisor of the difference between the same powers of the quan* 
tities. 

The SUM of two quantities is a divisor of the difference of the 
same even powers^ and the sum of the same odd powers of the quan- 
tities. 

Dbic. — Let X and y he any two quantities and n any po^tive integer. Mrst, 
x — y divides aj" — y*. Second, itnia even, a; + y divides aj* — y". Third, if n is 
edd, X ■\- y divides aj» + y». 
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FIB8T. 

I 

Taking the fint case, we proceed in form with the division, till towt 
of the 

terms of the x — y)aj" — y* (a;*-'+a^--'y+a;*-*yg + sBf*^p9 + etc 

quotient (enough to a?" — nt^-^ 

determine the law) are {»»"*y — y* 

found. We find that each a?*''y — a;"~'y* 

remainder consists of two terms, a^-*y« — y* 

the second of wliich, — y**, is the af-'y* —x?*-*yi 



second term of the dividend constantly a-«- *y 3 — y« 

brought down unchanged; and the first a^-*y3 —gc>*-*pA 



contains x with an exponent decreasing by ar'-^y^ ~ y* 

unity in each successive remainder, and y with an 

exponent increcuing at the same rate that the exponent of x deereeuee. At thiiB 
rate the exponent of a; in the nth remainder becomes 0, and that of y, n. Hence 
the nih remainder is y" — y* or ; and the division is exact. 

SECOND AND THIRD. 

« + y)«* db y* (a^~' — af-* p + Qif*-*y^ — af»-*y» , eta 



— afV ± y» 

«"-*y« ± y* 
Taking a? + y a5*-*y* + af-'y* 



ior a divisor, we — a:*-*y3 ± y" 

observe that the exponent — Q:^-*y^ — «»- 4y4 



of a; in the successive re- aj"-*y* ± y" 

mainders decreases, and that of y increases 

the same as before. But now we observe that the first term of the remainder is 
— in the add remainders, as the 1st, 3d, 5th, etc., and + in the even ones, as the 
2d, 4th, 6th, etc. Hence if n is even^ and the second term of the dividend m ~ y", 
the Tith remainder is y** — y" or 0, and the division is exact. Again, if n is odd, 
and the second term of the dividend is + y* , the nth remainder is — y" + y* , 
or 0, and the division is exact, q. e, d. 

120. Cor. — The last proposition appliea equaUy to cases involv- 
ing fractional or negative exponents, 

Dbm. — ^Thus, aj*— y* divides «*— y*, since the latter is the difference between 
the 4th powers of x^ and y . So in general «"» — y ' divides aj"»»* — y""*" » « 

n 

being any positive integer. This becomes evident by putting a?""« = ij, and 

y"*" = w ; whence «""» = «•, and y""^ ^u^. But «• — tc» is divisible by v-^to, 

-•• —•• _ * — i 

hence x" ^ — y" r ia divisible by a?" •» — y"" ' . 
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121m PTOp. 7. — A trinomial can he resoloed into two binomial 
factors^ when one of its terms is the product of the square root of 
one of the other two, into the sum of the factors of the remaining term. 
The two factors are respectively the algebraic sum of this square root^ 
and each of t/ie factors oft/ie third term, 

III. — Thus, in x* -i- 7x + 10, we notice that 7x is the product of the sqmaro 
root of X*, and 2 + 5 (the sum of the factors of 10). The factors of x* + 7x 
+ 10 ate X '\-2 and ^ + 5. Again, x* —dx^ 10, lias for its factors x + 2 and 
X — 5, —2x being the product of the square root of x* (or x), and the sum of 
— 5 and 2, (or - 3), which are factors of - 10. Still again, x* -^Sx — 10 
=:(x — 2)(x + 5), determined in the same manner. 

Dem. — The truth of this proposition appears from considering the product of 
X + ahyx ^h, which is «* + (a + ft) ar + oft. In this product, considered as a 

trinomial, we notice that the ^«rm (a + b)x is the product of Vx* and a + 6, the 
sum of the factors of ab. In like manner (x + a) (4? — ft) = «• + («— b)x — oft, 
and (x — a)(x — b) = x* — (a + 6)jj 4- oft, both of which results correspond to the 
enunciation, q. E. D. 

[Note. — In application, this proposition requires the solution of the problem : 
Given the sum and product of two numbers to find the numbers, the complete 
solution of which cannot be given at this stage of the pupil's progress. It will 
be best for him to rely, at present, simply upon inspection.] 



122, Prop, 8,-^ We can often detect a factor by separating 
a polynomial ifUo parts. 

Ex. Factor x^ 4- 12a; — 28. 

Solution. — ^The form of this polynomial suggests that there maj be a bino- 
mial factor in it, or in a part of it. Now a?* — 4i; + 4 is the square of a? — 2, 
and (a;* - 4? + 4) + (lte-32) makes «« + 12a; - 28. But (aj«-4u+4)+(l(te-82) 
= (a?- 2)(a?-2) + (aj - 2)16 = (a? - 2) (a; - 2 + 16) = (a? - 2) (aj + 14). Whence 
a? — 2, and a; + 14 are seen to be the factors of x* + 12a! — 28. 



Miscellaneous Examples. 

1. Factor Hfg^y - 2SPgy* 4- 42f^gy, 4a:«y» - Wy^ + UxyK 

2. Factor m* - w*, 1 - 2\/x + x, 266a* 4- 544a« + 289, 1 - c». 

3. Factor a;«- x - 72,y«-;8Sa»+ J»,?r + ~ -2, a«+23a+22. 

^ 0* a^ 

4. Factor -4 -, + -r, c?« — d«, c"' - d"S c« - rf-«. 

!»• mx* z* 



\ 
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5. Factor a' — w % 4r* — 5y-*, — — b^^yX* 4- 22x — 7623. 

•(/ 

6. Factor af - 1, 6077/1* + 1326m«n* + 8677i», a/^ - v^. 

7. Factor x^ — 'Zax — a*, a* db 4tb^Var^ + 4*»c?*, a;»^- V«+2(»*. 

8. Factor ^*« - ^a''»J-+' + A**"^*^ 3flP + 3* - 6 Viftw 

9. Besolve x into two equal factors ; also two unequal factors. 

10. Sesolve dSx^y^z^ — SVy^z into two fecfcors of which one is 
2y* Vz. 

11. Eesolve 121a%%^ into two equal factors ; also into four equal 
factors. 

12. Bemove the factor l[{ak^)i from 84a^i*. 

13. Bemove the factor— 7 + rfrom m®7i~« — -qT' 

14. Bemove the factor a* — a^b + a^b* — ab^ + b^ from a* 

15. Factor lba-\-bax — a; — 3, 21«&cd— 28c^iry + 16a&7w»— 20mwa:y, 
21a;« + 2Zxy - 20^*, 12a2a;* - 12a«a;^ + 3a«. 

16. Factor ^x^ - 12x^y» - 4y^ -f 1, 72cd*m* - 84tfrf»m« 

17. The terms of a trinomial are 30a&, 9a^ and 26b*. What sign 
must be given to each that the trinomial may be factored ? 

18. The terms of a trinomial are — 9a, 12 Va and 4. What must 
be the signs of the last two terms that the trinomial may be 
factored ? 

19. Is a * — &'" exactly divisible by a"^ — i or a^ + & ? 

20. Is m^ — n^ exactly divisible by Vm — Vn ? by Vm 4- V^i ? 

21. Is a;^®* -h y^^^ exactly divisible hy x -^ y? by x — y ? 

22. Is a:*®''* + ytota exactly divisible by a;' - y' ? by a;' + 2/'' ? 

23. What is the quotient of {ky^ + im;?^) -^ (i^ \^ 4- v^i 5;*^) ? 
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24. What is the quotient of {x^ + y^) -i- {x^ + y^) ? 

25. Write the following quotients : (a« + b^) -5- (a* + &•); 
{x"* - T?'^) -r- (a; - z) ; (a:*- - 7?'') -^ (a; + «) ; (a;'"*+* + ff^') 
'^ {z + 2)y m being a postiye integer. 

1 100 

26. Factor x^ + ax ■\- x -\- a^ 1— a, 1+a, -j^ — -j;^ and 

X y 

x^ —x — 9900. 

27. Factor 10ar^+ fi] - 20a, 4r + 4a;^ + 1 and 36a« - 5J^ 

28. rr» - a;« - 2aj + 2, 6a?» - lax^ - 20a»a;, a:** + 31ar - 32. 



•#^^ 



SECTION II. 

GREATEST OR HIGHEST COMMON DIVISOR. 

123. Dep. — It is scarcely proper to apply the term Greatest Common Divisor 
to literal quantities, for the yalaes of the letters not being fixed, or specific, 
great or smaU cannot be affirmed of them. Thus, whether a^ is greater than a, 
depends upon whether a is greater or less than 1, to say nothing of its character 
as positive or negative. So, also, we cannot with propriety call a* — y' greater 
than a^y. If a = i, and y = 4, a=* — y •* = ^4, and a — y = J ; .-.in this case 
a * — y' < a — y. Again, if a and y are both greater than 1, but a<y,a^ — y^ 
though jiumericaUy greater than a— y is absolutely less, since it is a greater 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the Higlust Common Divisor, since what is meant is the divisor which is of 
the highest degree with reference to the letter of arrangement. 

[Note. — ^The general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 

124, Lemma 1. — The Greatest or Highest C. D, qf two or more 
numbers is the product of their common prime factors. 

Dem. — Since a factor and a divisor are the same thing, all the common faC' 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of all the common prime 
factors of two or more numbers is a com,mo7i divisor of those numbers. More- 
over, this product is the Greatest or Highest C. D , since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of tho 
given numbers. Q. E. D. 3 
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Examples. 

1. What is the G. C. D. of 72, 84, and 180 ? 

Solution. — Resolve the numbers into their prime facton, and take the piO" 
duct of those which are common to all. 

2. Find the G. 0. D. of 48, 204, and 228. 

3. Find the G. C. D. of 81. 123, and 315. 

4. Find the Highest C. D. of Sx^yz^ and 16x^y. 

Solution. — Here we see that x, x, and y are all the literal factors com- 
mon to both ; and since 8 and 15 have no common factor, x x z ^ y JB the 
Highest C. D. 

5. Find the H. C. D. of UkH^m^ and SOk^lhn^n*. 

G. Find the H. C. D. of Sa^bc, ISaH*, and 26a*bKin. 

7. Find the H. C. D. of 7a;*y" V and ixy-^zr<\ 

8. Find the H. C. D. of 5a^x*y — lOax^y + 5ax*y and Sa*x*y 

— dx^y^. 

9. Find the H. C. D. of «« - a: - 12 and x^ -x* - 9x + 9. 

Solution.— a;* — a; — 12 = (« - 4) (a; + S){121). a?» — «* — ftu + 9 = x*(x — 1) 

— 9(aj — 1) = (a?* — 9) (aj — 1) = (aj — 3) (x + 3) (a; — 1). Now we see that aj -f 8 is 
a common divisor of the two polynomials, and since it is the only divisor com- 
mon to both, it is the H. C. D. 

10. Find the H. C. D. of 4J«a;» - 12*«a;« -f 12J«a; - 4J8 and U^x^ 

— Sb^x^ - 4b^x 4- SbK 

12i>m Sen. — The difficulty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 

12(i. Lemma 2. — A 2^olyjiomial of the form Ax° + Bx"""* 
-f Cx"""'*- - - - Ex 4- F, which has no common factor m every 
term^ has no divisor of its oun degree excej^t itself 

Dem. — 1st. Such a polynomial cannot have one factor of the nth degree — its 
own — with reference to the letter of arrangement, and another which contains 
the letter of arrangement, for the product of two su>ch factors would be of a 
higher (or different) degree from the given polynomial. 

2d. It cannot have a factor of the nth degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a common factor in every term, which is contrary to the 
hypothesis. Q. E. D. 
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127. Lemma 3. — A divis<n' of any number is a divisor of any 
multiple of that number, 

III. — Tliis is an axiom. If a goes into 5» q times* it is evident that it goai 
into n times 5» or vh^ n times q, or nq times. 

128. Lemma 4. — A common divisor of ttoo numbers is a divisor 
of their sum and also of their difference, 

Dem. — Let a be a C. D. of m and n, going into m, p times, and into n, q times. 
Then {m ± n) -i- a = p ± q, q. s. D. 

129. JPrcb. — To find the H. C. D, of tujo polynomials ujithout 
the necessity of resolving them into their prime factors. 

RULE. — 1st Arranging the polynomials with reference 
TO the same letter, and uniting into single terms the like 

POWERS of that letter, REMOVE ANY COMMON FACTOR OR FACTORS 
WHICH MAY APPEAR IN ALL THE TERMS OF BOTH POLYNOMIALS, RE- 
SERVING THEM AS FACTORS OF THE H. C. D. 

2d. Reject from each polynomial all other factors which 

APPEAR IN EACH TERM OF EITHER. 

3<L Taking the polynomials, thus reduced, divide the one 

WITH the greatest EXPONENT OF THE LETTER OF ARRANGEMENT, 
BY THE OTHER, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTER OF ARRANGEMENT IS LESS IN THE REMAINDER THAN IN 
THE DIVISOR. 

4th. Reject any factor which occurs in every term of this 

REMAINDER, AND DIVIDE THE DIVISOR BY THE REMAINDER AS THUS 
REDUCED, TREATING THE REMAINDER AND LAST DIVISOR AS THE 
FORMER POLYNOMIALS WERE. CONTINUE THIS PROCESS OF REJECT- 
ING FACTORS FROM EACH TERM OF THE REMAINDER, AND DIVIDING 
THE LAST DIVISOR BY THE LAST REMAINDER TILL NOTHING RE- 
MAINS. 

If, AT ANY TIME, A FRACTION WOULD OCCUR IN THE QUOTIENT, 

multiply the dividend by any number which will avoid the 
fraction. 

The last divisor multiplied by all the first reserved com- 
Hoir factors of the given polynomials, WILL BE the H. G. D. 

dOUOHT. 
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Dbm. — ^Let A and B represent any two poljnomiAls wbote H. C. D. is 
sought. 

Ist. Arranging A and B with reference t<> the same letter, for convenience in 
dividing, and also to render common factors more readify discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 

C. D., since the H. C. D. consists of all the common factors of A and B. 

2d. Having removed these common factors, call the remaining factors C and 

D. We are now to ascertain what common factors there are in C and D, or to 
find their H. C. D. As this H. C. D. consists of only the common factors, we can 
r^eet from each of the polynomials, C and D, any fiictors which are not common. 
Having done this, call the remaining factors E and F. 

3d. Suppose polynomial E to be of lower degree with respect to the letter of 
arrangement than F. (If E nnd F are of the same degree, it is immaterial \ihich 
is made the divisor in the subsequent process.) Now, as E is its own only divisor 
of its own degree (Lem. 2), if it divides F, it is the H. C. D. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in E (and E has no monomial 
factor), since the common factors of E and F would not be affected by the opera- 
tion. Call such a multiple of F, if necessary, F'. Then the H. C. D. of E and 
F', is the H. C. D. of E and F. If, now, E divides F', it is the H. C. D. of E and 
F. Trying it, suppose it goes Q times, with a remainder, R. 

4th. Any divisor of E and F is a divisor of R, since F' — QE = R, and any 
divisor of a number divides any multiple of that number (Lem. 8), and a divisor 
of two numbers divides their difference. The H. C. D. divides E, hence it di- 
vides QE, and, as it also divides F', it divides the difference between F' and QE, 
or R. Therefore the H. C. D. of E and F, is aim a divisor c^ E and R, and can* 
not be of higher degree than R. 

5th. We now repeat the reasoning of the 9d and 4th pAragn^hs conccmiBg 
E and P, with reference to E and R. Thus, R is by hypothesis of lower degree 
than E ; hence, dividing E by it, rejecting any factor not common to both, or in- 
troducing any one into E, which may be necessary to avoid fractions, we aseer- 
tarn whether R is a divisor of E. If it is, it divides P , since F' = R + QE (Lem. 
3, 4), and hence is the H. C. D. of E and F. 

6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divipor is the H. C. D. of E and F, since at every step we show 
that the H. C. D. ii^ a divisor of the two numbers compared, and the last divisor 
is its own H. D. 

7th. Finally, we have tlius found all the common factors of A and B, the pro- 
duct of which is their H. C. D. q,. E. D. 



Examples. 

1. Find the H.C.D.of 12aH^ + 3&«y« - 15ai«y + 12a^by + 3fty» 
— Ibaby^, and 6aH^ - Oa^b^y - 2J«y» +2ab*y* + 6a»Jy - 6a««y» 
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OPKRATION. 

12a*6« + 36V - 15a6»y + 12a% + 36y=* - 15aby* - - (^). 

(te*6« - ga*6*y - 26>y» + 2ab'j/* + ^a^'by - 6a%« - 26y* + 2afty^ - - (B), 

4a*b + by* — ^aby + 4a'y + y * — bay* ((7). 

3g^6 - aa% - &y ' + fl6y ■ + 3g^y - 3g*y« - y* + ay^ (2>). 

(46 + 4y)a*-(56y + 5y')a + (6y* + y=») (E). 

(3& 4- 3y)g^ - (3^ + 3y«) tf« + (&y* + y^) <t - (^^ + y*) (F). 

- {G) (H) 

4a« - Sya + y*) 3a' - 3ya* + y*a - y» 

4 



(/)-.-- 12a » - 12ya* + 4y*a - 4y'(3a 

{K) - - - - 12a' - 15ya* + 3y*a 

(X) - - 9ya* + y*a - 4y» 

4 



(M) 12ya* + 4y*a-ltty»( 

(^) ....-- - 12ya*-15y«a+ 3y^ 

(O) - ^ Reject 19y* - - - 19y'a-19y' G 

(P) a — y)4a* — B^a + y*(4tf — y. 

4a* — 4ya 

— ya + y* 

— ya-^y* 

.'. The H. C. D. of (A) and (B) is (6) (6 + y) (a - y) = a6* + a5y - h*y - by*, 

ScH. — ^It often occurs that one or more of the above stepo are not required, 
especially the removing of a compound factor from the given polynomials. 

% Find the H. 0. D., with respect to ar, of a;* — Sa;* -h 21ic« — 20ar 
-f 4, and %x^ - VZx* + 21aj - 10. 

OPSnATIOK. 

to«-12«« + 31«-10)a?*- 8a?' + 21aj« - SOW + 4 

3 

(C) - 2aj* - Ito' + 42a;* - 40aj + 8(«-2 

2a?* - 12j?^ 4- 21ar* - 10a; 

- 4u» + 21a?« - 30* + 8 

— 4g' + 24c« — 42a? + 20 

(2>) Reject - 3 - 3a;* + 12a? - 12 

(^) a?« - 4i? + 4 

»«-4a? + 4)2a>'-12i;« + 21aj - 10 ( 2* - 4 
2a;' - 83?* + &g 

- 4i?* + 13a; - 10 

- 4a?* + Iftr - 16 

(F) - Reject - a - - 8a; + 6 {E) 

(G) a?-2)a;* -4a? + 4(a?-2 

a;* — 2a? 

— 2a? + 4 

— 2g + 4 
Hence a; — 2 is the H. C. D. 
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3. Find the H. C. D. of 2x^ -\-b-Sx + x*, and 4t2z* 4- 30 - 72a;. 

4. Find the H. C. D. of 2ax* +2a -^ Aaxy and 7J + 14te + 7te* 
+ Ubx^. 

5. Find the H. C. D. of 6a* + lax - 3a;*, and 6a* + llaa; -f 3a:«. 

6. Tind the H. C. D. of 4a3 - 4a* — aJ« + **, and 4a* + "Zab 

- 2d*. 

7. Find the H. C. D. of 12a;* - 24a;»;y -f 12aj«y«, and Saj^^* 

— 24a;«^3 + 24a;y* - 8y«. 

8. Find the H. C. D. of 52aa;* - 24aa;* - 44aa;« - 12a + Sitx^ 
4- 60aa;, and 14a*J -f 60a*da;* - 16a*Ja;» + 2a*te» - 74a*te 
-2aHx^. 



130. Proh. — To find the H, C. D.of three or more polynomials, 
RULE. — FiKD THE H. C. D. of any two of the given poly- 

KOAIIALS BY ONE OF THE FOREGOING METHODS, AND THEN FIND 
THE H. C. D. OF THIS H. C. D. AND ONE OF THE REMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPARE THIS LAST H. C. D. WITH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H. C. D. CON- 
?:INUB THIS PROCESS TILL ALL THE POLYNOMIALS HAVE BEEN 
USED. 

Dbm. — For brevity, call the several polynomials. A, B, C, D, etc. Let the H. C. 
D. of A and B be represented by P, whence P contains aU the factors common 
to A and B. Finding the H. C. D. of P and C, let it be called P'. P', therefore, 
contains aU the common factors of P and C ; «nd as P contains all that are 
common to A and B, P' contains all that are common to A, B, and C. In like 
manner if P" is the H. C. D. of P' and D, it contains all the common factors of 
A, B, C, and D, etc. Q. B. D. 

Examples. 

1. Find the H. C. D. of a;* + 11a; + 30, 2a;« 4- 21a; H- 64, and 9a;8 
+ 53a;* - 9a; - 18. The H. C. D. is a; + 6. 

2. What is the H. C. D. of 10a;» 4- lOx^y^ + 20a;*y> ^^' + 2y«, 
and4y* 4- 12a;»y« + 4a;3y + 12a;y« ? 
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SECTION III. 

LOWEST OR LEAST COMMON MULTIPLE. 

tSlm Def. — In speaking of decimal numbers, the term Lta$t Common 
Multiple is correct, but not in speaking of literal numbers. For example, the 
numbers (a + b)* and {a* — b*) are both contained in {a + h)* x (a — &), and in 
any multiple of this product, as m(a + &)* {a — b). But whether m{a-^b)* (a—b) 
is greater or less than {a + b)* {a — b) depends upon whether a is greater or less 
than bf and also whether m is greater or less than unity. In speaking of literal 
numbers, we should say Lowest Common Multiple, meaning the multiple of low- 
est dfigree with respect to some specified letter. 



132. Prob.—Tofind the L. C M, of two or more numbers. 

R ULE. — ^Take the literal number op the highest degree, 
ob the largest decimal number, and multiply it by all the 
factors found in the next lower which are not in it. 
Again, multiply this product by all the factors found in 
the next lower number and not in it, and so continue 

TILL ALL THE NUMBERS ARE USED. ThE PRODUCT THUS OBTAINED 
IS THE L. C. M. 

Dem. — ^Let K, By C, \>, etc.» represent any numbers arranged in the order of 
their degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But, in order to contain B, the L. C. M; 
must contain aU the factors of B. • Hence, if there are any factors in 6 which are 
not found in A, these must be introduced. So, also, if C contains factors not 
found in A and B, they must be introduced, in order that the product may con- 
tain C, etc., etc. Now it is evident that the product so obtained, is the L. C. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed it 
would cease to be a multiple of some one or more of the numbers, q. E. D. 

1. Find the L. C. M. of (x^ -- 1), (x^ - 1), and {x + 1). 

Solution. — The L. C. M. must contain «' — 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L. C. M. The factors 
of oj'* — 1 are (a? — 1) (a?* ■\- x + 1). But this product does not contain the factors 
of (aj* — 1). which are {x + 1) (x — 1). Hence, we must introduce the factor 
{x + 1), giving («' — !)(« + 1), as the L. C. M. of x^ — 1 and x- — 1. Now, as 
this product contains the third quantity, it is the L. C. M. of the three. 

2. Find the L. C. M. of (a + J)^ a* - ^«, {a - J)^ and a^ + Sa^b 
+ 30*2 + *». 
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3. Find tlie L. C. M. of (x* - 4), {z* + 2), and («« - 2). 

4. Find the L. C. M. of (a* - 2a* + 1), (1 -f a), {a - 1), and 4. 

5. Find the L. C. M. ofdaH^xj/, 57aa;^ 87yS and 9a»^* 

G. Find the L. C. M. of (1 - 18a + 81a«), {dJ + 1) (1 - 3\/fl), 
and (27a* - 9a - 3 Va 4- 1). 

ScH. — In applying this rale, if the common factors of the two nnmben are 
not readily discerned, apply the method of finding the H. C. D., in order to 
discover them. 

7. Find the L. C. M. of a:»-2aa;*+ 4««a; - 8a», ar»+ 2ax*+ 4a«« 
+ Sa^, and «« — 4a«. 

Solution.— Tlie L. C. M. of these nombera most contain •' -- 2ax* -f 4a*x 

— 8a' ; and as it is its own L. M., if it contains all the factors of x^ + 2ax* 
+ 4a*x + 8a', it is the L. G. M. of these two polynomials. Bat as the conmion 
factors of these numbers, if they have any, are not readily diacemed, we apply 
the method of H. 0. D., and find that x* + 4a* is the H. C. D. of the two. Since, 
then, a?' — 2a.c* + 4a* x — 8a' contains the factor x* + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. C. M. of 
the two. Now, (.r' + 2ax^ + 4a*x + 8a') -f- («* + 4a')=a;+2a. Hence, (;i;*—2aar* 
+ 4a*a; — 8a') (« + 2a) or jr* — 16a* is the L. C. M. of the first two nnmben, 
since it contains all the factors of each, and no more. Now, to find whether 
«* — 16a* is a multiple of the remaining number, jr* — 4a*, or,' if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 117) shows us that x^ —10a* m a 
multiple of «* — 4a*. .*. «* — 16a* is the L. C. M. of the three given numbers. 

8. Find the L. C. M. of a:«- 3a: - 70 and re' - 39a; + 70. 

9. Find the L. C. M. of a:« + a: - 2, a:«- a: - 6, and a:« - 4a; + a 

10. Find the L. C. M. of a3- 4a«ft 4- 9aA«- 106» and a»+ 2a«ft 

— Zah* + 20^8. 

11. Find the L. C. M. of x^- 9a;« -h 26a; - 24, a;^- 10a;«+ 31a; 

— 30, and x^ - lla;« + 38a; - 40. 

12. Find the L. CM. of a;*-10a;« + 9, a;* + 10a;» + 20a;«-10a;-21, 
and a;* -f 4a;3 — 22a;« — 4a; + 21. 
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DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 

133. A. Fraction^ in the literal notation, is to be considered 
as an indicated operation in Division. 

134. ScH. — ^In the literal notation it becomes impracticable to consider 
the denominator as indicating the nnmber of equal parts into which unity is 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 

the letters be not restricted in their signification. Thus in =r-, it will not do. 

to say^ b represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 
Hence h may be a mixed number. Now suppose h = 4,\, It is absurd to 
qpeak of unity as divided into 4} equal parts. 

135. Cob. 1,-^Since nitmerator is dividend and denomifiator 
divisor, it foUowa from {01^92^93) that dividing or miUtiply- 
ing both terms of a fraction does not aUer its value ; that mtdti- 
plying or dividing the numerator midtiplies or divides t/ie value of 
the fraction ; and that multiply ifig or dividing the denominator 
divides or multiplies the fraction^ 

136. Cor. 2. — A fraction is multiplied by its denominaior by 
simply removing it 

137. The terms Integer or Entire Number^ Mixed Number^ 
Proper and Improper^ are applied to literal numbers, but not with 
strict propriety. 

Whether 9ii -h n is an integer, a mixed number, or a fraction, depends upon 
the values of m and n, which the genius of the literal notation requires to be 
vnderstood as perfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the foUowing definitions : 
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138. A number not having the fractional /orwi is said to haye 
the Integral Form; as m + w, 2c*d — Sa'^x -f 3a;«y*. 

i39, A polynomial having part of its terms in the fractional 
and part in the integral form, is called a Mixed Numher. 

140. A Proper Fraction^ in the literal notation, is an ex- 
pression wholly in the fractional form, and which cannot be expressed 
in the integral form without negative exponents. 

B7 calUng such an expression a proper fraction, we do not assert anything 

a 
with reference to its value as compared with unity. Thus -r- is a proper frac- 
tion, though it may be greater or less than unity. It may also be written 
ab-K 

141. An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed in the integral or mixed 
form without the use of negative exponents. 

142. A Simple Fraction is a single fraction with both 
terms in the integral form. 

143. A Compound Fraction is two or more fractions con- 
nected by the word of. 

This term is not generally applicable in the literal notation. Thus we may 

2 8 am 

write -5- of J with propriety, but not y of — , unless a and h are integral, so 

a 2 

that the fraction -r- may be considered as representing equal parts of unity, as g- 

does. If the word of is considered as simply an equivalent for x , the notation 
is of course, always admissible. But it is scarcely a simple equivalent. 

144. A Complex Fraction is a fi^action having in one or 
both its terms an expression of the fractional form. 

145. A fraction is in its Lowest Terms when there is no com- 
mon integral factor in both its terms. 

146. Tfie lowest Comm,on Denominator is the num- 
ber of lowest degree, which can form the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the numerators retain the integral form. 

147. Reduction^ in mathematics, is changing the form of an 
expression without changing its value. 



Beductions. 

148. There are five principal reductions required in operating 
with fractions, viz. : To Loioest Terms j— From Improper Fractions 
to Integral or Mixed Forms, — F^om Integral or Mixed Forms to Im- 
proper Fractions, — To Forms having a Common Denominator^ — 
and from the Complex to the Simple Form. 

14:0 • Proh. 1. — To reduce a fraction to its lowest terms, 
RULE. — Reject all common" factors from both terms; ob 

DIVIDE both terms BY THEIR H. C. D. 

Dem. — Since the numerator is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the value of the fraction 
(yi)- Having rejected aU the common factors, or, what is the same thing, the 
H. C. p. (which contains all the common factors), the fraction is in its lowest 
terms {145). 

ScH. 1. — Since the H. C. D. is the product of all the common factors 
(109), the above process is equivalent to dividing both terms of the frac- 
tion by their H. C. D. Whenever the common factors of the terms are not 
readily discernible, the process for finding their H. C. D. (129) may be 
resorted to. 

ScH. 2. — ^The opposite process is sometimes serviceable, viz. : the intro- 
duction of a factor into both terms of a fraction, which will give it a more 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other. 



150. JPvoh* 2» — To reduce a fraction from an improper to an 
integral or mixed form. 

i??7Zi^.— Perform the division indicated {133). 

ISlm Cor. — By means of negative indices {exponents) any 
fraction can be expressed in the integral form. 



1S2. JPvobm 3. — To reduce numbers from the integral or mixed 
to the fractional form. 

RULE. — Multiply the integral part by the given de- 
nominator, AND ANNEXING THE NUMERATOR OF THE FRAC- 
TIONAL PART, IF ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. 
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Dem. — In the case of a number in the integral form, the process consists of 
multiplying the given number by the given denominator and indicating the 
division of the product by the same number, and lience is equivalent to multi- 
plying and dividing by the same quantity, which does not change the value of 
the number. The same is true as far as relates to the integral part of a mixed 
form, after wliich the two fractional parts are to be added together. As they 
liave the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum {Od), 



1S3. JProbm 4,— To reduce fractions having different denomi- 
viators to equivalent fractions having a common denominator. 

RULE. — Multiply both terms of each practiok bt the 

DENOMINTATORS OF ALL THE OTHER FRACTI0K8. 

Dem. — This gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any one 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number (135). 

1S4L. Cor. — To reduce fractions to equivalent ones having the 
Lowest Common Denominator^ find the X. C. M. of cM the denomi^ 
nators for the new denominator. Then mvltiply both terms of each 
fraction by the quotient of that L. C. M. divided by the denominator 
of that fraction. 



15S. JProh. S. — To red^ice complex fractions to the form of 
simple fractions. 

R ULE. — Multiply numerator and denominator of the com- 
plex FRACTION BY THE PRODUCT OF ALL THE DENOMINATORS OF 
THE PARTIAL FRACTIONS FOUND IN THEM; OR, MULTIPLY BY THE 
L. C. M. OF THE DENOMINATORS OF THE PARTIAL FRACTIONS.* 

Dem. — This process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 
denominator. It does not alter the value of the fraction, since it is midtiplying 
dividend and divisor by the same quantity. 



Addition. 
156. "Pvoh. — To add fractions. 

R ULE. — Reduce them to forms having a common denomina- 
tor, IF THEY HAVE NOT SUCH FORMS, AND THEN ADD THE NUMERA- 
TORS, AND WRITE THE SUM OVER THE COMMON DENOMINATOR. 

* The pnpil U pnppoped to have obtained sufficient knowledge of fractions in common arith' 
me tic to perform these operations. 
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DsM. — TliA jodoctkm of tke flereral fractioiui to forms having a common denomi- 
nator, if they have not sucli forms, does not alter their values (135), and hence 
does not alter the sum. Then, when they have a common denominator (divisor), 
the earn of the several quotients is equal to the quotient of the sum of the sev- 
eral dividends divided by the common divisor, or denominator (04:), 

lS7m Cor. — Ea^easions in the mixed form may either be reduced 
to the improper form and then added, or the integral parts may he 
etdded into one ^um, and the fractional into another^ and these results 
added. 



SUBTBACTIOK. 

IS 8m JPr€b*—To sMhir a^ fractions. 

RULE, — Reduce the fractionts to forms having a commok 

DEKOMIKATOR, IF THEY HAVE NOT SUCH FORMS, AND SUBTRACT THE 
jrUMERATOR OF THE SUBTRAHEND FROM THE NUMERATOR OF THB 
MINUEND^ AND PLACE THE REMAINDER OVER THE COMMON DENOMI- 
NATOR. 

Dem. — The value of the fractions not being altered by the reduction, their dif- 
ference hs not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (05). 

ISO. CoR. — Mixed numbers may be subtracted by annexing the 
.mbtrahend with its signs changed, to the minuend, and then combining 
the terms as m,uch as may be desired. The reason for the change of 
signs is the same as in whole numbers (71)* 



Multiplication. 

160m J?l*o6. Im — To multiply a fraction by an integer. 

JB OXJEl— Multiply the numerator or divide the denomi- 
nator. 

Dem. — Since numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of (02 , 03). 

161m JProh. 2. — To multiply by a fraction. 

RULE. — Multiply by the numerator and divide by the 
denominator.* 

* It is assamed that the pnpil knows how to divide a flraction by an integer, fVom his study 
of arithmetic. Nevertheless the problem will b« introduced hereafter for the purpose of famil- 
krtiataf tte pafU wixli Ibe Uteml opeiattent. 



^ LITERAL ARITHMETIO. 

Dbm. — ^Let it be required to multiply m, which is either an Integer or a frao* 
tion, by -. 



1st. Suppose a and b are both integers. Multiplying mhy a gives a product 
b times too large, since we were to multiply by only a bth. part of a ; hence we 

(1171 

divide the product, cmt, by 6, and have -r-. 

2d. When either a or b, or both, are fractions. Let c be the factor by which 
numerator and denominator of r must be multiplied to make -i a simple frac- 

tion (15S). Then will r- be a simple fraction, t. e., ac and be are each integral ; 
and the multiplication is effected as in Case 1st, giving -r--. This reduced by 

dividing both terms by e gives -^. Hence we see that in cmy case, to multiply 

by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the mtUtiplicand is inte- 
gral or fractional. 

X62. Cob. — To multiply mixed numberSj first reduce them to im* 
proper fractions. 



Division. 

163. Prob, 1. — To divide a fraction by an integer. 

RULE. — Divide the numerator or multiply the d£nomi<- 

KATOR. 

Dem. — Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of {92, 93). 

164. JProb. 2. — To divide by a fraction, 

RULE. — Divide by the numerator and multiply the quo- 
tient BY the denominator. Or, what is the same thing, 

INVERT THE TERMS OF THE DIVISOR AND PROCEED AS IN MULTIPLI- 
CATION. 

Dem. — The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as we multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must divide by the numerator and multiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the numerator. 

Again, this process may be demonstrated thus : Inverting the divisor showi 
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iiow many times it is contained in 1. Then if the given divisor is contained so 
many times in l,it will be contained in 5, 5 times as many times ; in }, } as many 
times ; in ax^, ctx* times as many times ; or in any dividend as many times the 
number of -times it is contained in 1, as is expressed by tliat dividend, wliether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 

Sen. 1. — Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
nator, and since division is the reverse, we may perform division by dividing 
tlie numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 

This method will coincide with the others when they are worked by per- 
forming the operations by division as far as practicable, and this is worked 
by performing the multiplications equivalent to the divisions when the latter 
f^% not practicable. 

16Sm Cob. — 77ie reciprocal of a quantity being 1 divided by that 
quantity f the reciprocal o/ a fraction is the fraction inverted. 

Genebal Scholium.— In both mnltiplication and division of fractions, or by 
fractions, all operations which can be performed by dividing should be so per- 
formed, in order that the result may be in its lowest terms. 



Signs of a FRAcrnoN. 

166. In considering the signs of a fraction, we have to notice 
i^iree things, viz.; the sign of the nnmerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 

Thus, in the expression — ~ r— r, in the numerator the sign of 4a is 4-, 

2jj 4- 4y* 

ami of 5cd is — . In the denominator, the sign of 2x is +, and of 4y* + also. 
The sign of the fraction is — . These are the signs of operation (SO). 

167. The essential character of a fraction, as positive or 
negative^ can be determined only when the essential character of all 
the numbers entering into it is known. It may then be determined 
by principles already given {78^ 97)* 
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Examples. 
1. Bednce the following fractions to their lowest terms : 

T70a^dy^ 2oax^ H2a^b^c^ x + 1 3m«a*-3w» 



^LlszJ.'^ ^*^ — ^ g^ — 3a? — 4 3a -h 3fly 8a;i + I2a? 4- 9 
V* — y-*' 1 + a^/V X* — Ax — 5* 4d^-4^»'^«' re* + 5ar» + 6* 

6a;«~3a;~45 (1 +a:)* /y/>-q+7/-Yi 2a;»y ^ H- 2 3a:» + 2a;» - 8a; 
6a:«4-19a:+10' OT-^^" ^^,-p+«^.+r^|' a:«y«-l ' 9a:»-12a;*-36a: + 48' 

2x^-x^-dx^+ rSx-b 2f(b^+ab*-Sab+5a x^- Sx* +21x^18 
7x^-'l\)x*+i7x-o ' l[b^-l2b*+5b ' 3a;»-16a;«+21a? ' 

16g^ - 53a;« h- 45a; 4- 6 
8a;* - 30a;» + 31a:« - 12' 

2. What factor will change ^ to ^ rf- ? 

fl* + a^X'\- a*x^ •\ -ux^ + x*' a^ — x^ .^ x^ + }a;g -h f x- + 1 

^T^ ^*' rT^'^^^i;^ • ix*-i ^"^ 

4a;8^a;4-4 6jp* - 12j!;y3 - C;;^(y + 12^* ^^ 6r;>^ - ^y^] ^ 

x-1 p^ - q* p + q 

1 jp* -f 14a;» + 27 m* -f n* 4- 2m?^ — a; -- y 



3. Reduce :i , o , . j .,..*, 

1— a; a;* H- 4 m ■\- n 

1 — rt^o 2 a* + 4a'a; + 6a*a;« 4- 4aa;« 4- a;* af 



and 



a 4- 1 ' 2-a;' a» 4- 3««a; + 3fla;2 4- x^ ' l-ar" 

-r—t to integral or mixed forms. 

in the integral form. 

X 

5. Reduce the following mixed to fractional forms : 1 4- r-^ 

, ^ ^ ^ 14a«6 + 12a»b* -dab ^ , ^ 4a; - 4 
1 ^ 7« 4. 6a* —^ , 1 4- 2a; —, 

^ SaH 4- 2ab* - h^ , *« 4- c« - a« , . 1 - a; 

^-^ -^ a« - b^ — ^ ^-^ — Wc — ^^^i-^-rr^- 



a; 
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6. Seduce ^r* Trsy •> :r^> and -. — -. to forms hayinff a C. D. 

-.x^i a -\- X a —X ,«* — a^*ii. i.. ^t^ 

7. Reduce , , and —z to forms having a C. D. 

X a a* -^ X* ° 

r. T> 1 a—x a + x a — x j 1 x • i i. 

8. Seduce ^ -r-i Tv* — ttj and to equivalent 

rr x(a* — x^) a + ar a — a; ^ 

fractions having the L. 0. D. 

9. Reduce -, , rr, and 7 — ^^ — — to equivalent frac- 

tious baying tlie L. C. D. 

1 + re* (1 — x)* 

10. Rednce 7^ rr and -:; ^ to forms having the L. C. D. 

(1 + x)^ 1 — x* ° 

Jl. Reduce — y, — j, — r— — r, Mid — r- r to forms having the 

KCD. 

IS. Reduce 5-, :z ., and ^--= -^ to forms having the L. C. D. 

9X ox '\- % yx* — Id 

13. Reduce the following complex fractions to simple ones : 
b X a c 7n* -^ n* 

a 



c 



14. Add^,^,^,andj^; -^ and — -; —-^ and j-^ ; 

a + h \ a-b-Zc 2 , 3 

— ^ — and T- 9 —^ m ^ aii^ ~i; • — ; r > 

t 2 * a:*+ar«+a;-hl a;» — a;«+a:— 1' 

^_jc — ^ ,J — c 1 a; + l ,a:«+a; + l 1 

-, and ^~ ; —-5, -5 — ^^z-n^^ a°<l 
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lO. Add -r ; r, — • Olid -j- ' \ «—(---+ ^ x^ \ 

a* — ax -h X* a -^ X a^ -h x^ \ b J 

and * + — 4- ^a^x^. 



16. Ada -, — 7 -, and — t 7 ; t~; ; ^^'^ 



a! b-V b -VV 1 + a: + a;« 1 - a: + a:» ' 



X -\- 3 X— 4: ^ X -\- 5 
2:4- 4a: — 3' a; + 7 



17. Add 7 r-7 rr aiid 7 T"^ ^v 5 7i — ^ and 

{a + c) {a-h d) (a -\- c) (a ^- e)^ Zniy^ — a: 

y ~ Qmpy^ x y ^ x^ 
{dmy* — a:)« ' y* ^T^' a:« -f xy 

18. Add -^-. ^, -^-. and i^ZI^l^i^^jlL+S^^, 

a — bb — cc — a (a — b) (b — c) {c — a) 

19. Prom -^ take ^; from ^^^±P^ t*ke ^" "/>' ; 

x -—3 a; 4- 3 ab ab 

from = take 



a; — 7 a; — 3* 



20. From 7a; 5 — take x ^r — ; from —7 =4^ take 

3 2 od(a — i)« 



a b ^ 

X 4- - 4- 2. 
b a 



21. From i^t tx — t^tt tt take 



2 (a; 4- 1) 10 (a: - 1) 5 (2a; 4- 3)* 



o^ w iL' , 4a; 4- 12 , 14a a;« - J« a;« 4- >* a - * 

22. Multiply — ^ by g^^; ^^^-^^ by —-j-; ^-^ 

^y a^b' b-¥y ^^J-a;' a^^ ^^^^^ *' a;« 4- 5a; 4- 6 ^^ 

4a;« - 1 2a; - 40 
3a;« - 18a; 4- 15* 
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23. Multiply ""'^ * by 4c; -iari by Jar*; -~^ by 
-27^' J— ^byl-2a; + a.»; ^ by-—; -rrrby^.. 

/^7 _„ 22;' + 1 ic' 1 fl"* 4- ^ 2c* 

24. Multiply -^ J by — ; ,,„ — by the 

yt ^yf ^yt ^l y^ -^ 1 ^ ^ 

reciprocal of — ^^; (z 4- y)(z* + ^.) by (z - ^j ; - - ^ 4- - 

^ (.r« - y»)« 4- (aj« 4- y«)» ' (a4-l)* ^ (a* - a)** 

25. Multiply together rr^, :7^^' a^^ ^ + T"^- 

26. Multiply a:« — a; 4- 1 by a:"* 4- «"* 4- 1 ; 1 t^t by 

a— ft 

27. Divide -rr^^J ts- 5 , ^ by m»w» ; . , by m »»"* ; -r^- 

28. Divide ^ by llm»» *y V ; ^ZT^ by 1 4- 9a» ; 

1 
—^ by ar- 

29. Divide \^ by l-«; ^ by^A; (5-0 by 
rta; 'Vl+a;"^ a; ^ ' Vl + a; a; / ' Vc+J c»+6»7 

30. Dmde m*- n"* by m + -; i^^-j-^ by ^^j-^; a«-5« 

•^a4-ft — c'\a:4-y yJ ^ \ y x '\- yj 
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31. Divide _i£±l)! by | —^ 

1 I ^^y 1 14-?? 

32. Divide ^ — ' . '^ — ^ by -^ -. 

33. Divide A + i + 4- - 3«-'S-'c-' by - + ^ + -. 

«• ^ P-^. ;t^.-. 71^. br^.. "4 «-» 

4- i^-'rt of negative exponeuts. 

35. Wbftt is ttie reciprocal of —5 -, (-^=- 1 > r y a^d 

36. Is the fraction — ^-^ — -— essentially positive, or negative, 
when ff, iriy x, and y are each negative ? 

Solution. — Since (— a)* = a*, 4a* is essentially pofdtive. Since (— wX— «) 
= mo;, the term dmx, in itself, is positive, and the numerator becomes ia* 

— ( + Zmx), or 4a* — Smx {72)» Now, whether 4a* — 3wmj gives a + or a — 
result, depcfhds upon the numerical values of a,m, and x» If 4a* > 9mx, ia* 

— fkiix is + ; but, if 4a* < Smx, 4a^ — Btnx is — . Again, since (— ar)' = — «*, 
the first term of the denominator, 2x'*, is essentially negative. And since 
i^y)* = y*, the term 4y* is essentially positive and the denominator becomes 

— 2a;' + ( + 4y*), or — 2x* + 4y*. Wliether tliis is + or — , depends upon the 
relative values of x and y. If we suppose 4a* > 9mx the numerator becomes +, 

and- if 2x^ be grieater than 4^* the denomlBater beoomes —, and we have , 

which gives a positive result. 

37. What is the essential sign of r-^^ 7-, when a= —1, J=2, 

X = —3, and y = — 4 ? 



1 
38. What is the essential sign of "T], ^ , 

> = — 8, w = — 1, and y = 1 ? 



when a = — 3, 
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39. What is the essential sign of j Y> ^hen a = —32, 

^ = — 2, ?^i = — 8, and x= —2? 

40. Simplify ^ ^ ^ 



.T + ^ " ic + - y^"^^ + a? + «)' 



1 9 



1 + ^ 



tf — a: <g — y (^ — ^)* (<3^ — • y)* 

1 ' 1 — ^' 

(a - y) (a -a;)« (a - y)« (« -ar) 



^Jc 3 — a — J + c , 

, and 



be ca (Sf 



« + ^ 



^ « 

^ + j 



a — 



J-: («• - J'). 



-i 
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OHAPTEE IV. 

JPOWEBS AND BOOTS. 



SECTION I. 

INVOLUTION. 



Definitions. 

168. A Power is 2k product arising from mnltiplying a nnmber 
by itself. The Degree of the power is indicated by the number 
of factors taken. 

ScH. — It will be seen that a power is a species of composite number in 
which the component factors are equal. 

169. A Root is one of the equal factors into which a number is 
conceived to be resolved. Tlie Degree of the root is indicated 
by the number of required factors. 

170. An Exponent or Index is a number written a little 
to the right and above another number, and 

Isi J^ a Positive Intefjer, it indicates a Po^oer of the number; 

2d. If a Positive FractioUy the numerator indicates a Power, and 
the denominator a Root of the number; 

3A. If a Negative Integer or Fraction, it indicates the Reciprocal 
of what it would signify if positive. 

ScH. — ^It is obviously incorrect to read 4* "the f poioer of 4." There is 
no such thing as a 2-fifths power, as will be seen by considering the dcfini- 

«i a» 

3 m 

tion of a power. Read 4 , ** 4 exponent i ; " also a" , **a exponent ^ ; " a " , 

•*a exponent — ;■." These are abbreviated forms for, *'a with an exponent 

— ^," etc. In this way any exponent, however complicated, is read without 
difBcUaCy. 
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171m A Madical Number is an indicated root of a number. 
K the root can be extracted exactly, tbe quantity is called Rational; 
if the root cannot be extracted exactly^ the expression is called Irra- 
tionaly or Surd, 

172. A ^oot is indicated either by the denominator of a frac- 
tional exponent^ or by the Madical Sign, >/. This sign used 
alone signifies square root Any other root is indicated by writing 
its index in the opening of the y part of the sign. 

173. An Imaginary Quantity is an indicated even root 
of a negative quantity, and is so called because no number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a factor, produces a negative quantity. 



Tku8 V — 4 ifl imaginary, because we cannot find any factor, in the ordinary 
aense, which moltipUed by itself once produces — 4. Neither + 2 nor — 2 pro- 
daces — 4 when squared. For a like reason V — 9a*, V--&ij, or ^— 140a!f • 
are imaginaries. 

174. All quantities not imaginary are called Real. 

17 5. Similar Madieals are like roots of like quantities. 

Thus Ay/ba, dx>/5a, and (a* — x*W5a are similar radicals. 

176. To Mationalize an expression is to free it from radicals. 

177. To affect a number with an Exponent is to per- 
form upon it the operations indicated by that exponent 

178. Involution is the process of raising numbers to required 
powers. 

179* Evolution is the process of extracting roots of numbers. 

180. Calculus of Radicals treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 



Involution. 

181. JProb. 1. — To raise a number to any required power. 
RULE. — Multiply the number by itself as many times, less 

ONE, AS THERE ARE UNITS IN THE DEOREE OF THE POWER. 

182. Cor. — Since any number of positive factors gives a positive 
producip ail powers of positive monomials are positive. Again^ 
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since an EVEK number of negative foLctors givei a PdSiriTE product^ 
and an odd number gives a itegatiye proditct, it foU&ws that even 
powers of negative numbers are positive^ and odd powers negative. 



183 • Prob. 2. — To affect a monomial with any eApon&nt, 
RULE. — Perform upon the coefficient the operations 

INDICATED BY THE EXPONENT, AND MULTIPLY THE EXPONENTS OF 
THE LETTERS BY THE GIVEN EXPONENT. 

Dbm. — let. When the exponent by uMeh the mmwmial is to be afeeted is uposiHfse 

n 

integer. Let it be required to affect 4a"»6' x- • with the exponent p; or in other 
woids raise it to the pth power, p being a positive integer. The pih peWer of 
* * * * 

4da^V x-'\b 4a*6''«~* x Aa'^b^ x-' x ia'^b^ x—* to p faetors. But as 

the order of the arrangement of the factors does not affect the product {77)t 
this product may be considered as, p factors each 4« intop fRcton each a^, intop 

factors each ('', into p factors each ar*. Now p factors each 4 give 4p hy definition. 
p factors each a*** are expressed etP*^, since a* is m ilMturs each a, and p f aetore con 
taining m factors each, make in the whole pm factors, or a'"*. Again, p factors 

* "^ • J. 

each b^ are expressed b *' , since 6 *' is n factors each b ^ , and p factors, containing fi 

- — 1 11 

factors each, are pn factors each 6 »■ , or 6 •■ . And since xr*=~ — , p Ihctors, or — x — 

1 1 

X — ... to j> factors make —-, as fractions are multiplied hj multipljing 

X if/ 

numerators together for a new numerator and denominators for a new denomi- 
nator, and 0^ X jr* X af - - - top factors are x^. But — = a?-***. Hence eblleci- 

** ?? 

ing the factors we find that {Aa*b^x-')f = 4fa;^b ^ «-*«•. q. b. d. 

2d. When the exponent i$ a positive fraction. Let It be required ib aAm^ 

4a'"6 JT-', with the exponent — . This means that 4a"6 a?-' is to be resolved 
into q equal factors and p of them taken. Now, if we separate each of the fac- 

tors of 4a"*6 ^ x-' into q equal factors, and then take p of each of these, we shall 
have done what is signified by the exponent — . 

By definition, 4' represents one of the q equal factors of 4. 

To obtain one of the q equal factors of a<», we take one of the q equal factors 
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of a from each of the m factora repreaented. But one of the q equal factors of 

1 * 

a 18 represented by a * , and m of these is a* by definition. 

n n 

To separate h^ into g equal factors, we notice that h^ is n of the r equal fac- 
tors of b. Now, if we resolve each of these r factors into q equal factors, b is 
resolved into rq equal factors ; doing the same with each of the n factors repre- 
sented, and taking &ne from each set, we liAve b resolved into rq equal factors 

i * 

and u of them taken ; that is b^ is one of the q equal factors of 6 "^ . 

To resolve x'*=-^ into q equal factors, we consider that a fraction is 
resolved bj resolving its numerator and denominator separately. But one of the 

geqttalfactorsof Its 1; and <me of the t^ equal factors of «* is aj« as seen in the te- 

1 1 -- 
solution of a*. Hence one of the q equal factors of ««• or _L is ~7 = ^ « , 

Collecting these factors we find that one of the q equal factors of 4in'-b''us-'' \b 

^fa^b*^x *. And finally p of these being obtained according to Case 1st, gives 

47 a'' bf^x * , as the expression for AaH/ x-' affected with the exponent ?\ which 
result agrees with the enunciation of the rule. 

8d. When ^te txponenU i» nefftUive and tUher integral or fractional. Let 

it be required to affect \a'^x^ with the exponent ^t. This by the definition 
of negative exponents, signifies that we are to take the reciprocal of what the 

expression would be if / were positive. But ^oT^Vx-' affected with the exponent 

t (positive) is ^a^^X"^ by the preceding cases, whether t is integral or frac- 
tional. The redpiocal of this is . But since these factors can be 

transferred to the numerator by changing the signs of their exponents, we have 

4-'a-'*6' '•jB^, as the result of affecting 4a"*6'^a;-« with the exponent — t, which 
result agrees with the enunciation of the rule. 



184:. JV#ft« ^.— 7b expand a binomial affected toith anyexpo- 
fient, 

if (7X^.— This rule is best stated in a formula. Thus, 

LET a, J, AND m BE ANY NUMBERS WHATEVER, POSITIVE OR 
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NEGATIVE, IKTEOBAL OB FBACTIONAL, THEN WILL (« + >)* BEPBE- 
8ENT ANY BINOMIAL, AFFECTED WITH ANY EXPONENT, AND 



W 



{a + J)-* = a" + ma^-^b + ^^^ J^ a— 

m{m^l){m^ 2) 
"^ 1 • 2 • 3~"* ^ 

1 • 2 • 3 • 4 

tn(m-~l)(m-2)(m--3)(m-4) 
-t- 1-2-3-4-5 «^. + eta 

This is the celebrated Binomial Formula, or Theobsm, Its demonstra- 
tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in applying it. 

18S* CoR. 1. — T/te eoepanMOfi of a Mnoniial teyminatea wily when 
the expo7ient is a 2>08itive integer^ since only %ohen m is a positive 
integer wiU a factor of the form m(m — 1) (m — 2) (m — 3), etc,^ 
become ^^asis evident by inspection. 

186. Cob. 2. — When m is a positive integer^ that is when a bino- 
mial is raised to any power, there is one mare term in the deoeloj}- 
ment than units in the exponent. 

mim — 1) 
Since the first coefficient is 1; the 2d, m; the 8d, ^ v — ■ ; the 4th, 

m(m-'l)(m-'2) ^, p^, w(w— l)(m — 2)(m — 8) . ^^ ^i . xi 

^ — f^— 5 ■' ; the 5th, — ^^ — 5 — 7^—5 — r-S ** etc., we notice that the 

last factor ism — (the number of the term — 2) ; and the number of the term, 
therefore, which has m — m as a factor is the (m + 2)th term. But this is 0. 
Hence the (m + l)th term is the last. 

187* Cob. 3. — When m is a positive integer, the co^cienU equally 
distant from the extremes are eqval. 

Thus (a + 6)* = (6 + a)*; the former of which gives «"» + ma^~^h + 
tw(m - l) ^.,,,y ^^ ^^^^ ^^^ ^^^ ^^^^^ ^ ^ mh'^-'a + ^^^'~ \ ^-ia* +, etc 

Wiience it appears that the first half of the terms and the last half are exactly 
symmetricul. 

188* CoR. 4.— 77ie sum of the exponents in each term is the same 
as the exponent of the power. 

Sen. — The last two corollaries apply to the form (x + y)"*, and not to such 
forms as {2a^ — 36^)'", after the Utter is fully expanded. . 
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189m Cor. 5. — A convenient rule /or writUig out tJie power b of 
hinomiaJs may be thus stated: 

1st. Tliere is one more term in the development than there are 
units in the exponent of the power. 

2d. The FI&8T contains only the first letter of the binomial^ and the 
last term only the second^ while all the other terms contain both the 
letters. 

Sd. The exponent of the first letter of the binomial in the first term 
of the development is the same as the exponetU of the required potoer 
and DIMINISHES by unity to the rights while the exponent of the 
second letter begUu at unity in the second term of tJie expansion and 
INCREASES by unity to the rtght^ becoming^ in the last term^ the same 
as t/ie exponent of the power. 

4th. The coefficient of the first term of the expansion is unity ; of 
the second^ the exponent of the required potner ; and that of any ot/ier 
term may be found by multiplying the coefficient of the preceding 
term by the exponent of the first letter in that term, and dividing the 
product by the exponent of the second letter + 1. 

190. Cor. 6. — If the sign between the terms of the binomial is 
mimis, as (a — b)", tlie odd terms of the expansion are + and the 
even ones — . This arises from the fact that (/le odd terms involve 
eveti powers of the second or negative term of the binomial^ and the 
even terms invclve the odd powers of the same. 



Examples. 

1. What is the square of 3a^ ? Of -'2ah ? Of ^x"^? Of -fi^a; ? 

0{2\Vx? OfiV2? Of-^? 

2. What is the square of 1 - rr + .r« ? Of 2a - 3a;3 ? 

2 3 3 

3. Expand the following: {S—2x—x^) , (3a;«— 1) , (x—y + z) , 
{l-x^)\ {x^-y^). 

4. Affect 3rt-.^* with the exponent 4 ; 4fi*a;« with the exponent 2; 

a^x with the exponent — wi, with the exponent \y i; bx^y with the 
exponent 1/ ^, — 3. 
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5. Perform the following operations and explain each m a ^roibess 
of fuctoring, according to {Deu.183): {VZba^x^)^, (64a«ar)* 

6. Expand the following by the Binomial FonAnfisi: (x-^-^y, 

77ircc restiUs. 

, = (1 — «*) = 1 + ia;« +^a;* + ^a;« + -^a;» +,etc. 

V 1 — a;* 

7. Write out by Con's. 5 and 6, the expansions of the follow- 
ing: (a + J)»,(a-J)', (^«-62)3, (a;*-y*)S(a«+y«)», (a;"*^y-r- 



SECT/ON II. 

EVOLUTION. 

IQl* JPvob. !• — To extract any root of a perfect power of that 
degree, 

RULE, — KfiSOLVE THE NUMBER INTO ITS PBIME FACTORS, AND 
SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARK 
UNITS IN THE DEOKEE OF THE ROOT REQUIRED; THE PRODUCT OF 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 

192. Sen. — The sign of on even root of a positive number i« nmbignous 
(that is + or — ), since an even number of factors gives the same product 
whether they are positive or negative {7^9 SO), Tlie sign of an odd root is 
the same as that of the numl)er itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
negative product (80 ^ 8t), 

193* Cor. 1. — The roots of monomials can he extracted by 
extracting the required root of the coefficient and dividing the expo- 
nent of each letter by the index of the root^ since to ^Stmctthe efftttifei 
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fW< t9 io mfftcl. a nnn^er mth the exponent |, the cube fv^ ^then^ 
H>m 1, «fc. (183). 

194. Cor. 2. — The root of the product qf several numbere is the 
same as the product of the roots. 

llius, Va6^== Va . Vh' Vr VF, ftiH^ l» l»tilMt Ili9 HM MWt ffif ilteftr 

Hv^ Aave btii t6 divide the exponent el eft^ iMteIr by m, wliidi gi>«fe» 

1111 _ _ 

o*^c"ir», or Vo"- VS". Vc • V«. 

19d>. Cor. 3. — The root of the quotient of two numbers is the same 
as the quotient of the roots. 

Thos, 4/' _ IB the same as _ ?, since to eztmct the rih root of — we hare 

i>at to extraol the rth root of nameiiitor and denominator, which opeiation 

1 

Is jpeiformedhsr dividing their eiqxmentshjrr. Hence i/~ = — j-^zlJ^. 

y n — v«. 



Examples. 

1. Kxtract the square root of each of the following numbers by 
rcBolving them into their factors, i. e. by {191) : 222784 ; 21316 ; 
and 5499025. 

2. Extract the sqvtMe root of each of the fdlowing, «0 above : 
81a*a:-V z , a^c^ -Y%aHc* -k-aH^c^j m^—2m^z-¥m^x*. 

3. Exti-act as above : V25a*6», yG4a-«ii;* y 49;ry', \/14Aahn^y 



y 36;/ 



^» yiG»"^y», v^l25w»xi«, V 1728a?«y*, >v/-32ai»y-». 



36;/i*H 

4. Solve exercises 2 and 3 also by (193). 
6. Show 80 in (f94) that \^S x 27 = v^x\/27; also that 

Why does the reasoning in the cases wbicli are true not apply to the 
others? State the true propositions 5 also the false assumption. 

%etL. — The aiEtmoliofi el roots by resolving numbers into their factors 
acooNttfif to im^ nd», is ttaittd & its afiplicatita-for seveml rdtsons. In 
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the case of decimal numbers we can always find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we hare by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we seek general roles which will not be subject to these 
objectioDfl. 



1960 JProhm 2. — To extract roots whose tndicea are composed of 
the factors 2 and 3. 

Solution. — To extract the 4th root, extract the square root of the square root. 
Since the 4th root is one of the 4 equal factors into wliich a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) and then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which compose the original number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc. 



« *€ « 

*< u It 



197 • JProb* 3. — To extract the mth {any) root of a number. 

SOLTrriOK. — Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial, 
in the expansion of a binomial. Thus 

For the 
Square root (a + ft)* = a* + (2a + 5)6 gives the rule ; 

Cube " (a + 6)'=a' + (3a* + 3a6 + &*)6 

Fourth " (a+&)^=a*+(4a'» + 6a«6 + 4ad«+6«)6 

Fifth " (a + by =a» + (5a* + 10a»6 + 10a*b* + 5a6« + b*)b 

eic, eic, exc. 

In all cases a represents the part of the root already found, and b the next 
figure of term of the root ; observing that in decimal numbers, a is tens with 
reference to b. 

The method of pointing off decimal numbers into periods, and the reason, 
are shown for the square and cube root in common arithmetic ; and the same 
reasoning extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 

The solution of a few examples will familiarize the student with this method. 
* Tho whx»le i abject ii folljr preMoted in the Coiin.BTs Bcsool AuiaaBA. 
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Examples. 
1. Extract the square root of 7284601. 



SOLUTION. 



The fonnnla is (a + 6)» = a* + (2a + b)b. 
At first a* = the greatest square in 7. .*. a = 2. 



|'S2^i|2699 



2a = 2(20) = the Trial IMvisor 40 

.*. 328 -r- 40 = 8 is the prcbabUs* second root figure. 

i^i + 6) = 40 + 8 is the True Divisor if 8 is the second root 
figure. But 48 x 8 = 384. .'. 8 is too large. We wUl try 
6 as the second root figure 6 

Whence (2a + 6) = the True Divisor S 



328 



276 



JVi^iC, 2a = 2 (260) = the 2Wfl^ Divisor ^ 5246 

.'. 5246 -*- 520 = the probable next root figure 9 

v2a + 6) = 520 + 9 = the True Divisor 529 



4761 



Again, 2a = 2 (2600) = the 2Wa^ Divisor 5380 

.'.'48501 -I- 5880 = the prohahle next root figure 9 

(2a + 6) = 5380 + 9 = the 2Vt^ Divisor 5389 



48501 
48501 



2, Extract the cube root of 99252847. 



SOLUnOK. 

The formula is (a + 5)» = a' + (3a* + 3a6 + h*)b. 
At first a' = the greatest cuhe in 99. .*. a = 4. 



3a« = 3 (40)* = the Tiial Divisor 4800 

.'. 35252 -H 4800 = 7, the probable next root figure. 

(3a* + 3a6 + 6*) = 4800 + 840 + 49 = 5689, the 2Vue Divisor 

if 7 is the next root figure. But, as this does not go 7 

times in 85252, 7 is too large ; and wo try 6. 

2fow, the corrections to be added to the trial divisor to make 

the true divisor, are Sab = 3 (40) 6 = 

and 6* = (6)* = 
Hence the true divisor is 



720 
36 



555(; 



992528471^ 
64 



35252 



33336 



New Trial Divisor, 3a* = 3(460)* = 

r^ ™*- 33<3* = 3(460)3 = 

Corrections : i * j _ /qxi _ 

IVue Divisor 



034800 

4140 

_ 9 

G;$80io 



1916847 



1916847 



* The new root flgore cannot be. larger than thie qnotiont. It is oftun not so large, and tho 
probability ofiti being ediMlderRbly left Incrcatea witb the degrve of the root wc ore extractingc 



64 litSBAL ARITHMBTld. 

3. Extract the 5th root of 3G936242722367. 



SOLUTION. 



Formula : (a + by = a» + 5a*h + 10a»6« + I0a*b* + tiab^ + «^ 

= a» + [5a* + 10a»6 + lOa'b* + Soft' + b^]b. 



At first a' = the greatest 6tli power im 



/. a = 6. 



TVki/ Divisor : 5a* = 6(50)*= S1860000 

Ist. lOa^h = 10(50)=» X 1 = 1250000 

ad. 10a*b* = 10(50/ x 1» = 85000 

3d. 5ab^ =5(50) x 1' = 260 

4th. ** = 1* = 1 



Corrections : " 



TrtuiyWiaoT: 82525251 



8 6 » 86 242 7 ae857gl7 
3126 
59602427 



82525251 



IHal Divisor: 5a^±='5(510)* = 838260i500(» 

r*4t. 10a^,b = 10 (510)' x 7 = . . . 92855700W 
jjlit l(to*d« = 10(510)* x 7* = . 127449090 

• 1 <IA K^h^i — K /Rim V f7S — fi7ifltRA 



94887111922867 



Corrections 



3d. 5ab' = 5 (510) x 7» = 
4th. ** = 7* = 



874Q50 
2461 



r^tr^ Divisor : 347873046051 



2488717022387 



4. What is the 7th root of 1231171548132409344 ? 



Formula: {a+by= 



SOLtJnON. 

= a'+ 7a^b + 21a«** + 85a*6» + 85a»ft* + 21a«6» -f- 7fl6« + 5^ 
= a^ + [7a« + 21a*6 + 36a*6« + 36a»ft» + 21a*d* + 7a6» + J«]6. 

123li71548132409344|884 
2187 



TWo^Divisor: 7a« = 7(30)«= 


.... 5103000000 


101247154813 


• • 


rlst. 21rt»ft = 21(30)» X 8= 


.... 4082400000 




i 


2d. 35rt*6« = 35.(30)* x 8« =r : . . . 


.... 1814400000 




•5 


3d. Q5aH^ ^ 35(80)3 x 8' = 


.... 483840000 




S ' 


4th. 21a*b* = 21 (30)* X 8* = ... . 


.... 77414400 




1 


5th. 7rti* = 7(30)x 8«= 


0881280 






6th. ft6 — go-- 


282144 








11568197824 


92545582592 



JHfl/ Divisor: 7a« =7 (380)«* =. ..210765646880000001 87016722212409344 






6 



fist. 21a»i = 21 (380)* x 4 = ... 
2d. 85a*6« = 35 (380)* x 4* = . 
3d. 35a=*6* = 35(380)=* x 4-» =. 
4th. 21a''b* = 21 (380)* x 4* =. 
5th. 7flt^* = 7(380) X 4'=.... 
6th. 56=:4<J= 



C6557541 1200000 
11076761600000 
132913280000 
776294400 
2723840 
4096 
2l75^0SS8l9eS6 



67015*^212400844 
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5. Extract the square root of each of the following nnmbers : 7225, 
9801, 553536, 5764801, 345642, 2, .5, 3, 50, 1.25, 1.6. 

6. Extract the cube root of each of the following numbers : 74088, 
122097755681, 2936.493568, 61234, 12.5, .64, .08, 2, 5. 

7. Extract the 4th root of 52764813. (See 196.) 

8. Extract the 6th root of 2985984. (See 196.) 

9. Extract the 8th root of 1679616. (See 196.) 

10. Extract the 5th root of 5. \^= 1.37974 -. 

11. Extract the 7th root of 2. \/2 = 1.104+. 

12. Extract the square root of 49a;«y« — 30a;»y -f 16^*— 242y» 
+ 25a;*. 

BOLimON. 









%a= Trial DIv. = lOkp* 
h= -aOr'y-HlOi?* = -ary 
/. True Div.=10Lg«~aay 



2a= Trial Div.= 10»« -(Jj?y 
.-. *=40jjV+10u;*= 4y« 

and True Div.=10i?«— etey+4y* 






40a?V-24ry» + %* 



CONDENSED SOLUTION. 

2to* -aOc'y + 4ft» V -24iy » + 1%* |&i;«-3ay+4y; 
25ij* ' 



ltt»«-aiy 



lOe'— 62y+4y< 



-3to»y+40a?V 

~8ttg*y 4 - IteV 



4agV-24iy» + l<^y* 
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15. Extract the cube root of each of the following : a» — 8** 
+ 12ab* - 6aH, 5ar» - 1 - 3x* + a;« - Sx, 66a;* + 1 — 63ar»- 9x 
+ Sx* - 36a;» + 33a;«, 60(?«a;* + 48ca:» - 276« + lOSc'a; - 90c*a:« 
+ Sx* — 80c«a:», 204c*a:« - lUc^x + 8a;« - 36ca:»-^ 171c»a;* + 64k?« 

+ 102c«a;*, 27a; - ai;* - 36 + 36a;* + 12a;-* - 54a;* + 9a;~* + 27a;* 
+ ar-*— 6a;"*. 

16. What is the 4th root of 16a* — 96a»a; + 216a«a;« — 216fla;» 
-f 81a;* ? 

17. What is the 6th root of 729 — 2916a;« + 4860a;* — 4320a;« 
+ 2160a;» - 576a;i • + 64a;i «? 

[NoTB>-8olve the 16th and 17th both by (197) and (196)1 

18. Find the fifth root of 32a;» - 80a;* + 80a;» - 40a;« + 10a; - 1 ; 
also of ar«* + 15a;-"-5a;-" + 90a;-"-60ar"+280a;-'-270a;-* + 495a;-* 

- 550a;:»+ 513 - 465a;« + 275a;* - 90a;« + 15a;»- x^\ 

19. Find the 6th root of a«- 6a»i + 15a*A«- 20a»i»+ 15a«ft* 

- eab^ +b^ hj (196). 



SECT/ON III. 

CALCULUS OF RADICALS. 



Reductiok. 
198 m Pvobm !• — To simplify a radical by removing a factor, 
RULE. — Besolye the number under the radical sign into 

TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN. 

Dkm.— >Thi8 pxooe08 is simply an application of CoR., Art. 194. 

199. CoR. — T%e denominator of a surd fraction can always be 
removed from under a radical sign by multiplying both terms of the 
fra^stion by so^ne factor which will make the denominator a perfect 
power of the degree required. 
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8cH. — A surd fraction is conceived to be in its simplest form when the 
smallest possible whole number is left under the radical sign. 



200. Frob. 2. — To simplify a radical^ or reduce it to its lowest 
termsj token the index is a composite numbery and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index. 

RULE. — Extract that root of the kuhber whicm cobre- 

SP0ND8 TO ONE OF THE FACTORS OF THE INDEX, AND WRITE THIS 
boot as a StJRD OF THE DEGREE OF THE OTHER FACTOR OF THE 
GIVEN INDEX. 

Dem. — The mnth root is one of the mn equal factors of a number. If, now, 
the number is resolyed first into m equal factors, and then one of these m factors 
is again resolved into n other equal factors, one of the latter is the mnXh. root of 
the number. 



201. JProb, 3. — To reduce any number to the form of a radical 

of a given degree, 

R ULE. — Raise the number to a power of the same degree 
AS the radical, and place this power under the radical sign 
with the required index, or indicate the same thing by a 
fractional exponent. 

Dem. — That this process does not change the value of the expression is evi- 
dent, since the number is first involved to a given power, and then the corre. 
sponding root of this power is indicated, the latter, or indicated operation, being 
just the reverse of the former. 

202. Cor. — To introduce the coefficient of a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical; for the coefficient being reduced to the same form a# 
the radical by t/ie last rule, we have the product of two like roots, 
which is equal to the root of the product 



203. Frob. 4. — To reduce radicals of different degrees to equiv- 

alent ones having a common index. 

RULE. — Express the numbers by means of fractional in- 
dices. Reduce the indices to a common denominator. Per- 
form upon the numbers the operations bepbbssktbd by thb 
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NUMERATORS, AND INDICATE THE OPERATION SIGNIFIED BY THE 
DENO^nNATOR. 

Dem. — ^The only point in this rule needing further demonstration is, that mul- 
tiplying numerator and denominator of a fractional index by the same number 

does not ehapge the value of the expression, t. e., that x^= aj**. Now, a^ signi- 
fies the product of a of the h equal factors into which x is conceived to be re- 
solved. If we now resolve each of these b equal factors into m equal factors, a 
of them will include ma of the nib equal factors into which x is conceived to be 
resolved. Henc^ ma of the mb equal factors of x equals a of the b equal factors. 

[The 0t«dea^ dM^ld no(tiee the ttndlogy between this explanation and that 
usually given in Arithmetic for reducing fractions to equivalent ones having a 
common denominator. It is not an identity.] 



20^ jPfH9&* &• — To fisdtice a fraction having a monomial radir' 
col dlenoniincUory or a monomial radical /actor in its denominator^ 
to a form having a rational denominator*. 

RULE. — Multiply both tebics of the fraction by the radi- 
cal IN THE denominator WITH AN INDEX WHICH ADDED TO THB 
GIVEN INDEX MAKES IT INTEGRAL. 



203 • Fvob. 6. — To rationalize the denominate of a fraction 
when it consists of a binomial^ one or both of tohose terms are radi' 
cals of the second degree. 

RULE. — Multiply both terms of the fraction by the de- 
nominator WITH ONE OF its SIGNS CHANGED. 

Dem. — In the last two cases the student should be able to show, 1st. That 
the operation does not change the value of the expression ; and, 2d. That it 
produces the required form. [This is the substance of all demonstrations in R6- 
du^ions.} 



206. Prop. !• — A factor may be found which will rationalize 
any binomial radioai 

[. — ^If t^e binomial radical is of the form V(a + b)r, or (a + b)* , the fac- 



n — m 



tor U (a + 2) » , acooi^ing to (^^0^). 

i. £. 1 

If the binomial is of the form V3^ + Vft*", or a" + b*. Let a* = «, and 

1 L 1 

6* = y ; Wbenoi c^=: x* , and 6» = y»* . Also let p be the least common multiple 

*p rp 

of m and n, whence a?*" and p^p are rational. But a?^ = a"*, and y^'p = b*. If 
now we can ftad a factor which will render x^ -¥ f^, 9^ ± ff^, this wiU be a fac- 
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» JL * !!? 
tor which will render a"*+&", a"* ±6" which is rational. To find the factor 

which multiplied hy af + y^ gives x^ ± y^, we have only to divide the latter by 

the former. Now — ^-^— = ^p-^) — ar'<>'-«) y*" + a«(''-*) f^ — aj»<'-*) y^ -»- 

— ± yK*— ») (^), the + sign of the last term to be taken when jp is odd, and 
the — sign when it is even (,119). Therefore aj^J'-') — it<^-^^ + it^p-*)y^-. 
^F-^yr + ± y<p-\ is a factor which will render Va^+ Vibrational, 

X* being understood to be a*", and y^ = 6* , and p the L. G. M. of fi» and n. 

If the binomial is Vo^ — Vd^ , the factor is found in a similar manner, and is 



207. Prop. 2. — A trinomial of the form V^ + Vb + V~c 
may be transfomied into an eo^ession with hut one radical term by 

multiplying it by itself with one of the signs changed, as V^ + V b 

— V c The product thus arising may then be treated as a binomial 
radioed by considering the sufn of the rational terms as one term^ 
and the radical term as the other. 

Thus, {Va+y/T+V7) {^a + \^— /T) = a + 6 — c + 3>/a&. Again, 
[{a + 6 - c) + 2y/ab] x [(a + b - e) - 2^/aS] = a^-fd» + c*-aa6-26c 

— ^ae, a rational result. 



Examples. 

1. Reduce the following to their simplest forms: VlOSa*x^l 

(a:-— y)% 7V363^, (a -*)[(«« -*«)(«-*)]* 5V704a;»y«, 
ab\/QSa-*xH-\ 

2. Reduce the following to their simplest forms (see Sgh. 199) : 

yj' y4' fT yj' yv yv B^J > 

j0 n^- '0 yi- i^-' 

x^ ^ y^ /;Ja;» + 6xy -f 3y« 



— y3 / ;ja;8 + 6xy-{-d 
+ y y d{x* - y«) 
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3. Reduce the following to their simplest forms (see 200) : 

S/I26a^xi «, V363a»a;«, VlUx^y^, V-1029a;i«, 

4. Reduce 5aa:* to the form of the square root; also 7zy; also ^; 
also 3a — 2. Reduce 2a;'y* to the form of the 3d root, — to the form 

of the 5th root. Reduce -r- to the form of the 4th root, — to the 

o 

form of the cube root. Reduce V^ to the form of the cube root, — 
to the form of the 4th root. 

5. Introduce under the radical signs the coefficients in the follow- 
ing expressions : 

^VT. *V3", W'^y iV^> 2a:V^», {x+y)\^x^ - 3x*y + 3ajy« - y», 
(a: + y)\/i^, yVl^ «3^1_^j* 

6. Reduce to equivalent forms having a common radical index, 

V2 and \^; also \/d, v^5 ; also ^/2Xy V3^*, V^y and \^2x* ; also 

2Vcy 3v^, and iVb; also 3^502:, 2^2^, Vlto ; also a; — y and 

(^ + y)*. Explain each operation upon the principles of factoring 
as in (203). 

7. Prove upon the principles of factoring that V2 = \/8 ; also 
that v^5 = V2E; also that a/3 = >v^7. 

8. Reduce the following to equivalent forms having rational de- 

. ^ 2a\/5i 5 Va V^ V^ 1 1 

nominators: ._ , r"7=?' "7t» "v^^' "v= * '~7k' "V5" ' 

V3a; 2Va^ V* vy vy v2 V2 

3 V2 ^ VS 



^-5' Vs' W \^ 

9 Reduce the following to equivalent forms having rational de- 

; ^ Vx* + xtf -^- y* 2a: x \/^x—Vy 

nominators: ~ , — j-==., 7=, -;= 71:, 

ya; — y 3 v3 — a:« a; + v y Vx + vy 

3 3 2 \/l2- a/IO 3 4-2\/2 

Vf+V^' Vz+\^' ^5-v^' V6 + V5 ' VT-Vs' 
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.y Va;» -f 1 — a; Va; — 1 + w'a: + 1 

\/«* + a;« — a; Va;« + 1 + a; Va: — 1 — Va; + 1 ' 

Va;» + a; 4- 1 + Va;« + a; - 1 8 , 2 

P= , and — =- 



Va:« + a: + 1 - Va;* + a: - l' V3 +\/:^ + l' \/5 +V3— V^' 

10. What faclor will rationalize ^ J — ^y^ what y^ — ^^ ^ 
What V8 + V3 + V5? 

11. By what must numerator and denominator or be 

multiplied to reduce it to the form of a simple fraction ? By what 



(-i^)t 



12. Introduce the coefficients of each of the following into the 
parentheses: 8 (a* — a;*)*, a^(a + fl*a;)*, and x*{l — a;»)*. 

13. Show that . - = ; also 

a — bx -\- v«* + 6*a;* hx 

that'^-^ i/v^-v^ 



#=i/ 



V^"— a Y Vx + \/« 



SECTION IV. 

COMBINATIONS OP RADICALS. 



•»• 



Additiok ano Subteaction. 

208* JPvob* !• — To add or sfubtract radicals. 

R ULE.—Iy the radicals are similar, the rules already 
GIVEN {66 f 71) are sufficient. If they are not similar, make 

THEM so BY (198^ 203)^ AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Note. — The student is presumed to be able to giye the demonstrations of 
the problems and propositioQS in this section, as they are but a recapitulation of 
iFluit Lm preceded.] 
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Multiplication. 

209* JProp. Im — Tfie product of the same root of tteo or more 
quantities, equals the like root of their product, (See 194.) 

210. JProp. 2. — Radicals of the same degree are multiplied ly 
muUiplyhig the quantities under the radical sign and writing the 
2J7'oduct under t/ie common sign. 

Similar radicals are multiplied by indicating the root ty fractional 
indices, and, for the product, taking the common number with an 
index equal to the sum of the indices of the factors. (See 82.) 

211. Prob. 2. — To multiply radicals. 

RULE, — ^If the factors have not the same index, beduce 

THEM TO A COMMON INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 



Division. 

212. Pvop. — 2^e quotient of the same root of two quantities 
equals the like root of their quotient. 

213. Prob. 3. — To divide radicals. 

RULE. — If the radicals are of the same degree, divide 

THE NUMBER UNDER THE SIGN IN THE DIVIDEND BY THAT UNDER 
THE SIGN IN THE DIVISOR, AND AFFECT THE QUOTIENT WITH THE 
COMMON RADICAL SIGN. 

If the radicals are of different degrees, reduce them TO 

THE SAME DEGREE BEFORE DIVIDING. 



Involution. 
914. JProb. 4. — To raise a radical to any power, 

RULE. — Involve the coefficient to the required power, 

AND ALSO THE QUANTITY UNDER THE RADICAL SIGN, WRITING THE 
latter UNDER THE GIVEN SIGN. 

2 IS. Cob. — To raise d radical to a power whose index is the in* 
dex of the root, is simply to drop the radical sign. 
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Evolution. 

2 to. Pvoh. S. — To extract any required root of a monomial 

radical, 

RULE. — ^Extract the required root of the coefficient^ 

AND OF the quantity UNDER THE RADICAL SIGN SEPARATELY, 
AFFECTING THE LATTER WITH THE GIVEN RADICAL SIGN. BeDUCE 
THE RESULT TO ITS SIMPLEST FORM. 



[Note. — ^This problem should not be taken till after Quadratic Equations.] 

217* Probm 6* — To extract the square root of a binomial^ one 
or both of whose terms are radicals of the second degree. 

Solution. — Such binomials have either the form a ± nVh or mV a ± nVT. 
Now observing that (x ± y)* = x* ± 2ajy + y*, we see that if we can separate 
either term of any such binomial sard into two parts, the square root of the pro. 
duct of which shall be i the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding to x* ± 2xy + y*), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — This process requires the solution of a quadratic equation. Thus to 

extract the square root of 12 — i^l40. Letting x and y represent the terms of 

the binomial root, wo have x^ + y^ = 12, and 2xy = — VliO. Whence x = V^5 

or V7, and y = 4^ or V5, and the root is V5 — V?. The sign between the terms 
being determined by the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 

ViiO = 2 V35. Now 4/35 = 1/5 X V7, and since the sum of the squares of these 
factors is 12, we have Vl2 - 4/140 = ^5 — f 7.] 



Examples. 
1. Add Vsb and \^98. Add Vn2aPJ and V^E2ab*x. Add 
-yi375a*^ and V^OOa^x^. Add V^^F ^^^ Va*y^. Add \/n83 
and ~ V10O8. AddSVl and 2V^. Add V| and ^V^. Add 
Vh Vi a"<l iV3r Add Vl««^^S \/50a«F« and 3Vl8a»^a?«. 

o, ... , A*a;— 2aa;«+a?» , /a*xT^a^c*Tx^ o/'«*+^*\ /- 

Show that A/ — - — ^r r- •hA/ — o — \ r =2(-= j jva^ 

1/ a2H-2aa;+iK* 1/ a^—:lax + x^ \a*—x*J 
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Add ^== aud ^=-5 also YJ^Jl^^IE^ a„d 



"s/a+x-^-^a—x 

3. From 3Vl take 2 V^. From ^/Wz take v^24. From v7f 
take Vf From f V| take —IV^. From v^a«^« take V^a;«y». From 



4. Show that j/-^^ - j/iSS = ^^• 



« Qi. .1 . , /a^b'{-'itab^^-b^ . /a*b-2ab*+b^ ^ab^b 
6. Show that A / — - — ^7-7 — r^ A/ — , . , , — nr- = -r — ^. 



6. Multiply V3" by V^.* Multiply V2 by yi^ Multiply 
Vi by \/|, v^2aa: by v^a^*, 2Va;y by 3\/a^*y, Vl + x^ by 
V^rrSs V^byv^, 2\/iby3v^2; 2\^25by3V'5, v^by6v^3". 

7. Multiply 9 + 2\/ro by 9 - 2\/l0, V^« - v^^ + ^/J^ by 
V^+ V^, 3\/5 + 2\/6 - 2 by 2a/5 + 18V6, v^-2v^6"by 

8. Divide rVo'byiV^, 8\/9by2v^, V^byv^, i\/6byiViO. 

9. Divide 2^32 + 3^2* + 4 by ^y/^, 4tV^ by 2v^, 

(a + b)Va*-l by (rt - b) V{a + 1)«, a + J - c + 2\/rtJ by 
V^+Vb'-Vc, \ ;=■=: 7=^ [ by w — - 



s 



* It is of the atmost importance that the pnpil be able to give a complete analysis of ^nch 
examples. Thns, \/ 2 = V 81 since the formor is one of the two equal factors of S, and the 
latter is three of the «ia; equal fiictors of S. In like mannerv 3 = v 9. Consequently 
V2 X '>/8= V8 X V9. Now since the product of the same root of two numbers is equal to 
the like root of the product, VS x \/9= V^. 
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10. Baise d\/2x* to the second power. Baise \\^2ax* to the 5th 
power. Cube — fVi. Square V3 ~V^ Cube SVa—x. Cube 



11. Extract the square root of 27ylMx^y^; the cube root of 
^a;«Vy; the4throotof 25d*\/y; the 5th root of 224^^3^*; the 



X /i) 



cube root of (1— a;)Vl— ^; the cube root of tA/ -; the square 
root of iVi- 

12. Extract the square root of 49+12\/5; of 57+12^15"; of 

(a*+a)a5— 2aa;Va; ir— 2\/^— 1; of VlS^^; of -j-H-«Va*— c*. 
(See »iy.) 

SECT/ON V. 

IMAGINARY QUANTITIES. 

218* An Imaginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a form either as a factor or a term. 

Thus V— ;r, \/— y*, 5\/— «*, 2+\^— 4, V— 6, 3— V—1, etc., are imaginary 
quantities. 

219m ScH. 1. — It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them : it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. Sen. 2. — A curious property of these symbols, and one which for 
some time puzzled mathematicians, appears when we attempt to multiply 

yf^ hjV^. Now the square root of any quantity multiplied by itself 

should, by definition, be the quantity itself ; hence \/--ajx \/— aj= — a*. 
But if we apply the process of multiplying the quantities under the radicals, 

we have\/^ W-^=Vx*= +x aa well as — ar. What then is the pro- 
duct of >/^)c\/35? Is it —a;, or is it both +x and — a; ? The true 

product is —a? ; and the explanation is, that y/x* is, in generaly +x and —a?. 
But when we know what factors were multiplied together to produce a^, and 

the nature of our discussion limits us to these, the sign of Vx* is no longer 
ambiguous : it is the same as was its root. 
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221. JProp. — £very imagiiiary monamicU can be reduced to the 

form m V — J^> ^'^ which m is real {not imagitHiry), m may be 
rational or surd. 



Dem. X V^-y, p being an even number, is the general Bymbol for an imagin- 
ary monomial. Now if p is a power of 2, we may write at once p = 2*, whence 

x y — y =r X V—y = x Vy{—\) = x Vy V^-i = m V^, If p contains other 
factors than 2, let r represent their product, and 2* the product of all the factors 
of 2 contained in p ; whence p = r2*, in which r is odd, since the product of any 

number of odd factors is odd. We then have x r— y = x r—y = » VyC—l) 

= X V~y V—1 z=^ X Vy y V^ = « Vy V — 1, since any odd root of — 1 

is — 1. Putting X y y = m, this becomes m V— 1. 

^^^. ScH. — When n=l, i. e., when there is but one factor of 2 in the 
index of the root, the form becomes m V^, This form is called an imagin- 
ary of the second degree ; t» V — 1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 

223. JProb. — To add and subtract imaginary monomicUs of the 
second degree^ or such as may be reduced to this degree. 

RULE. — Beduce them to the form wV— 1, and then com- 
bine THEM, CONSIDERING THE SYMBOL V— 1 AS A SYMBOL OF 

character.* 

Examples. 

1. Add V^^T and V^. 

Operation. V^A: = V4(-l) = 2 V^l, and V^^ = 8 V^. 

.-. v^ + v^ = 2 v^^\ + 3 v^^i = 5 )r^\, 

ScH. — The last operatioa should not be looked upon as taking the sum of 
2 times a certain quantity (represented by V~-l) and 3 times the same 
quantity, but as 2 of a certain eharaUer added to 8 of the same character. 

* Suo {48^ 49, 50). Wc mean to say that, (u a qttantity (considered nnmcricalty), m aud 

m V— 1» arc exactly tlie »>aine, jast as is the case in the expressions + m and — m ; but that the 

symbol V — 1 gives tome peculiar or eonerets significance to m, as does the sign +, or — , or $. 
What this concrete significance is, we cannot here say. It haa its clearest intorpretation in the 
Co-ordinalo, or General Geometry. 
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» £. * !2! 
tor which will render a'* ■{- b*, a'^±h* which is rational. To find the factor 

which multiplied by a^ + y*" gives af^ ± y^, we have only to divide the latter by 

the former. Now — ^-^ = a?»(j»-') - ar'<>'-«) y»- + a«(''-») f^ — aj»<'-*> p^ -»- 

— ± y^'-^ (^), the + sign of the last term to be taken when jp is odd, and 
the — sign when it is even {119\ Therefore aj^'-*) — it<p-*Y + af^^-^Y"— 
^p-*>y*r + £ y^"-"), is a factor which will render Va^+ VS^ rational, 

$ r 

X* being understood to be a*", and y^ = 5* , and p the L. G. M. of m and n. 

If the binomial is "VaF — VW , the factor is found in a similar manner, and is 



207. Prop. 2. — A trinomial of the form V^ + Vb + V^ 
may be transformed into an eo^ession with but one r<idicdl term by 

multiplying it by itself with one of the signs changed, as \/T + V b 

— V c. T/ie product thus arising may then be treated as a bi^iomial 
radical by considering the sufn of the rational terms as one term^ 
and the radical term as the other. 

Thus, (\/a" + \/y + \/7) {y/a + VT—y/T) = a + 6 — c + 3>/a6. Again, 
[{a + b -e) + 2\/a^] x [(a + ft - c) - 2^/ad] = a«-fd» + c*-aa6-26c 

— %ae, a rational result. 



Examples. 

1. Reduce the following to their simplest forms: Vl08a*a;*, 

V^20a^x^^y V56^, v^9317w*a;, V^STda^x^, \/lVZ99^b*'^x'^-% 
y2646a^x^, (7047a;i»y«)^, Vx^ -x^ -{- x^, V{x* - y«) (a-y), 
(a:-— y)% 7\/363^, (a -J) [(««-*•) (a -J)]*, 5V704a;»y«, 

2. Reduce the following to their simplest forms (see ScH. 199) : 

yr {/i' y\' j/t y t y r B^J ^ 



8"y y ny 13' ^y f*' • yT y T 

-^y3 / 3a;^ 4- 63;/ 4- 3y« 
+ y y 5(a;« - y») * 



and 



x^ — 
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3. Beduce the following to their simplest forms (see 200): 

\/l25a^x^ », V363a»a:«, \/lVZx^*y\ V-1029a;i«, 
%/ld5a^x - 405a3a;« + 405a«a:3 - Vdoax^. 

4. Reduce 5aa:' to the form of the squui^e root; also 7xy; also ^; 
also 3a — 2. Reduce 2a;'y* to the form of the 3d root, — to the form 

of the 5th root. Reduce -r- to the form of the 4th root, — to the 



form of the cube root. Reduce V^ to the form of the cube root, — 
to the form of the 4th root. 

5. Introduce under the radical signs the coefficients in the follow- 
ing expressions : 

2VT> fVs", iV^y iV^> 2xV^^, (a;+y)v^a:»-3a;«y + 3a;y«-y», 
(a: + y)\/J^, -^125^ a»(l-^)* 

6. Reduce to equivalent forms having a common radical index, 

\/2 and \^; also V3, ^^5 ; also \^, V3^*> V^, and ^\/2x* ; also 

2Vc, 3v^, and iVE; also 3^502:, 2v^^^, {/lOa;; also x — y and 

(^ + y) • Explain each operation upon the principles of factoring 
as in (203). 



7. Prove upon the principles of factoring that V2 = \/8 ; also 
that v^= >v^; also that \/3"= >v^7. 

8. Reduce the following to equivalent forms having rational de- 

. ^ 2a\/6i 5 Va V^ V^ 1 1 

nominators: ,_ , r7=T» "7t» '^7=' Tr > ~Tk' "V^" * 

V3a? 2Va^ vZ* Vy Vy v2 V2 

3 \/2 v^ V^ 



9 Reduce the following to equivalent forms having rational de- 

; ^ Va:» + aJV + y* ^^ a; V^— Vy 

nominators: ■ ~ , — ». » 7=> -7= p> 

Va? — y 3 v3 — a;« ir + v y V^ + Vy 

3 ,3 2 \/l2- ViO 3 4-2\/2 

Vs + Vi' Vs+v^' V^5-v^' V6 + V5 ' V5"-V3' 
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f Va;» -f 1 ~ a; Va? — 1 + ^a; + 1 

Va^ + a;* — a? Va;* + 1 + a; Va: — 1 — Vx + 1 ' 

Va:» + a: + 1 + Va;« + a: - 1 8 , 2 
:, — jzzL -= , and 



Vx* 4- a: + 1 - Vx* + a; - 1 V'S -hV'^ + 1 V5 +\/3-V2' 

10. What facl or will rationalize ^x — v^y ? What y^ — V^ ^ 

What ^8 + V3 + V5? 

11. By what must numerator and denominator of be 

•^ a; 

multiplied to reduce it to the form of a simple fraction ? By what 



(-sn 



12. Introduce the coefficients of each of the following into the 
parentheses: S{a* — a:*)*, a^{a + a*a;)*, and a;«(l — x*)K 

13. Show that . r = ; also 

a — Ja; H- v«* + b^x^ bz 



that ^-^ ^ i/ ^^"^^ . 



SECTION IV. 

COMBINATIONS OP RADICALS. 



Additiok ano Subteaction. 

208* JPvoh* !• — To add or subtract radicals. 

R ULE.—Iv THE radicals are similar, the rules already 

GIVEN {66 f 71) ARE SUFFICIENT. If THEY ARE NOT SIMILAR, MAKE 
THEM so BY {198^ 203)^ AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WFTH THE PROPER SIGNS. 

[Note. — The student is presumed to be able to giye the demonstrations of 
the problems and propositions in this section, as they are but a recapitulation of 
what has preceded.] 
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Multiplication. 

209* .Prop. Im — Tlie product of the same root of tteo or more 
quantities, equals the like root of their product. (See 194.) 

310. JProp. 2. — Radicals of the same degree are multipUcd Uj 
muUiplyi'ng the quantities under the radical sign and writing the 
product under t/ie common sign. 

Similar radicals are mtdtiplied by indicating the root hy fractional 
indices, and, for the product, taking the common mimber with an 
index equal to the sum, of the indices of the factors. (See 82.) 

211. Prob. 2. — To midtiply radicals. 

RULE. — If the factors have not the same index, beduce 

THEM TO A common INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 



Division. 

212. Pvop. — T7»e quotient of the same root of two quantities 
equals the like root of their quotient. 

213. Prob. 3. — To divide radicals. 

RULE. — If the radicals are of the same degree, divide 

THE NUMBER UNDER THE SIGN IN THE DIVIDEND BY THAT UNDER 
THE SIGN IN THE DIVISOR, AND AFFECT THE QUOTIENT WITH THE 
COMMON RADICAL SIGN. 

If the RADICALS ARE OF DIFFERENT DEGREES, REDUCE THEM TO 
THE SAME DEGREE BEFORE DIVIDING. 



Involution. 
914. JProb. 4. — To raise a radical to any power. 

m 

RULE. — Involve the coefficient to the required power, 
and also the quantity under the radical sign, writing the 
latter under the given sign. 

2 IS. Cob. — 7b raise a radical to a power whose index is the in* 
dex of the root, is simply to drop the radical sign. 
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EVOLUTIOK. 

2 to, Fvoh. S. — To extract any required root of a monomial 

radical, 

RULE. — Extract the required root of the coefficient^ 

AND OF THE QUANTITY UNDER THE RADICAL SIGN SEPARATELY, 
AFFECTING THE LATTER WITH THE GIVEN RADICAL SIGN. EbDUCE 
THE RESULT TO ITS SIMPLEST FORM. 



[Note. — ^This problem sliould not be taken tiU after Quadratic Equations.] 

217* Pvob* 6* — To extract the square root of a binomiaiy one 
or both of whose terms are radicals of the second degree. 

Solution. — Such binomials have either the form a ± nVh or mV a ± nVT. 
Now observing that {x ± y)* = a?* ± 2ajy + y*, we see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro. 
duct of which shall be ^ the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding to x* ± 2xy + y'), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — This process requires the solution of a quadratic equation. Thus to 

extract the square root of 12 — vliO. Letting x and y represent the terms of 

the binomial root, wc have x^ -\- y^ = 12, and 2xy = — VTiO. Whence x = V^5 

or V7, and y = 4^ or V5, and the root is V5 — V7. The sign between the terms 
being determined by the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 

V140 = 2^35. Now ^^35 = 1^5 x V7, and since the sum of the squares of these 
factors is 12, we have Vl2 - 4/140 = ^5 — f 7.] 



Examples. 
1. Add Vsb and \/98. Add ^/Ynab^ and \/252flJ«^ Add 
-yi375a*^ and ^/bi)Oa^xK Add ^/x^ and ^/a^. Add VTlsS 
and~VlOOS Add 6 Vf and 2V^. Add V| and ^V^. Add 
V|, Vi and |\/37 Add ^/i^aH*, y/bM^* and ^^/l^aHx*. 

o, XI- J. . /a^x—2ax*-{-x^ , /a*xT^klx*T^ o/'«*+^*\ /- 

Show that i/-— — jr — — ^ +/d/— i — o r =H-i iJva; 

Y a^+^ax+x* 1/ a^—2ax-{-x^ \a*—x*J 
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? o.wi « . .1.. Vn-hx + Va^ 



Add ^ and - ^ ; also ■yjl^^'v^-^ ^^^ 

a +Va*—x* a — Va* —X* Va + rr — VcT^ 

Vd-hx — \/a—x 

- 

Va-hx-^^a—x 

3. From SVf take 2>v/^. From v^l92 take v^24. From y^V 
take >/f From J\/| take — iVJ. From ^a^b* take v^i^. From 
V^a^ tjike ^dxl*\ 



4. Show that |7 ^-3^ - 17 j^j^ = HVe. 



5. Show that A / — z — ,^ , . ,, J / — r— ^ 



2a^«+*» 4adV^ 



+2a^-i-<^» a2-<^«' 



6. Multiply V3 by V2.* Multiply V2 by V3. Multiply 
Vi hy VT> 'V^2aa; by V«F*, 2^/^^^ by SV^^^y, Vl + x* by 
V^l + x^, \/^hj\^, 2VTby3'V^2; 2-^^25 by 3 \/5, v^by6v^3. 

7. Multiply 9 + 2VT0 by 9 - 2\/l0, V^« - \/xy + v^^* by 
V^+ V^, 3\/5 + 2\/6 - 2 by 2\/5 + 18\/6, v^-2v^6"by 
3 v^_ ^36. 

8. Divide rVshy^v^, 8\/9 by2v^, V^hj \/2, iV^byiVlO. 

9. Divide 2 a/32 + 3^/2" + 4 by 4\/8; 4V^ by 2v^, 

6 + 2V^- V^byVe, Vab*x - *»ca; by Va^, i/T^^ i/h 
{a + b)Va^—l by (a - J) V{a + 1)», a + * - c + 2\/a^ by 

* It is of the ntmost importance that the pupil be able to give a complete analysis of rnch 
ezampleai Thus, \/ 2 = V^ 8f since the former is on^ of tlie two equal factors of S, and the 
latter is three of the eix equal Actors of S. In like manner\/3 = \A9. Conseqnently 
y/2 X v^= \^ X %/^- Now since tlic product of the same root of two numbers is equal to 
the like root of the product, VS x V9 = Vto. 
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10. Baise SV^x* to the second power. Baise ^^2ax* to the 6th 
power. Cube — |V^ Square V3 — V^. Cube sVa—x. Cube 

11. Extract the square root of 27\^135a;«y*; the cube root of 
tV^*Vy; the4throotof 25^*\/y; the 5th root of 224 'V^S^; the 



cube root of (1— a;)\/l— a;; the cube root of rJ /-; the square 

root of ^Vi' 

12. Extract the square root of 49+12\/5; of 57+12^15"; of 

(a« +a)a;-2aa?Va ; ir-2VS^; of Vl8"-4; of -j-+^Va«- c». 
(See «ir.) 

SECT/ON V. 

mAGINARY QUANTITIES. 

)?J[9. .^tt Imaginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a foim either as a factor or a term. 

Thus V—ir,y/—y*, 5v/— a;', 24V— 4, v^— 6, 3— V—l, etc., are imaginary 
quantities. 

219. ScH. 1. — It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them: it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. Sen. 2. — A curious property of these symbols, and one which for 
some time puzzled mathematicians, appears when we attempt to multiply 

\/^ by v'^. Now the square root of any quantity multiplied by itself 

should, by definition, be the quantity itself ; hence \/~«x v'— a:= — a*. 
But if we apply the process of multipljring the quantities under the radicals, 
we have yZ—x x\/— 2;=v'i*= + a? as well as — ar. What then is the pro- 
duct of v/Z5x\/^? Is it —a?, or is it both +aj and —a;? The true 
product is —x ; and the explanation is, that \/a?* is, in genereU^ +a; and —a?. 
But when we know what factors were multiplied together to produce a;*, and 

the nature of our discussion limits us to these, the sign of Vx* is no longer 
ambiguous : it is the same as was its root. 
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221. Prop. — Every imaginary monomial can be reduced to the 

form m V — ^> *'* which m is real {not imagituiry). m may be 
rational or surd. 



Dem. X V^, p being an even number, is the general sTmbol for an imagin- 
ary monomial. Now if p is a power of 2, we may write at once p = 3", whence 

fc V—y = X V—jf = X Vy(— 1) ^x Vy V^ = m V^. If p contains other 
factors than 2, let r represent their product, and 2* the product of all the factors 
of 2 contained in p ; whence p = r2*, in which r is odd, since the product of any 



r*!! rf* 



number of odd factars is odd. We then have x V—y = x V—y = x yy(— 1) 
= « Vy y — 1 :=^ X Vy y r--l = « yy y — 1, since any odd root of — 1 

is — 1. Patting « y y = m, this becomes m y — 1. 

222. ScH. — When n=l, ». «., when there is but one factor of 2 in the 
index of the root, the form becomes m V^\. This form is called an imagin- 
ary of the second degree ; m y — 1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 

223. Proh. — To add and subtract imaginary monomials of the 
second degree^ or such as may be reduced to this degree. 

RULE. — Reduce them to the form mV— 1, and then com- 
bine THEM, CONSIDEBING THE SYMBOL V— 1 AS A SYMBOL OF 

chauactbr.* 

Examples. 

!• Add V^^T and \/^=T. 

Operation. V^ = V4(-l) = 2 /^, and V^^ = 8 V^. 
/. V^ + V^ = 2 V^^l + 3 V^l = 5 V^^. 

ScH. — The last operaticm shoold not be looked upon as taking the sum of 
2 times a certain quantity (represented by V~^) <^d 3 times the same 
quantity, but as 2 afaeertem eharaeter added to 8 of the same character. 

* Sec (49, 49^ SO). Wc mean to say that, at a gttantity (considered numerically), m aud 

m i^— 1, arc exactly tlie fame, just a» is the cape in the expressions + m and — m ; bnt that the 

symbol V — 1 gives some peculiar or concrete significance to w, as does the sign +, or — , or $. 
What thifl concrete significance is, we cannot here say. It baa its clearest interpretation in the 
Co-ordinate, or General Qeometry. 
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Thus the operation of reducing y'— 4 and \/^ to the forms 2^^^-i and 

8y— 1 is to be looked upon as rendering the expressions hmnogeneoos. It 

is, however, to be observed that the symbol y'— 1 is subject, also, to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 



2. Add 4V-27 and 3V - 16; also SaV - 25 and 2aV~^^; 
also b'V^^e and cV^^. b*V^^6 4- cV^^ = (4J« + dc)\/^^. 

3. Add V-1024 and '/^^^729. 

Operation. ^-1024 = yl^ V~l' "^^ ^-729 = ^^/m ^/^\, 

4. Show that in general v^ — a; ± V^ — y = (v^ ± '\/y)V^ — 1? 
when 7i is any integer. 



6. From V^^ take V-4. From 4V — 27 take SV ~ 16. 
From 3aV — 25 take 2a V — 4. Show that aV — * — cV — c^ 

6. From V— 4096 take V — 9. i2c//?. CIa/^L 

ScH. — It would seem improper to omit the 1 before the symbol y'— 1 in 
such a case as the last, though it has been customary to do so. If we are to 

consider y'— 1 as a sign of character (** affection," as some say), there is no 
more reason for omitting the 1 in such a case, than there is in such as 4 — 5 

= — 1. That is, if we write 4\/^ — Sy'^ = \/^, we ought to write 
4 — 5 = — , or 15 — $4 = $, to be consistent. 

7. Show that V"^^ -h \/^=~T8 = h^H^l = SV^V^H; also 
that 4\/^^^ + 2V^^^^ = 16\/3 V^^H ; also that ^^"=^6 
— \^ — 1 = \^ — 1 ; also that 2v^ — a — ^ — a = v^V^ — 1. 



9j|?4. Prop. — Every polynomial containing some real, and 
some imaginary terms of the second degree, or such as can he re- 
duced to this degree, can he reduced to tJie form a±bv--l, in 
which a and b are real, a and b may he rational or surd. 

Dem. — This is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 

being reduced to the form m V—1 can also be combined into one term repre- 
sented by ± 6 V— 1, 
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223. ScH. — ^The fonn a ± jy— 1 is considered the general form of on 

imaginary quantity of the second degree. When a = 0, it becomes the samo 

as my'— 1. The two expressions a + i\/— 1 and a — b\/ — l arc called Con- 

jugate Imaginaries. Hence the sum of two conjugate imaginaries is re:il 

(2a). Also the product of two conjugate imaginaries is real [(a + b\/^i) 

X (a — J-y/— 1) = a* + h% as will appear hereafter]. The square root of the 
product of two conjugate imaginaries, taken with the + sign, is called tlrj 

Modulus of each. Thus + ^a* + ^ is the modulus of both a + h^—\ anvl 

Exs. — Find the 8um,and the difference of 2 + \/—l and 3— V^04; 
also of a -h V — ^ aud a -h V — c. Last results^ 2^ -h ( V^ + Vt') V— 1, 

Multiplication and Involution. 

)?)?6. JProh. — To determine the character of the product of «€0- 
eral imaginary, monomial factors of the second degree. 

Solution. — Letting n represent any integer, including 0, 4n, 4n + l, 4n+2» 
and 471 +3 may represent all integral exponents, so that all the forms to be treated 

are {>v/^r, (v^)'"^', (^"1)**''. ^^ (\/="l)*'^'- Tl^««» if n = 0, 
4/1 + 1 =: 1, 4/1+2 = 2, and 4n+3 = 8. If n = 1, 4/* = 4, 4»+l =C, 4/t + ': = «. 
and 4n + 8=7. If n = 2, 4n = 8, etc. 

We shall now show that ( ^J~\ )** =1, 

and _ (V^r^' = --/=!. 
(-/=-!)*• = (^—1 y/ZTx X >v/~l V^l)" = [(-1) X (-1)]. = 1« = 1. 
BiDoe V-l V^ = -1 '>y (*^<^). (-1) (-1) = 1. «>d any power of 1 ta 1. 

(V=ir+' = ( V"!)*" X ( V-1)' = 1 X (-1) = -1. 

III. — To find what ( \/--l) is, wc have but to observe that if m=1, 49i + 1 =5, 
and (v^l)* = (.v/3i)^+> = ^ri. _ 

Again, (y^)* = (y^)**^' = - V-l* Bincc, if 7i = 0, 4fi + 8 = 3. 
Onw more, (V^)^* = ( V^^^^* = -1» ^^'^^ if n = 2, 4» + 2 = 10. 
In like auumer, (V^)* = (V""^)** = ^» since, if n = 1. 4/i = 4. 
8ch.-h(ii Hm above we have confined ourselves to the powers of the posi- 
tive square joot, since — ^J — 1 may be understood to be — 1 \/— 1 , and the factors 

-I be treated separately. Thus, (- y/-\T = (-l)*" (V^O*** = ( a/-1 )** 
= 1. *> also (- V~l)'"'* = (-1)*"' - (V=i)*'^^' = (-l)V-l = 
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— \/— 1, etc. Or, in other words, giving the — sign to ^—1 simply changes 
the signs of the odd powers. In examples we shall confine attention to the 

^- root of 'yZ — I. 

Examples. 



1. Multiply 4a/^=^ by 2a/^^. 

Operation. 4 V^ = 4 V3 t^^, and 2 V^ = 2 tT i*^. 

/. 4i^^x2V^=4V3"V^x2i^i^^=8V6{V^IIl)*=:~8i<5; 

2. Show that V— a:* x V— y* = — a:y ; also that 3 V— 5x4/y/— 3 
= -12 V15^ What is the product of -2 V^^ by -3\/^^ ? 



3. Show that V^^ x V^=T = 4\/^=n"; also that V— 256 x 
V^^^ = 48\/3 V^^\ also that V^^^ X 4\/"==^ = 4\/6 V'^. 

4 Show that 4^^^^ + V^^ multiplied by 2\A^ — V7^ 
equals V6 + 4a/3 — 2\/2 — 8. 

5. Show that | — \V— 3 squaivd equals — J(l + V— 3). 

6. Show that (3-2\/^=^) x (5+3\/^^)=39-2V^^; also that 
(1 + V^^) X (1 - V'^n;) =2. 

7. Show that 2 is the modulus of V^+ V— 2 and \/2 — V^^. 
What is the modulus of 3-f2\/^^ and 3-2 V^^ ? Of 5-3\/^^. 
and 5 + 3\/^^? 

8. Show that (>/=:7)''= - 7*a/^=3; also that (a/38)''=8«. 
0. What is the 5th power of 2^/^^? Of SV^^? 

1 0. What is the product of V— ic*, V— yS V— «•, and V— te^*? 



Division of Imaginabies. 

^37. JProh. — To divide one imaginary of the secotid degree by 
another'. 

RULE, — Reduce the imaginary term, or terms, to the form 
m's/— 1, or mW— l)", AND divide as in division of radicals, 

OBSEUVING the PRINCIPLES OF {220) TO DETERMINE THE CHARAC- 
TER OF THE QUOTIENT OF IMAGINARIES. 
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I 

Examples. 

1. Divide V- 16 by V^TJ. 

Operation. V- 16 = 4V^, and V^^^V^; /. ^3716+ V^ 

= 4^^! -^%V^1 = 2( V=l)°. But by (29^) {V^^lY = + 1 ; heoee the 
quotient is 2. 

ScH. — A superficial view of the case might make the quotient ± 2. Thus, 
as the radicals are similar it might be inferred that V^^ -*- i^^^ = y II— 
= VI = ± 1. (See 220.) 

2. Show that 6 V^^ ^ 2V - 4 = l\/3 ; also that ~ V^^ 
-^ — 6a/^^ = tV\/3; also that 1 ~- V - 1 = — V^Hl; also 
that 6 -J- 2\/"^=^ = - 3V"^^. 

3. Divide 2V"^ by \^^^; also 3v^- 16 by - 12; also \^a 

by v^=n[. 

SuG'8. 2V^ + V=3 = VB V(i:i? + W Vm r= V^ *v/3i. 

4. Show that Sv'^'^^Te -4- 2^^"^=^ = 4'V^'V'''^=i:. 

5. Show that (1 + V^) -5- (1 - V^^) = V^; also that 
(4 + V"^) 4- (2 - V^) = 1 + a/2\/"^ ; also that 

1^(3 -2V^) = 3J:^V3V3 also that 1 ^ ^li^ 

a» — a; + 2aV — « . , xi. i. « + V — ^ . « — V — 6 
= • > also that ; 4- . 

«* + « a — V— * a + v— * 

2(a^ - &) 

G. Simplify \ ^ \ . 

•" (rt + *V - 1)' + (^ - J\/^^)' 

[NoTB. — ^Hexe ends the subject of Literal Arithmetic. The student is now 
prepared for the study of Algebra, properly so-called ; i. e.. The Science of the 
Equation.^ 
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PART 11. 

AN ELEMENTARY COURSE IN 

ALGEBRA. 



OHAPTEE L 

SIMPLE EQUATIONS. 



SECTION I. 

EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Definitions. 

1. An Mquation is an expression in mathematical symbols^ of 
equality between two numbers or sets of numbers. 

2. Algebra is that branch of Pure Mathematics which treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical investigations. 

3. TJie First Member of an equation is the part on the left 
hand of the sign of equality. The Second Member is the part 
on the right 

4. A Numerical Equation is one in which the known 
quantities are represented by decimal numbers. 

5. A Literal Equation is one in which some or all of the 
known quantities are represented by letters. 

6. Hie Degree of an Equation is determined by the highest, 
number of unknown factors occurring in any term, the equation 
being freed of fractional or negative exponents, as affecting the un- . 
known quantity. 

7. A Simple Equation is an equation of the first degree. 

8. A Quadratic Equation is an equation of the second 
degree. 

9. A CuMc Equation is an equation of the third degree. 
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10. Eqaations above the aeoond degree are called Higlker 
JEquations. Those of the fourth degree are sometimes called 



Traksformation of Equations. 

!!• To Transform an equation is to change its form without 
destroying the equality of the members. 

12. Tliere are /owr principal transformations of simple equations 
containing one unknown quantity, viz : Cleariiig of Fractio)iSj Tranx- 
position, Collectvig Terms, and Dividing by the coefficient of the 
unknown quantity. 

13. These transformations are based upon the following 

Axioms. 

Axiom 1. — Any operation may be performed upon any term or 
upon either member^ which does not affect the value of that term or 
member^ without destroying t/ie equation. 

Axiom 2. — Jf both members of an equation are increased or di- 
minished alike^ the equality is not destroyed. 



14. Prob. — To clear an equation of fractions, 

RULE. — Multiply both members by the least or lowest 

COMMON MULTIPLE OF ALL THE DENOMINATORS. 

Dem. — This process clears the equation of fractions, since, in the process of 
multiplying any particular fractional term, its denominator is one of the factors 
of the L. C. M. by which we are multiplying ; hence dropping the denominator 
multiplies by this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. G. M. 

This process does not destroy the equation, since both members are increased 
or diminished aUke. 

III. — An equation is aptly compared to a pair of scales with equal arms, kept 
in balance by weights in the two pans. 



Transposition. 

tS. Transposinff a term is changing it from one member of 
the equation to the other without destroying the equality of the 
members. 
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16. Prob. — To tran^pase a term. 

R ULE. — Drop it fkom the membeb ik which it stakds ahd 

INSERT IT IN THE OTHER MEMBER WITH THE SIGN CHANGED. 

Dem. — If the term to be transposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other member, takes its amount from that member; hence both 
members are diminished alike, and the equality is not destroyed. (Repeat 
Axiom 2.) 

2d. If the term to be transposed is — , dropping it increoBes the member from 
which it is dropped, and writing it in the other member with the + sign in- 
creases that member by the same amount ; and hence the equality is preserved. 
(Repeat Axiom 2.) 

17. To Solve an oquatiou is to find the yalne of the unknown 
quantity; that is, to find what value it must hare in order that the 
equation be true. 

18. An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation; i. 6., which makes 
its members equal. 

19. To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

ScH. 2. — The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is demon- 
strated as \rc go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 



20. Prob* 1* — To solve a simple equation with one unknown 
quantity, 

R ULE, — 1. If the equation contains fractions, clear it of 
THEM BY Art. 14. 

2. Transpose all the terms involting the unknown quan- 
tity to the first member, and the known terms to the second 
member by Art. 16. 

3. Unite all the terms containing the unknown quantity 
into one by addition, and put the second member into its 

SIMPLEST form. 

4. Divide both members by the coefficient of the unknown 
quantity. 
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Dbm. — ^The first step, clearing of fractions, does not destroy the eqaation, 
rince both members are multiplied by the same quantity ^^AxiOM 2). 

The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity from both members 
(Axiom 2). 

The third step does not destroy the equation, since it does not change the 
yalue of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is diriding both mem 
hers by the same quantity, and thus changes the members alike (Axiom 2). 

Hence, after these several processes, we still have a true equation. But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have what the unknown quantity U equal to; i. e. its value. 

21m ScH. 1. — It mud he fixed in the pupifs mind that he can make hit two 
dasees of changes upon an equation : viz., Such as do not affect the yaI/UE 
OF THE mehbebs, OF SUCH AS AFFECT BOTH ME3fBER8 EQUALLY. Every Opera- 
tion must he seen to conform to these conditions, 

22. Cob. 1. — AU the signs of the terms of both members of an 
equation can be changed from -{-.to —^or vice Tersa, teithotU destrof/- 
ing tlie equality^ since this is equivalent to muUiplgifig or dividing 
by -I. 

23. ScH. 2. — ^It is not always expedient to perform the several trans- 
formations in the same order as given in the mle. Tlie pupil should bear in 
mine! that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 

24. ScH. 3. — ^It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is still, virtually, a simple 
eqoatioD, since these terms destroy each other in the redaction. 



Simple Equations containing Radicals. 

2S. Many eqimtions containing radicals which involye the un- 
known qnantiiy, thongh not primarily appearing as simple equations, 
become so after being freed of such radicals. 

2(>m Pr6b% 2. — To free an equation of radicals. 

RULE. — The common method is bo to transpose the terms 

THAT THE RADICAL, IF THERE IS BUT ONE, OR THE MORE COMPLEX 
HADICALy IF THERE ARE SEVERAL, SHALL CONSTITUTE ONE MEMBER, 



\ 
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AND THEN INVOLVE EACH MEMBER OF THE EQUATION TO A POWER 
OF THE SAME DEGREE AS THE RADICAL. If A RADICAL STILL RE- 
MAINS, REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
BERS IN THE MOST CONDENSED FORM AND LOWEST TERMS. 

Dem. — That this process frees the equation of the radical whicli coiiEtitutes 
one of its members is evident from tlie fact that a radical quantity is involved 
to a power of the same degree as its indicated root by dropping the root sign. 

That the process does not destroy the equality of the members is evident from 
the fact that the like powers of equal quantities are equaL Both members are 
increased or decreased alike. 



Summary of Practical Suggestions. 

27. Ill attempting to solve a simple equation, always consider, 

1. Whether it is best to clear of fnictions first 

2. Look out for compound negative tet'tns, 

3. If the numerators are polynomials and the denominators mono- 
mials, it is often better to separate the fractions into parts. 

4. It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple first, and after each step see that by transposition, 
uniting terms, etc, the equation is kept in as simple a form as jios- 
sible. 

5. It is sometimes best to transpose and unite some of the terms 
before clearing of fractions. 

6. Be constantly on the lookout for a factor which can be divided 
out of both members of the equation, or for terms which destroy 
each other. 

7. It sometimes happens that by reducing fractions to mixed num- 
bers the terms will unite or destroy each other, especially when there 
are several polynomial denominators. 

28. When the equation contains radicals, specially 
consider, 

1. If there is but am radical, by causing it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radical. 
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2. If there are two radicals and other terms, make the more com- 
plex radical constitute one member, alone, before squaring. Such 
cases usually require two involutions. 

3. If there is a radical denominator, and radicals of a similar form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part. 

4. It is sometimes best to rationalize a radical denominator. 



Examples fob Practice in Solving Simple Equations. 
1. Solve and verify the following : (1.) 40— 6a;-16=1.20-14r. 

(^•> 2 •"3^ = ^^- (3-) ^- + 3=^^ 2"^- (^•) -T~ + 3 

x—h .^. 9a; + 20 _ 4a;— 12 x . 10a; 4-17 12a: + 2 

=^ — r- ^^-^ "36""^^:^ "^4- ^^'' ~18 T3^-::iG 

5a:— 4 ,^ . ax—b a bx bx—a ... a(b*-{-x*) nx 

(9.) x*V^ = ax + bx + ex. (10.) 2,04 - 0.68y — 0.02y = 0.01. 
(11.) 8.4a: - 7.6 = 10 + 2.2a:. 



2. Solve (1.) -=-^ + j^ = — ^. (2.) 48a; - :Z??Z^ 
^ ' ah—ax bc—ox ac—ax ^ .5 

= 1.6..+8.9. (3.) i±Hz£f = !Hz!i. (^ = ?i(£=^). (4.) *£- 

^ ' p—q m \ m J ^ ' 2o— rt 

(3*c + arf)^ _ fidb _ {yibc—ad)x _ 5a{2b—a) / _ 5a(2b~a) \ 
~ 2ab{a+b) ~3c^~ 2ab(a-b) a*-b* ' V~ 'dc-d )' 

iK\ ^ At,- ^ I _8fl*»+46»-12««*\ , 4m(K'-5a;') 

- ^"'^+ 4 • V - 28p+5g*)- ^^•' bx + dx ^ fx ^ lix " *' 

/ox 8.5 .a ., l-.la; ...2-3^ bx 2x-Z_x-2 , ^, 
(8.) _ _ _ = 4i J—. (9.) -^^ - j^ 9— TT + ^*- 



(10.) b-x{H - I) = ia; - 



3a; - (4 - 5a;) 
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3. In solving the following be careful to obserre the suggestions 

18 -4a; ,„. 6x + 7 , Hx-lZ -ix+i ,..x-l x-2 

__ rr— 5 JB— 6 

"" x—6 re— 7* 

4. Solve the following, giving special heed to the snggestions in 
{28) : (1.) Vx^^ = 16 -Vx. (2.) — == — =c. (3.) V^z 

-f-Va;-7=— — =-_. (4.) -—= 1 = . (o.) ^a-^y/x 

Vx-7 V5x + 3 2 

•V'^^~a^y/x=y/x. (6.) V(l+flf)* + (l-a)a; + V(l-flf)» + (l4-a)a; 

=2fl. (7.) V!13 + V[7 + V(3 + V5)]}=4. (8.) Vl + V(3 + VeJ) 

o /o\V^^-- 4a/(^-9 ,^^, 243 + 324\/3^ ,^ ^^/^ 

+ 3. (ii.) ^^ - ^gl| = h. (la.) -^:;^ = 4 + ^^. 

^^ + V «* — x^ y/ax +1 ^ 

/iQ\ 3\/^-4 1o + a/9^ ,,.x V^ + V* Va+Vb 

(Id.) pr = p^. (14.) — — = ;=. = -p=z • 

2 4- Va: 40 + V^ Vfl« - a/* Vb 



(lo). — ^: , = b. (16.) --= = — 

Vrt 4- Vrt- Va«^rta; Vwi-Vw*-y ^'* 

(17.) ' ^-H^^V^l^^J^ = J, (18.) iglj-^?^! = |. 

a ■\- X— y/:lax + a;* ya; 4- 1 + Vx-- 1 



/io\ »/--.- - . .V JL .^^. l4-a:+\/2a:4-a;« V2 + a?4-Vi 

(19.) v^ + .f 4- Vd—x = ^. (20.) =rt — = — . 

14-a;— V2a;4-a:« V24-a;— vi 

{n.)^'^^=L (22.) -^='— ^ + -=i r- 

a; 

[SeTeral of these equations C2n bo moro chjanlly redaoed by tlM method given Oft p. IttL 
rx. 47.] 
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Applications. 

29» According to the definition (2), Algebra treats of, Ist, The 
nature and properties of the Equation ; and 2d, the method of using 
it as an instrument for mathematical investigation. 

Having on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 

30. Tlie Algebraic Solution of a problem consists of two 
parts : 

1st. The Statemefitf which consists in expressing by one or 
more equations the conditions of the problem. 

2d. T/i^ Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process lias been 
explained, in the case of Simple Equations, in the preceding articles. 

31. The Slatenient of a problem requires some knowledge of the 
subject about which tlie question is asked. Often it requires a great 
deal of this kind of knowledge in order to " state a problem." Tiiis 
is not Algebra ; but it is knowledge which it is more or less important 
to have according to the nature of tin* subject. 

32. Directions to guide the student in the Statement of Frob- 
Ufns : 

Ist. Study the meanuig of the problem, bo that, (f ytne had the answer given, 
you could prove ii, noticing carefally just what operations you would have to 
perform upon the answer in proving. This is caUed, DMCovering Vie relations 
between the quantities involved. 

2d. RepretBent the unknown (required) quantities (the answer) by some one or 
;more of the final letters of the alphabet, as x, y, z, or w, and tho known quan- 
tities by the other letters, or, as given in the problem. 

Sd. Lastly, by combining the quantities inyolved, both known and vnknown^ 
according to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 

•V/i. Sen. — ^It is not always expedient to use x to represent the number 

, souglit. The solution is often simplified by letting x be taken for some 

number from which the one sought is readily found, or by letting 2x, ^, or 

some multiple of x stand for the unknown quantity. The latter expedient 

is often used to avoid fractions. 
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Problems. 

1. A's age is double B's, B's is triple C's, and the sum of their 
ages is 140. Required the age of each. 

2. A's age is m times B's, B's is 7i times C's, and the sum of their 
ages is s. Required the age of each. 

3. The sum of two numbers is 48, and their difference 12. What 
are the numbers? 

4. The sum of two numbers is «, and their difference d. What 
are the numbers ? 

5. Having the sum and difference of two numbers given, how do 
you find the numbers, arithmetically ? 

G. A post is ^th in the earth, f ths in the water, and 13 feet in the 
air. What is the length of the post ? 

7. A post is J-tli in the earth, ^ths in the water, and a feet in the 
air. What is the length of the post ? 

8. What fraction is that, whose numerator is less by 3 than its 
denominator; and if 3 be taken from the numerator, the value of 
the fmction will he ^? 

9. Give the genei'al solution of the last; i.e., the solution when 
the numbers are all represented by letters. Then substitute the 
above numbers and find the answer to that special problem. 

Sua. — Letting the numerator be a less than the denominator, and -^ be the 

am + Im 

fraction after b is taken from the numerator, the fraction is T^ri' 

an + on 



i}- 



10. A man sold j horse and chaise for •200 ; ^ the price of the 
horse was equal to f^ie price of the chaise. Required, the price of 
each. Chaise, tl20 ; horse, 980. 

Generalize and solve the last, and then by substituting the numbers given in 
it find the special answers. Treat in like manner the next nine problems. 

11. Out of a cask of wine which had leaked away a third part, 21 
gallons were afterward drawn, when it was found that one-half re- 
mained. How much did the cask hold ? Ans.y 126 galls. 

12. A and B can do a piece of work in 12 days, but when A worked 
alone he did the same work in 20. How long would it take B to do 
the same work? Ans., 30davs. 
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13. A cistern can be filled by 3 pipes; by the first iu 1^ hoars, by 
the second in 2J hours, and by the third in 5 liours. In what time 
will the cistern be filled, when all are left open at once ? 

14. Four merchants entered into a speculation, for which they 
subscribed 4755 dollars; of which B paid tliree times as much as A; 
C paid as much as A and B ; and D paid as much as C and B. What 
did each pay ? 

15. A and B trjide with equal stocks. In the first year A tripled 
his stock and had $27 to spare ; B doubled his stock, and had $153 
to spare. Now the amount of both their gains was five times the 
stock of either. What was that ? 

16. A and 6 began to trade with equal sums of money. In the 
lirst year A gaiiied 40 dollars, and B lost 40 ; but iu the second A 
lost one-third of what he then had, and B gained a sum less by 40 
dollars than twice the sum that A had lost; when it appeared that 
B had twice as much money as A. What money did each begin 
with ? , A718,, 320 dollars. 

17. What number is that to which if 1, 5, and 13 be severally 
added, the first sum divided by the second shall equal the second 
divided by the third? 

18. Divide 49 into two such parts that the greater increased by 6 
divided by the less diminished by 11, shall be 4J. 

10. A cistern which contains 2400 gallons can be filled iu 15 
minutes by three pipes, the first of which lets in 10 gallons per 
minute, and the second 4 gallons less than the third. How much 

passes through each pipe in a minute? 

..^ 

20. Find a number such that, if from the quotient of the number 
increased by 5, divided by the number increased by 1, we subtract 
the quotient of 3 diminished by the number, divided by the number 
diminished by 2, the remainder shall be 2. 

21. Divide a into two such parts, that one may be the ^th part of 
the other. 

22. Divide a into two such parts, that the sum of the quotients 
which are obtained by dividing one part by m, and the other by n, 

u 11 1 1 .. JL mi I m\nh—a) , n{mh—n) 
shall be equal to b. The parts are —^ , and . 
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23. Letting p represent the principal, t the interest for time t, a 
the amount, and r the per cent, for a unit of time, produce the fol- 
lowing formula, and give their meaning : 



(1) i-^- 
^ ' 100 ' 

/ox , • 100 + ^r 

(2.) a=p + i=p ^^^ 



(3.) t = 1«^' 



rp ' 



<*-)^=^'^ 



/r V lOOt 



24 In what time will a given principal double, triple, or quadru- 
ple itself, at 5^ ? at 6^ ? at H^ ? 

25. What is the worth of a note of 1500 Nov. 2d, 1872, which is 
dated Feb. 23d, 1870, bears 12j^ interest, and is due Jan. 1st, 1875, 
money being worth 7j^ ? A 7is., $G87.23 -f 

26. On a sum of money borrowed, annual interest is jmid at 5^. 
After a time $200 are paid on the principal, and the interest on the 
remainder is reduced to 4^. By these changes the annual interest is 
lessened one-third. What was the sum borrowed ? 

27. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.m. to 6 P.M. at double the 
rate at which the water flows into the well. If the well contained 
2250 gallons of water when the consumption began on Monday 
morning, and the well was just emptied at 6 p.m. on the next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour? 

28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carnage advanced 
when the fore wheel has made 51 revolutions more than ihe other? 

20. A merchant gains the first year 15;i^ on his capital; the second 
year, 20^ on the capital at the close of the first; and the third year, 
25^ on the capital at the close of the second ; when he finds that he 
has cleared $1000.50. Required his capital. Capiiai, $1380. 

30. A m:in had $2550 to invest. He invested part in certain 3^ 
stocks, and part in R. R. shares of $25 each, which pay annual divi- 
dends of $1.00 per share. The stocks cost him $81 on a hundred, 
and the R R shares $24 per share ; and his income from each source 
is the same. How many R. R shares did he buy ? 
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SECTION II. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 

UNKNOWN QUANTITIES. 



Definitions. 

34. Independent JBqtiations are such as express different 
conditions, and neither can be rednced to the other. 

35. Siinultaneotis ^nations are those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities signify the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 

36. miminntion is the process of producing from a given 
set of simulrmicoiis cqnations containing two or more unknown 
quantities, a new sot of equations in which one, at least, of the un- 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means j^utting out of 
doors. We use it as meaning causing to disappear.) 

37. There are Five Methods of Elimination^ viz., by 
Comparison, by Substitution^ by Addition or Suhtractionj by Unde" 
tennined MultiplierSy and by Division. 



Elimination by Comparison. 

38. T^TOb. l.-^Having given ttco independent, simultaneous^ 
simple equations between two unknoion qnantities, to deduce therefroin 
by Comparison a new equation containing only one of the unJcnoicn 
quantities. 

RULE. — 1st Find expressions for the value of the same 

UNKNOWN QUANTITY FROM EACH EQUATION, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Place these two values equal to each other, and the 

RESULT will BE THE EQUATION SOUGHT. 

Dbm. — ^The first operations being performed according to the rules for simple 
eqnatkHifl with one unknown quantity, need no further demonstration. 
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2d. Having formed expressions for the value of the mme unknown quantity 
in both equations, since the equations arc simultaneous this unknown quantity- 
means the same thing in the two equations, and hence the two expressions for 
its value are equal. Q. E. D. 

ScH. — The resulting equation can be solved by the rules already given. 



Eliminatiojs^ by Substitution. 

39. JProb. 2. — Having given two independent^ simtdtaneoua^ 
simple equatio7is, between two unknown quantities, to deduce there- 
from by Substitutio9i a single equation with but one of the unknown 
quantities, 

RULE.— lat Find from one of the equations the value 

OF THE UNKNOWN QUANTITY TO BE ELIMINATED, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Substitute this value for the same unknown quan- 
tity IN THE OTHER EQUATION. 

Dem. — The first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 

The second process is self-evident, since, the equations being simultaneous, 
the letters mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal. Q. E. D. 



Elimination by Addition or Subtraction. 

4:0* JPvob* 3, — Having given two indtpendent^ simultaneous^ 
simple equations between two unknown quantities^ to deduce therefrom 
by Addition or Subtraction a single equation with but one unknown 
quantity, 

RULE, — Isfc. Eeduce the equations to the forms ax ■\- by 
= m, AND ex -{■ dy = n, 

2d. If the coefficients of the quantity to be eliminated 

ARE NOT ALIKE IN BOTH EQUATIONS, MAKE THEM SO BY FINDING 
THEIR L. C. M. AND THEN MULTIPLYING EACH EQUATION BY THIS 
L. C. M. EXCLUSIVE OF THE FACTOR WHICH THE TER31 TO BE 
ELIMINATED ALREADY CONTAINS. 

3d. If the signs of the terms containing the quantity to 

BE eliminated ARE ALIKE IN BOTH EQUATIONS, SUBTRACT OKB 
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EQUATION FROM THE OTHER, MEMBER BY MEMBER. If THESE SIGNS 
ARE UNLIKE, ADD THE EQUATIONS. 

Dem. — The first operations are performed according to the rules already given 
for clearing of fractions, transposition, and uniting terms, and hence do not viti- 
ate the equations. The object of this reduction is to make the two subsequent 
steps practicable. 

The second step does not vitiate the equations, since in the case of either 
equation, both its members are multiplied by the same number. 

The third step eliminates the unknown quantity, since, as the terms containing 
the quantity to be eliminated have the same numerical value, if they have the 
safKe sign, by subtraeting the equations one will destroy the other, and if they 
have different signs, by ctdding the equations they will destroy each other. The 
result is a true equation, since. If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus we have a new equation with but one unknown quantity. Q. B. D. 



Elimination by Undetermined Multipliers. 

4tl. Prob. dm — Having given two independent^ simidtaneouSy 
simple equations between two unknown quantities^ to deduce therefrom 
by Undetermined Multipliers a single equation with but one unknown 
quantity, 

EULE,-r-l8t. Eeducb the equations to the forms ax + by 
= m, and cx -h dy =i n, 

2(1. Multiply one of the equations by an undetermined 

FACTOR, as /, AND FROM THE RESULT SUBTRACT THE OTHER EQUA- 
TION, MEMBER BY MEMBER. 

3d. In the resulting equation, place the coefficient of 

THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF /, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 

Dbm. — [Reason for the first step, same as in the last method.] 

Now multiply one of the equations, as ax + by = th, by /, and subtract the 
otner, member by member, giving (af— e)x + (6/— d)y = mf— n. To eliminate 

y, put bf—d = 0, giving / = -. This value of / substituted in {of — c>r 

4- (bf— d)y = mf^ n, will cause the term containing y to disappear by making 
its ooefildent 0, and there will result an equation containing only the unknown 
quantity x, and known quantities. Q. £. D. 
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Thus, given ar + 7y=r33, and 2^ + 4y=20. 

Multiply the 1st by/, ^fx + 7f|f = ^^f 

Subtract the 2d, 2a- + 4y = 20 

And we have (ij/- 2>c + (7/ - 4)y = 33/- 20. 

Putting 7/ - 4 = 0, / = f . Substituting, (3 x ^-2)* = 33 x ^ - 20. Whence, 
— ^i;=z — ^,orx = 4. 

In like manner, putting 3/ - 2 = 0,/ = 5. And (7 x | - 4)y = 83 x | - 20- 
Whence y = 3. 



Elimination by Division. 

42. JPvob, S. — Havmg gioen ttco independent^ 8imuUane<yn8, 
equations of any degree^ betireeii two unknown qvantities^ to deduce 
therefrom by Division a single equation tcith but one unknown 
quantity, 

RULE, — Clear the equations of fractions, and transpose 

ALL THE TERMS TO ONE MEMBER. TrEAT THE POLYNOMIALS THUS 
obtained AS IN THE PROCESS FOR FINDING THE HIGHEST COM- 
MON Divisor, continuing the process until one unknown 

QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION SOUGHT. 

Dem. — Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other (t. e. any remainder) is 0. 



Examples. , 

[Note. — The pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice what method is 
most expeditious.] 

(1.) 2a: + 7y=41, (2.) a;-hl5y=49, (3.) 6a;+ 4y=236, 

- 3a; + 4y=42. 3a;+ 7y=71. 3a;+15y=573. 

(4.) 29:r-175=14y, (6.) 188-5a:-9y=0, (6.) 6a?-4=3y, 

87a:-5Gy=497. 13x=57-h2y. 10-h7ir-12y=0. 

(7.) 5y-21= %x, (8.) 7y-3a;=139, (9.) 69y-17a;= 103, 

13a:-4y=120. 2x-f5y= 91. 14x-13y=-41. 

/^/v\ x—% 10--.T y—lO ,^^v , , ,. 

(10.) — ,— = =^-j-, (11.) abx+cdy='ly 

2y + 4 4.r+y-fl3 d—b 
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(12.) ^-=^, (13.) (* + c)(a:+^--J)+a(y+a) = 2aS 

(14.) -^ + JL = 2a, and ^ = 1. 

(15.) 2.4a;+J2y— ^~T =.8^+ ^g— ^, "3 = ^ > 

2a; 5y Srs ^ 

(16.) — -— - — ■ ^,.3 = 2, and — --^ = ^. 
^ ' 7 23 ' x + yS 

i 2 

a''-) -+^ = 5^ (18.) -+-=19, (19.) -+A=m +n, 
^ ' oo; jfty ^ ' X y ^ ' nx my ' 

J- =2. =7. - + -= w« +M*. 

ax oy ^ y ^ y 

20. Eliminate x between the following: 5a;+y=105 and x-\-Zy 
=35 ; also J(2a;+3y)=8- Jo; and 11 +.y=i(7y-3a;) ; also \{y-%) 
~i(10-y)= K^ -1^) »"^ i(^^+4) - i(2y+;e) = \{y + 13) ; also 
a;« +6a;y=144 and 6«y + 36y*=432 ; also x^ +y»=2728 and a;«— ay 
+y»=124; also rc*+x*y + a;»y*+a;y'+y*=l and a;* +y*=2; also 
a?+y+ay=^**iuid a?*+y*=:52. 

SOLUTIOK OF THE LAST. 

a;+y+ay-34 ) a;«+y«~52|^+34— y_ 

(l+y)ir+y-84 ) (l+y)a:« + (l+y)y»-52(l+y) 

(1 +y)a;* +a;y— 34a: 

(34~y)a;-f(y»-52)(l+y) 
(1 +y)(34-y)a: + (y« -52)(1 +y)* 
(l+y)(34-y)y~(34~v)» 
Equation sought, (34--y)8 + {y«-52)(l+y)*=:0. 

[NOTB. — ^Th<» eqilMoiis resulting from the elimination in several of the above 
tmm UB of degSBM higher than the first, and hence their resplutipn is not to 
be expedad at this stage of the student's progress.] 

7 
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Appligatioks. 

1. A wine merchant has two kinds of wine, one worth 72 cents a 
qnarty and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth 60 cents a quart? 

2. A crew that can pull at the rate of 12 miles an hour down the 
stream, finds that it takes twice a,s long to row a given distance up 
sti^am as down. What is the rate of the current ? 

3. A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an liour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 

4. A man puts out ^10,000 in two investments. For the first he 
gets 5^ and for the second 4^. The first yields annually $50 more 
than the second. What is each investment? 

[Note. — Generalize the statement and Bolution of the preceding problems.] 

6. Wliat fraction is that whose numerator being doubled and de- 
nominator increased by 7, the value becomes | ; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes |? 

6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits; and if 18 be added to it, the 
digits will be inverted. What is the number? 

7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of lettert. If 
we wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page ? and how many letters in each line ? 

8. A sum of money put out at simple intei*est amounted to $5250 
in 10 months, and to 95450 in 18 months. What was the principal^ 
and what the rjite ? „ 
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9. In an alloy of silver and copper, — of the whole + p ounces 

was silver;, and — of the whole — q ounces was copper. How many 
ounces were there of each ? 

10. When a is added to the greater of two numbers, it is m times 
the less; but when b is added to the less, it is n times the greater. 
What are the numbers? 

11. When 4 is added to the greater of two numbers, it is 3^ times 
the less ; but when 8 is added to the less, it is ^ the greater. What 
are the numbers? Solve by substituting in the results of the pre- 
ceding. 

12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours ; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern? 

13. A banker has two kinds of change ; there must be a pieces of 
the first to make a crown, and b pieces of the second to make the 
same : now a person wishes to have c pieces for a crown. How many 
pieces of each kind must the banker give him ? 

Ans., -\ of the first kind, -\ of the second. 

b—a b—a 

14. An ingot of metal which weighs n pounds loses je? pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may call M and M' ; now n pounds of M loses q pounds 
when weighed in water, and n pounds of M' loses r pounds when 
weighed in water. How much of each metal does the original ingot 
contain ? 

Afis^ ^^^ ""^ pounds of M, ^^^ pounds of M', 
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SECTION III. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH MORE 

THAN TWO UNKNOWN QUANTITIES. 

43, JPvob* — Having given several independent^ simidtaneous^ 
simple equcUiofis^ involving as many xmknoton quantities as there are 
equations, to find the values of the ttnhnow^ qttantities, 

RULE, — Combine the equations two akd two dy axy of 

THE METHODS OF ELIMINATION, ELIMINATING BY BACH COMBINA- 
TION THE SAME UNKNOWN QUANTITY, THUS PBODUCINO A NEW SET 
OF EQUATIONS, ONE LESS IN NUMBER, AND CONTAINING AT LEAST 
ONE LESS UNKNOWN QUANTITY. COMBINE THIS NEW SET TWO AND 
TWO IN LIKE MANNEBy M.IMINATING ANOTHER OF THE UNKNOWN 
QUANTITIES. BePEAT THE PROCESS UNTIL A SINGLE EQUATION IS 

found with but one unknown quantity. solve this equation 
and then substitute the value of this unknown quantity in 
one of the next preceding set of equations, of which there 
will be but two, with two unknown quantities, and there 
will result an equation containing only one, and that 
another of the unknown quantities, the value of which 
can therefore be found from it. substitute the two values 
now found in one of the next preceding set, and find the 
value of the remaining unknown quantity in this equation. 
Continue this process till all the unknown quantities are 
determined. 

Dem. — 1. The combinatioiifl of the equations give true equations because they 
are all made upon the methods of elimination already demonstrated. 

2. That the number of equations can always be reduced to one by this pro. 
cess, is evident^ since, if we have n equations and combine any one of them with 
each of the others, there will be ?^ ^ 1 new ^nations. Combining one of these 
n — 1 new equations with all the rest there will result » — 2. Hence n — 1 
such combinations will produce a single equation ; and as one unknown quan* 
tity, at least, has disappeared from each set, there will be but one left. Q. s. d. 

ScH. 1. — If any equation of any set does not contain the quantity we are 
seeking to eliminate, this equation can be written at once in the next set, 
and the remaining equations combined. 

ScH. 2. — ^In eliminating any unknown quantity from a particular set of 



SIMPLE EQUATIONS WITH 8EYE1U.L UNKNOWN QUANTITIES. 101 

equations, ai^y one of the equations may be combined with eaeh of the 
others; and the new set thuff formed. But some other order may be prefer- 
able as giving simpler results. 

ScH. 3. — It is sometimes better to find the values of aU the unknown 
quantities in the same way as the first is found, rather than by substitution. 



« 




1. 




Examples. 
2. 


3. 




X 


+ y 


+ z 


= 31, 


«+ jr+ z=i% 


2x + 3jy + 4z = 


:29, 


X 


+ y 


— z 


= 25, 


a? + 3y-.3«=7, 


dx-^2y + oz = 


32, 


X 


-y 


— z 


= 9. 


» - 4y + 825 = 8. 


ix-hSy + 2z = 


25. 



4. 

ix+y+iz=39. 



5. 

a;+^y=100, 
y+i«=100, 
2+Ja!=100. . 



a;=;64; 

)■ y=72; 

«=84 



?^+2.=8. 1 



x + 2y—oz=2y 
^+ z=2. 



X 

z 



=3; 
=2; 
=1. 



7. 
, x-^ z 

y + -3- 



= 80, 



= 85, 



= 86. 



8. 

ay + bx 



= c 



ex + ax = b, 



bz+cy^a. 



9. 



3 

z 



2 

y 



X » 



3 

? 

2, 

4 
S' 



10. 

y+a=2y% 

a;+2:=3x2, 
a;+y=4a?y. 



IL 

« X 



12. 
a;+y+«=0, 

(J+c)2;+(c+a)y-f (^« + J)2=0, 

Jcx -f cay + «&;?= 1. 



13. ary2;=a(y;»— «a?— .T5r)=J(2;a;— ay— yi?)=c(a?y— ya;— «r). 
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14. 15. le. 

3w— 2y= 2, 3a;— 4y+32;+3iy— 6w=ll, «+r+a;+y=10, 

5x-'7z=n, 3a:— 5y + 22— 4t( = ll, u+v+x+z = n, 

2a;+3y=39, lOy-35? +3w— 2v= 2, w+t;+y+«'=12, 

4y +351=41. 6Z'h^u + 2v—2x= 3, tt+a;+y.+i5=13, 

6w— 3t;+4a;— 2^= 6. v +a;+y+^=14. 

17. x+y+z=a-^b-\-Cf bx-{-cy+az=cz-hay-hbz=a* + J» +c** 



Applications. 

1. Three persons. A, B, and C, were talking of their guineas; 
says A to B and C, give me half of yours and I shall have 34 ; says 
B to A and C, give me a third part of yours and I shall have 34; 
says G to A and B, give me a fourth part of yours and I shall have 
34. How many had each ? Ans^ A 10, B 22, C 26. 

2. For $8 I can buy 2 lbs. of tea, 10 lbs. of coffee, and 20 lbs. of 
sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 lbs. of sugar, or 3 lbs. 
of tea, 5 lbs. of coffee, and 10 lbs. of sugar. What are the prices ? 

3. A person possesses a certain capital which is invested at a certain 
rate per cent. A second person has £1000 more capital than the 
first and invests it at one per cent, more; tlius his income exceeds 
that of the first person by £80. A third person has £500 more 
capital than the second, and invests it one per cent more advan- 
tageously ; and thus receives £70 more income. Find the capital of 
each and the rate of investment 

4. Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of tlie rest shall each be equal to a. 

5. A number is represented by 6 digits, of which the left-hand 
digit is 1. If the 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 

6. A man has £22 14s. in crowns (5«.), guineas (21^.), andmoidores 
{27s.) ; and he finds that if he had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 6s.; but if he had 
as many crowna as moidores, and as many moidores as crowns, he 
would have £45 16s. How many of each has he ? 
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7. A person has four casks, the second of which being filled ft-om 
the first, leaves the first 4 full. The third being filled from the 
second, leaves it J full ; and when the third is emptied into the 
fourth, it is found to fill only ^ of it. But the first will fill the third 
and fourth and have fifteen quarts remaining. How many quarts 
does each hold F 

8. A^ B, C, and D, engage to do a certain work. A and B can do 
it in 12 days, A and D in 15 days, and i) and C in 18 days. B and 
commence the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would eiich have required to do the entire work? 
Solve with one unknown quantity, as well as with four. 

9. A person sculling in a thick fog. meets one tug and overtakes 
another which is going at the same rate as the former ; show thatr it' 
a is the greatest distance to which he can see, and b, V are the dis- 
tances that he sculls between the times of his first seeing and of his 

^u 4 2 1.1 

passing the tugs, - = ^ + t>. 
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OHAFTEB n. 

RATIO, PBOPOBTION, AND rBOGMESSIONm 



SECTION I. 

RATIO. 

44. Mtxtio is the relative magnitude of one <}nantitj as com- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
named is called the Antecedent, and the second the Conseqneni. 
Taken together they are called the Terms of the ratio, or a Couplet. 

45. The Sifffl of ratio is the colon, : , the common sign of 
d>^sion, -r, or the fractional form of indicating division. 

The last form is coming into use quite generally, and is to be preferred. 

40. Cob. — A ratio being merely a fracti(yn, or an unexecuted 
problem in Division, of which the aiitecedent is the numerator^ or 
dividend^ and the consequent the denominator^ or divisor^ any changes 
made upon the terms of a ratio produce the same effect upon its value, 
as the like changes do upon the value of a fraction, when made upon 
its corresponding tenuis. The principal of th^se are, 

1st. If both terms are midtiplied, or both divided by the same 
number, the value of the ratio is not changed. 

2d. A ratio is multiplied by muUiplying the antecedent^ or by 
dividing the consequent, 

3d. A ratio is divided by dividing the antecedent, or by multiply- 
ing the consequent, 

* There is a common notion ninoi>p up thnt the French exprew « ratio by dividing the con- 
peqnciit by the antecedent. whWe the En«rMsIi express It as above. Snch is not the fact. 
French. Gennnn. and Em^IiKh writers ngnu iu the above d-finitlon. In flu:r, tbe G<'rmans very 
generally use the sij;u : instead of ^; and by all, tlie two signs arc ased aa exact fqutvalouis. 



EATIO. 105 

4:11. A IHred Ratio is the qnotient of the antecedent divided 
by the consequent, as explained above, {44). An Indirect or 
Reciprocal Ratio is the quotient of the consequent divided by 
the antecedent, t. «., the reciprocal of the direct ratio. A ratio is 
always written as a direct ratio, 

48. A ratio of Greater Ineqttality is a ratio which is 
greater than unity, as 4 : 3. A ratio of Less Inequality is a 

ratio which is less than unity, as 3 : 4. 

49. A Compound Ratio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a : d, 
c\ d^m : n. is acm : bdn. This term corresponds to cmnpound frac- 
tion. A compound ratio is the same in effect as a compound fraction. 

50. A Duplicate Ratio is the ratio of the squares, a tri- 
piieatef of the cnbes^ a subduplicatef of the square roots, and 
a subtriplicatef of the cube roots of two numbers. Thus, a* : i*, 

a* : 6', Va : VJ, and ^/a : y/b. 



Examples. 
1. What is the ratio of 8 to 4? of 4 to 8 ? of ^to f ? of 5a«m 

to3am? of a;«-y« toa:-y? of|to4? of-to^? of ^?^ 
tof±*? 

1 — « 

2. Write the inverse ratio in each case in the last paragraph. 

3. Reduce the following to their lowest terms : 85 : 187, a* — i* 
: a* - **, 12(a - x)^ : 6(a« - x*). 

4. What is the duplicate ratio of 3 : 5, of a : J ? Wliat the tripli- 
cate ? What the subduplicate of 26 : 16 ? of 3 : 7 ? of m : n ? What 
the sub triplicate of 729 : 1728 ? of a: : y ? 

5. Which is the greater, the compound ratio of |:{ and 5:4, or 
the inverse triplicate ratio of 3 : 2 ? 

6. Prove that a ratio of greater inequality is diminished by adding 
the same number to both its terms. How is it with a ratio of less 
inequality ? How with equality ? 

7. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
ooins and 10 nlver ones, what is the ratio of their values ? 
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8. PravethAt a* — X*: a* -{-x* > a—xia+z. Is a:*4-y'2ar«+y* 
greater, or less, than x* + y« : a: + y^ 

9. Prove that 4a» — da*x — -kix* + 3a;» : 3fl» — 2a* x — 3ax* + 2a;» 
is equal to 4a — 3x : 3a — 2x. 

10. Prove that, if a; be to y in the duplicate ratio of a to i, and a 
to i in the subduplicate ratio of a + 2; to a — y, then will 2x : a 
=zx-y:p. 



SECT/ON II. 

PROPORTION. 

. til. Proportion is an equality of ratios, the terms of the ratios 
being exprt'ssed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, ::. 

fi c 

Sen. — The pupil should practice writing a proportion in the form y = t, 

still reading it **a is to & as <; is to d.''^ One form should be as familiar as 
the other. He must accustom himself to the thought that a :h :: e : d means 

'^ = 'Lmdnothwgfnare. 
o a 

52. Tli^ Extremes (outside terms) of a proportion are the 
first and fourth terms. The Means (middle terms) are the second 
and' third terms. 

53. A Mean Proportional between two quantities is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 

54. A Tliird Proportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 

65. A proportion is taken by Inversion when the terms of 
each ratio are Avritten in inverse order. 

5G. A proportion is taken by Alternation when the means 
are made to change places, or the extremes. 

57. A proportion is taken by Compositi4>n when the sum of 
the terms of eacli ratio is compared with either term of that ratio, 
the same order being observed in both ratios ; or when the sum of 
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the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 

58. If the differe^ice instead of the sum be taken in the last dvii- 
nition, the proportion is taken by Division. 

59. Four quantities are Inversely or Reciprocally Proportional 
when the first is to the second as the fourth is to the third, or as the 
reciprocal of the third is to the reciprocal of the fourth. 

60. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
T\\\xB \i a\b\\h\c\i c\d:\ die, \9e have a continued proportion. 



aim Prop. 1. — In any proportion the product of the extreines 
eqitals tJieprodxtct of the means. 

Dbm. — If a'.hweid then ad = b6. For a\h\ieid\B the same as - = 3, which 

a 

cleared of fractions becomes ad = bc. q. E. D. 

02. Cob. 1. — The square of a mean proportional equals t/ie pro- 
duct of its extremes, atid hence a mean proportio^uU itself equals the 
square root of the product of its extremes. 

If aim ::m:d,hy the proposition m* = ad. Whence extracting the square 
root of both members, m = Vod. 

63. Cob. 2. — Either extreme of a proportion equals the product 
of the means divided by the other extreme ; and, in like manner, 
either mean eqttals the product of the extremes divided by the other 
mean. 



64. Prop. 2. — J^ the product of two quantities equals the pro- 
duct of two others, the two former may be made the extremes, or the 

means of a proportion, and the two latter the otha* tei*ms. 

ni n 
Dem. — Suppose my = tix. Dividing botli members by xy, we have — = -, 

X y 

i. e.,in:x ::n:y. In like manner dividing by mn we have - = — , i, e., y:n 
I'.x'.m. 



Deduce each of the following forms from the relation my = nx : 

1. m: X :: n: y. 

2. m : n :: X :,y. 
8. y : ti :: X :m. 
4. X : y ::m:n. 



5. y : X :: n: m. 

6. X :m:: y :n. 

7. n:m:: y :x, 

8. n: y ::m:x. 
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6S. Cor. — If foxtt quantities are in propoi^Hon^ they ctre M pro* 
portion by alternation and by inversion. 



66. Prop. 3. — If four quantities are in proportion, thepfopor- 
tion is not destroyed by taking equal muUipies of 

Ist Tlte terms of the same couplet, 

2d. 77ie antecedents, 

3d. ITie consequents, 

4th. All the terms. 

Demonstrate these facts from the nstnre of a proportion as an eqaality of 
ratios. 

€7* ScH. — Observe that such changes, and only such, mitj^ hf^ made upon 
tlie terms of a proportion without destroying it, as 

1st. l)o not change the talu£8 of the ratios, 

2d. Change both ratios alike. 

QuiERT. — If the first term of a proportion be divided by any nnmbet, in what 
ways may the operation be compensated for so as to preserve the proportion ? 



68. JProp. 4. — The products or the quotiefits of the correspofid- 
ing terms of two {or more) proportions are proportional to each 
other. 

Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotientr. 

69. Cor. — Like powers, or roots, of proportionals are propor- 
tional to each other. 

How does this corollary grow out of the proposition Y 



70. "Prop. S. — If two proportions have a ratio in one equal to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. 

Demonstrated on the asiom that things which are equal to the same thing 
are equal to each other. 



71. Prop. 6. — Any proportion may be taken by composition, 
or by division, or by both at once, without destroying it. 



FBOFOBTIO!!. KfBf 

DkiC — ^If aib::€:4. 



We may write by 
compofiition. 



a-^ b:b ::e -^ d:d, (1) 

a -^ b : a : I € + d : e, (2) 

a + e : a : : b -{- d I b, (3) 

y^ a + e :e I'.b + d : d. (4) 

By division, we may write the same forms with the — sign iastead of the + • 

By ocmiposition and 
division 
time, 



By compoeition and ( a + b:a-b.:c + d -.e-d, 
division at the saiiie < .^ ^ . ^ 

time, we may write. [a + c:a- c::b + d:b-d. 



Tliese forms may all be verified by representing the ratio of a to 6 by r, 

a 
whence -r = r, or a = r&y and since tlie ratio of e to <{ is tlie same as tliat of 

a to b, — = T, OT e == dr, and then sabstitnting in each of the above forms these 
a 

valaes of a and e, Thas, the Ist becomes br-^bibiidr-hdid, which ratios are 

equal, sine« each is t + 1. Let the student verify the other forms in tlM same 
way. 

QUJCRIES. — ^If a :b::e: d,iBa±b :a::e±d: 6? Is a-hbie+diia—e : 6— <f? 

72. Cob. — ^ there be a series of equal ratios in the form of a 
cofitinned proportion^ the sum of all the antecedents is to the sum of 
all the canseqnentSj as any one antecedent is to its consequent, 

1>BM, — ^If a:b::e:d::e :f: :ff:h,etc., rt + <j-»-«+^+etc. : Jfrf+Z+^ + etc. 
: : a : 6, or c:d,or e:f,otg :h, etc. Substitute for a br,tor e dr, for e ft, for 
g hr, and we have 

^r + (ft* +/r+Ar+ etc. : &+<f+/+A+etc. ',: br '. b, 

in which the ratios are seen to be equal, since each is r. 

7^» 8c?H. — The method pursued in the demonstration of the preceding propo- 
sition wiU be found sufficient in itself to test any proposed tranrformation of a 
proportion. We will give a few examples : 

1. If rt : 6 : : ^ : rf, prove as above that ad = Ic, 

Suo. — ^By substituting as above we have the identity brd = bdr» 

% Ita:b:: c:df prore as above that a:c::b: d, and b:a:: d : c* 

3. Itaib:: cidy and m : n :: z : y^ prore as abore that am : bn :: 
ex: dy. 

SU(l*s.-.Let l = r, whence 1 = r ; and - = r', whence - = r'. Substitute 
b d n y 

ing for a hr, iot c dr, iot m nr', and t<n »yr',in the proportion to be tested, it 

is riiowu to l>e true. 
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4. Ityi — x: ^ -{- x::b — y : b -{- ^y show that 2x: yMaib. 

vH — m ft mm 

Sue's. — From | = r find x in terms of a and r, and from . — ^ = r find v 

ia + X d + y ' 

in terms of b and r. 

5. If a lb i:p: a, prove that «•+*•: r ^ ^ P* + (7* : ^ . 

^^ a + *^ i' + g 

6. Four given numbers are represented hj a, b,c,d; what quantity 
added to each will make them proportionals? 

J be — ad 
Ans^ ; -. 

a — b — c + a 

7. If four numbers are proportionals, show that there is no num- 
l>er which, being added to each, will leave the resulting four num- 
bers proportionals. 

8. If a : J : : c : ^, show that ma \mb\x c\d\ a:b::mc: md; ma : 
b ::m^: d; a: mb : : c : md ; and ma : nb :: mc: nd. 



A PPLICATIONS. 

[Note. — The first five of the following examples should be solved without 
converting tlie proportions into equations.] 

1. A merchant having mixed a certain number of gallons of brandy 
and water, found that if he had mixed 6 gtillons more of each, there 
would have been 7 gallons of brandy to every C gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
C gallons of brandy to every 6 gallons of water. How much of each 
did he mix ? 



Solution, a; + 6 

Ilencc ^ — y 

Hence y + 6 

Substituting, a; + 6 



y + 6 : : 7 : 6, and «— 6:y — 6::6:5. 

y + 6 : : 1 : 6, and a? — y : y — 6 : : 1 : 5. 

y — 6 : : 6 : 6, or 2y : 12 : : 11 : 1, or y : 60 : : 1 : 1. 

72 : : 7 : 6, or a? + 6 : 6 : : 14 : 1, or a; : 6 : : 18 : 1, or : 

1::78:1. 



2. Find two numbers, snch, that their sum, difference, and pro- 
duct, may be as the numbers 5, rf, and j!;, respectively. 

SoiiUTiON. X ■\- y '.x — y.', »:d, and a; — y : ay. : d : p. 
Hence « : y : : « + rf : » — d, and « : y : : da; + p : p. 

Hence dx-\-p :p:: »+d -. 8 ^ d,or dx . p w %d :% — d,Gt x ; p : x % : « — d, 

20 
opa?:! ::2p:4 — d, t.0.a; = ■"^> 
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3. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13 ; and if the digits be inverted, their 
diflference will be to the number expressed as 2 to 31. 

4. Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
divided by the greater, as 16 to 9. 

6. Find two numbers whose difference is to the difference of their 
squares as vi : n, and Avhose sum is to the difference of their squares 
SL8 a: b. 

[Note. — In the following, use the proportion more or less, as is found ex- 
pedient.] 

6. The sides of a triangle are as 3 : 4 : 5, and the perimeter is 480 
yards: find the sides. 

7. A fox makes 4 leaps while a hound makes 3 ; but two of the 
hound's leaps are equivalent to 3 of the fox's. What are their relative 
rates of running? 

8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 
hour. How far must the second courier travel before he overtakes 
the first ? 

9. There ai*e two places, 154 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 
in two hours, and the other at the rate of 5 miles in four hours. How 
long, and how far, did each travel before they met ? 

10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 75 miles a day. In what time will he overtake 
the former? 

11. Two travellers, A and B, set out at the same time from two 
different places, C and D ; A from C to D, and B from D to C. 
When they met, it appeared that A had gone 30 miles more than 
B ; also, that A can reach D in 4 days, and B can reach C in 9 days. 
Required the distance from C to D. 

12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to 
the greyhound's 3 ; but two of the greyhound's leaps are as much as 
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three of the hare's. How many leaps immt the grejrhotrud take to 
catch the hare ? 

13. A runner left this place n days ago, at the rate of a miles 
daily. He is pursued by another, at the rote of b miles a day. In 
how many days will the second orertake the first ? 

A ^^ 

— a 

14. Find the time between 3 and 4 when the hands of a watch are 
opposite each other. When they are at right angles to each other. 
When they are together. 

15. How often does the minute hand of a watch pass the hour 
hand ? How often at right angles ? How often opposite ? 

16. Do the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together betAveen each two hours of 
the 12 P If there are exceptions point them out, and show why they 
occur. 

17. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes ; and it is observed that 
the time before shown is to the true time as 29 to 105. Required 
the true time. 

^f"'^^ IS. Two bodies move uniformly around the 

circumference of the same circle, which measures 
« feet When they start, one is a feet before the 
other; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other's motion ? When will they puss if 
the first starts t seconds before the secontl, and M > m ? Wlieu if 
M < wi ? When will they pass if the first starts t seconds later than 
the second and M > ?7z ? When if M < «i ? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first ? If they move from each other, or over the arc 
s — a first ? When will they meet if the first starts t seconds before 
the other, and they move toward each other, or over the distance a 
first ? If they move from each other, or over the arc .<? — ^ first ? . 
If they move in opposite directions, and the first starts t seconds 
later than the second ? When tliey move over themrc a first? When 
they move over the arc 5 <*^ /i^ first? 
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. 1^ Ihib' foioe of gmyitation is inTersely as the 'squam of the dis- 
tasHXf from the centre of the earth. At the distance 1 from the 
centre of the earth this force is expressed hy the number 32.16. By 
what is it expressed at the distance 60 ? Ans.^ 0^089. 

30; If the Telocity of one body moying arcmnd another is propOF^ 

tional to unity divided by the duplicate of the distance, and the 

Telocity be represented by v when the distance is r, by what will it 

be expf^sed when the distance is r' ? 

- r*v 
^^'9 --FT* 



SECTION III. 

PROGRESSIONS. 

74^ A JProffreS^ton is a series of terms which increaise of de- 
crease by a common difference, or by a common multiplier. Tl>e 
former is called an Arithmetical, and the latter a Geometrical Fro^ 
gre^mon. A Progression is Ina*ee$sinff or Decreasing aeoording a» 
the terms increase or decrease in passing to the right The term» 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectiTely. In an Arithmetical Progression the 
common difference is added to any one term to produce the next term 
t<> the r^t* If Ae progression is decreasing the common difference 
is nUmiB, In an increasing Geometrical Progression the constant 
mnltiplior by which each succeeding term to the right is produced 
from the ])receding is more than unity ; and in a decreasing progres- 
sion it is less than unity. This constant multiplier in a Geometrical 
Progression is called the Ratio of the series. 

75. The character, ••, is used to separate the terms of an Arith- 
metical Progression, and the colon, : , for a like purpose in a Geo- 
metrical Progression. 

ILiLTJSTSATIONS. 

1 •• 3 •• 5 •• 7, etc, etc., is an increasing Arithmetical Progression with a common 

difference 3, or + %, 
15.. 10 "9 "O- — 5, etc., etc., is a Deereasii]^ Antametical Piogfewi ion with a 

common difference — 5. 
a--a±d-'a±2d"a± 8ff, etc., etc., is the general form of an Arithmetical 

Progression, ± d being the common difference. 
2< 4 : d : 19, etc., etc., is an increasing Geometrtcal Progression with ratio ». 
19 : 4 : 1 : i : A> etc., etc., is a Decreasing GeonMftActd PWgr0fl0i(M i«i<il Mtiio i 

8 
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a:ar: or' : tfH : aid, etc., etc, is the general foim of a Oaometrical P ro giw - 

Bion, r being the ratio, and greater or leee than unitj, 
acoorcUng as the series is increasing or decreasing. 

76. When three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is equal to half their sum. 

III. — If a "b '•€,!) is the arithmetical mean between a and e ; and since b^a 

= c — 6, b = \(a+ e). 

77» When three quantities taken in order are in geometrical pro- 
gression, tlie second is the Geometric Mean between the other two, 
and is equal to the square root of their product. 

Let the student iUostrate. 



78. There are Five Things to be considered in any progression ; 
tIe., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, any three of which 
being given the other two can be found, as will appear from the sub- 
sequent discussion. 

Arithmetical Progression. 

79. Prop. 1. — The formula for finding the niA, or last term of 
an Arithmetical Progression; or, more properly^ theformtila esepress- 
ing the relation l>etween the first term, the nth term^ the common dif" 
ference, and the number of terms of such a series, is 

1 = a + (n - l)d, 

in which a is the first term, d the com.mo7i difference, n the number 
of terms, and 1 the nth or last term, d being positive or negative 
according as the series is increasing or decreasing. 

Dbm. — According to the notation, the series is 

a '• a + d " a -h 2d '• a -^ Sd " a •{■ 4d " a + M, etc., etc. 

Hence we observe that as eacli succeeding term is produced by adding the com- 
mon difference to the preceding, when we have reached the nth term, we shaU 
have added the common difference to the first term n—1 times ; that is, the nth 
term, ot 1 = a + {n — l)d. Q. E. D. 

ScH. — ^As tliis formula is a simple equation in terms of a, Z, n, and d, an/ 
one of them may be found in terms of the other three. 



ABITHMBTIOAL PBOaBSSSIDN. 115 

80. Prop. 2.— The formula for the sum of an Arithmetical 
JProgressioTij or expressing the relation between the sum of the series^ 
the first tei'nij last term^ and number of terms, is 

s representing the sum of the series^ a the first term^ 1 the last term^ 
and n the number of terms. 

Dem. — If I is the last term of the progression, the term before it is / — tf, and 
the one before that l-'2d,etc. Hence, as a"a + d''a+2d--a-^3d 2 re- 
presents the series, I " l—d •- l—2d -'l—Sd a represents the same series 

reversed. Now the sum of the first series is 

s=a-\-{a-^d) + {a + 2d)+ - - - (I ~-2d)-i-{l^d)+l; 
and reversed «=i 4-(i — (l)+(i — 2d)+ - - - (a + 2(f) + (a + d)+a. 

Adding 3»=(a+0 + (a+0 +(a+Q+ - -{a + l) + {a+l) + {a+l}. 

If tlie number of terms in the series is n, there will be n terms in this sum, each 

of which is {fi + l); hence 2s =(a+fl/i,or « = -g- \n. q. k. d. 

8cH. — This formula being a simple equation in terms of «, a, 2, and ti, 
any one of the four can be found in terms of the other three. 



81. OoR. 1. — Formtdas 

(1) l=a+(n-l)d, and 

(2) 8 =1 -— Jn, being two equations between 

the five quantities^ a, 1, n, d, and s, any two of these five can be found 
in terms of the other three. 

82. OoR. 2. — TheformiUafor inserting a given number ofarith* 

metical means between two given extremes is d= t> *^* which m 

rq^n'esents the number of meatis. From this d, tJie common differ- 
encej being found, the terms can readily be written, 

Dkic. — ^If a is the first term and I the last, and there are m terms between, 
or m means, thei« are in all 9» + 2 terms. Hence, substituting in the formula 

I— a 
l=:a + (»- l)d, for n, m + 2, we have lr=a +{m + 'i)d. From this d=:-^. Q. b. d. 
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83. Formula in Arithvstigal Progrbssion". 

[It will afford a good exercise for the student to solve the fbllowing esses od 
review, after having gone through Quadratics ; though no importance need he 
attached to remembering the results, as the fundamental formulas 

(1) /=a+(n— l)d, and (2) «=r~2~Jw, 
are sufficient to resolve all cases.] 



NUMBBR. 


GIVKN. 


BEQUIRBD. 


roBMm.AR. 


1. 
2. 

3. 
4. 


a, d, n 
a, d, S 

a, n, S 
d, n, S 


I 


l=«+(n-l)d, 


«=-W±\/J2tfS+(a-id)«}, 
, 2S 
n 
^_S^(n-l)<« 
n 2 


5. 
6. 

7. 
8. 


a, d, n 
<f, d, I 

a, n, I 
d, n, I 


s 


S=ifi{2a+(n-l>«}. 

l-ta l*-^a* 
®- 2 ^ M ' 

S=in{2/-(n-l>«}. 


9. 
10. 

11. 
12. 


dt fi, I 
d, n, S 

d, h S 
n, I, S 


a 


a=i-(n-l)rf, 
S_(n-l)d 
^"n 2 ' 


a=Jd±>^(/+td)«-2dS, 
a= — — ft. 


13. 
14. 
15. 
16. 


a, n, I 
a, n, S 
a, I, S 
n, I, 8 


d 


2(S-»«). 
"- n(»-l) 


a(«/-8) 


17. 

18. 
19. 

20. 


a, d, I 

ft, d, S 
a, I. 8 

d, I. 8 


n 


n- ^ +1, 


± Vfaa-d)* +9dB—%a+d 


38 
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Examples. 

1. Find the ^Isfc term of 3 •• 7 •• 11 •• etc^ and the sum of these 
terms. 

2. Find the 24th term of 7-6"3- etc., and the sum of these 
terms. 

3. Find the nth term of i-f-f- etc., and the sum of the n 
terms. 

4. Find the nth term of — ^ •• -^^-- etc., and the sum 

n n n 

of the n terms. 

5. Insert four arithmetical means between 193 and 443. 

6. Prove that the snm of n terms of 1 •• 3 •• 5 •• 7 •• etc., is to the 
sum of in terms as 7i* : m*. 

7. What is the first term of an arithmetical progression whose 
59th term is -2^, and 60th -IJ ? Whose 2d term is f and 55th 5.8? 

8. How many terms in the progression whose common difTer- 
ence is 3, first term 5, and last term 302 ? 

9. Insert three arithmetical means between m and n. 

10. Produce the formula for inserting m arithmetical means be- 
tween a and b, viz., 

am-\-b am— a + 2^ bm^b-^2a bni + a , 

ni + l w + 1 m+\ m-hl 

11. If a body falling to the earth descends a feet the first second, 
da the second, 5a the third, and so on, how far will it fall during the 
tth second? Ans., (2/ — l)a. 

12. If a body falling to the earth descends a feet the first second, 
3a the second, 5a the third, and so on, how far will it fall in / 
seconds ? An8.y at*. 



Geometrical Progrkssiok. 

84. Prop. 1. — The formula for fijiding the wth, or la^t term 
of a f/eometrical proffression ; or, more properbf. the formula ex- 
pressing Hie rdation beiwee^i the first term^ the uth term, the ratio, 
and the number of terms of such a series, is \= ar'"*, in which 1 is 
ihekuft^ or lUh term, a thefirsi Urm^ r t?^ raiio^ and n the number of 
termM. 
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Dkm. — Letting a represeut the first term and r the ratio, the aeiiefl is 
a-.ar: ar* : ar^ : ar* : etc. Whence it appears that any term conmsts of the 
first term multiplied into the ratio raised to a power whose exponent is one 
less than the number of the term. ITierefore the nth term, or i = ar*- *. q. K. D. 

85. JProjJ^ 2. — The formula for the sum of a geometrical pro- 
gresaimi^ or expressing the relation between the sum of the series, the 
first termy the ratio, and the number of terms is 

aif — a 

r — 1 

in which s represents the sum, a the first term, r the rcUio, and n the 

number of terms, 

Dem.— The sum of the series being found bj adding all its terms, we have, 
» = a + ar -\' ar^ + ar* + -- ar*-* + ar*-"* + ar*-^y and multiplying by r, 
r»=: gr + ar* + or* + - - ar*-* + ar*-* + ar*"^ + gf. Subtiacting, 

r« — # = ar* — a, or 

ar* ~~* a 

(r — 1)« = ar* — a, and % — ^. <^ E. D. 

r — 1 

86. Cor. 1. — Fwmulas 

(1) 1 = ar»-*, and 

ftT* ^~ a 

(2) 8 = r- being two equations be- 
tween the five quantities^ a, 1, r, n, and s, are sufficient to determine 
any two of them when the others are given, 

87. Cor. 'Z,— Since 1 = ar" "S Ir = ar", %ohich substituted in {%) 

Ir — ~ a 
gives s = — — r- ; which formula is often convenient, 

88. Cor. 3. — The formula for inserting m geometncal means 

m + l/J" 

between a and \ is v = y -. 

^ a 

89. Cor. 4,— The formula for the sum of an if\finite decreasing 

geometrical progression w s = ^ -. 

Dbm. — Since in a decreasing progression the ratio is less than unity, the last 
term, ar**-\ is also less than the first term, and numerator and denominator of 

the value of #, —-^, become negative. Hence it is well enough to write the 

r — 1 

formula for the sum of such a series 8 = z , tliat is, change the signs of 

1 — r 

both terms of the fraction. Now, if the terms of a series are constantly decreas- 

ing, and the number of tcnna is infinite, we can fix no value, however small, 

which will not be greater than the last, or than some term which may be 

reached and passed. Hence we are compelled to call the last term of such a 

a 

■«ries 0, which makes the formula s = z . Q. E. D. 

1 —r 
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90. Oeometrical Foriculje. 

[In a review, ^tfier thepupU has been through the book, it will be a good exer- 
cise for him to deduce the following formulae from the two fundamental oncp. 
It is not necessarj to memorize these.] 



NUMBKB. 



1. 
2. 

3. 
4. 



5. 
6. 

7. 
8. 



9. 

10. 

11. 
12. 



18. 

14 

15. 

10. 



17. 
18. 
19. 
90. 



oimf. 



a, 
a. 



a, 
r. 



r, 
n. 



a. 



a, 
n. 



a, 
a.. 



n, 









n, 
n, 
I. 
I. 



r, 

I, 
h 



n 

S 

s 
s 



n 
I 

I 

I 



r, n, I 
r, n, H 



S 
S 



I 

S 
8 

S 



s 

8 
8 



BsqumcD. 



S 



rORHULJE. 



,_ a + (r-l)S 
^- r 

(r - l)&r— » 



— /iV«-> = 



a)--* = 0, 



I- 



r" — 1 



8: 
8: 

8= 
8= 



ai^v* — 1) 

"T^i"' 



•— 1 _ «— 1^ 



•—1/1 



.-1 



_» 






A'^fr ^^^ V^^ ' 



r 



a= 



a= 



I 



(r - 1)8 



r«-l ' 
a= W — (r - 1)8, 

a(8-a)-»-/(8-0—' 



= 0. 



' a 



8 8 - « ^ 

r« r + = 0, 

a a 



r= 



8-g 



8 _, I 



8-r 



8-i 



= 0. 



_ logl — loga 



n= 



n= 



n= 



»= 



+ 1, 



^(y [g -f (r — 1)8] — log a 

log r 

logl—log a 



+ 1. 



fofir (8 - a) - fogr (8 - /) 

foy^-foy[fr-(r-i)8] ^^ 
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Examples. 

1. In a geometrical progression the first term is 3, the ratio 6, and 
the number of terms 7. What is the last term ? What the sum ? 

2. Insert 5 geometrical means between 2 and 1458. 

3. Find the 11th term of ^ : ^ : J : etc., and the sum of the 
11 terms. 

4. Find the 7th term of - J : i : — i : etc., and the sura of the 7 
terms. 

5. Insert 4 geometrical means between ^ and ^^. 

6. Find the sum of 3 : ^ : ^ : etc., to infinity. Also of ^ : — ^ 
: etc., to infinity. Also of .54. Also of .836. 

7. If a body move 20 miles the first minute, 19 miles the second, 
18t^ the third, and so on in geometrical progression forever, what is 
the utmost distance it can reach ? An8.y 400 miles 

8. What is tlae distance passed through by a ball, before it comes 
to rest, which falls from the height of 50 feet, and at evi^ry fall 
rebounds half the distance, the time of ascent equalling the time of 
descent? Ans., 150. 

9. In the preceding problem, suppose the body falls 16^ feet the 
first second, 3 times as far the next second, and 5 times as far the 
third second, and so on, how long will it be before it comes to rest ? 

An8.y tV^V579(4 + 3V2) = 10.27657 + seconds. 

10. Find the sum of the following series : 

^— ^+|— T^+ etc., to n terms. 

l+i + i+iV+ ®*^v ^^ 1^ tei-ms. Also to infinity. 

li + .5 + etc., to 12 terms. Also to infinity. 

11. To find what each payment must be in order to discharge a 
given principal and interest in a given number of equal payments at 
equal intervals of time. 

Solution. — Let p zepxesent the principal, r tlie rate per cent., t one of the 
equal intervals of time, n the number of payments (t. e., nt is the whole time), 
and X one of the payments. 

There will be as many solutions as there are different methods of ccnnputhig 
interest on notes ux>on which partial payments have been made. 

1st. By the United JdUOei Court BuIc-^Ab the paynients must exceed the 
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interest in order to discliarge the principal, this rule requires tliat we find the 
amount of p, for time t, at r per cent. This is done by multiplying by 1 + —— , 

and gives pfl + :r^' From this subtracting the payment a*, the new prin- 
cipal is pf 1 + -TTTT ) —X, Again, finding the amount of this for another period 
of time, t, and subtracting the second payment, 

'('nS)'-('*^)-'- 

In like manner, after the third payment there remains 

'('*S"-K-iS)'-K-*^)- 

After the 4th payment, the remainder is 
Finally, after the nth payment, we have 

\ 100/ 
Whence 



x = 



*('*S)-('*i^)'-(-,S)" O^S) 



«-l 



This denominator being the sum of a geometrical progression whose first term 

. / w\ V 100/ - 1 
is 1, ratio 11 + j7g:)» '^ number of terms n, its sum is 



Hence x = 



100 

prt 
100 






^d. Bjf the V&rmont BtUe,^The Mnqx^t of the principal for the whole time 

H' ^ m)- 
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The amount of the Igt payment ia icll 4- ^^n — l)"], 

"3d " *[^ "^ m^* ~ *^]' 

« 8d " ........ *[l+^(»-8)]. 

etc., etc., .-- etc. 

The nth payment (with no interest) is x. 

The sum of the amounts of these payments is 

na; + ^ « [ (n - 1) + (n - 2) + (^ - 8) 1]. 

The series in the brackets being an arithmetical piogresnoa whose first term 
is (n — 1), common difference — 1, last term 1, and number of terms (» — 1), its 

sum is \ ~ )n. Hence the sum of the payments is na; + ——a? ( ^ "" jn, 

or a? L^ H 5 J. But by the condition this sum equals the amount oC 

the principal ; consequently 

r 100^ n /, nrt\ . V 100/ 

100 

SCH. — ^If the payments are made annually, f = 1. And letting f^=: — — , 
t. e.y letting the rate per cent, be expressed decimally, the formulas become. 

By the U. a. Bide, x= Pf'<^J' **')' ; 

^ (1+r')*— 1 

By the' Vermont Bide, x = ^^V/'^^ . 

2»+rn(n— 1) 

12. What must be the annual payment in oi*der to discharge anote 
of 15000, bearing interest at 10^ per annum, in 5 equal payments ? 

Ans., By the U. S. Rule, 11318.99 within a half cent 

By the Vermont Rule, $1250. 

Query. — What occasions the great disparity between the payments required 
by the different rules ? 
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SECTION IV. 

VARIATION. 

91m Variatiofl is a term applied to the consideration of quan- 
tities so related to each other that any change in one makes the 
others change in the same ratio, direct or inverse. 

One quantity varies directly as another, v^hen any change in- the^ 
Litter makes the former change in flie same {direct) ratio. 

One quantity varies inversely as awother, when any change in the 
latter makes the former change in the corresponding inverse ratio; 

Ill's. — The tfiaoiuft earned by a laborer in a given time varies directly as his 
duly wages. The time leqniied to earn a given amount varies inversely as the 
daily wages. 

92. One quantity ysxieajioinily as two others, when any change in 
the product of the latter two makes the former change in the same 
fa^ as tins product. 

III. — The amount a laborer receives varies jointly as his daily Wftges and the 
time of service. 

93. One quantity varies directly as a second and inversely as a 
third, when it varies as the quotient of the second divided by the 
third. 

III. — ^The time required to earn any amount varies directly as the amount, 
and inversely as the daily wages. 

94. The Sign of variation is oc. 

III. — If X varies dfbectfy mfy, we write xccy, and read " x varies as y.'* If x 
varies imereefy as jjp. We write xoc-, and read " x varies inversely as y" li x 

y 

YAYiea jainUy as y and z, we write xcc yz, and read " x varies jointly as y tfnd z.*^ 

If X varies directly as y and inversely as z, we write (Pa—, and read "x vftries 

z 

directly as y, and inversely as e." 

9S^ Pth^. — Veuriatian may cdways he esxpressed in tJieforfn of a 
proportion. 

DEir. — 1st. The expreiBsion x ccy signifies that if x is doubled y is doubled, 
if « is dtividecljf Is divided by the same number, etc. ; i. «., that the ratio of x to 

X 

y is constant. Let m be this ratio, so that — = 971. Therefore x:y : : mil, 

y 
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2d. The expression x oc — signifies that if y is multiplied by any number, a; la 

divided by the same, and if ^ is divided by any number x is multiplied by the 
same. Hence the product of x and y is constant. Let this product be m. Then 
Qcy = nifOT x:l :: m:y. 

8d. X ocyz signifies that the ratio ot x to yz is constant. Let this be m. Then 

x 1 

— =:m,oTx:yz::m:l, or x:y iimzil.or x:z:: my :l,OTx:y :: z:—, 
yz " *' m 

4th. xcx^ signifies that the ratio of a; to i( is constant. Let this be m. Then 
z z 

x: tL::m:l, or x:y::m:z 
z 



Exercises. 

1. If a; a y, and y (x z, show that x a z. 

Dem. — If X ex y, the ratio of a; to ^ is constant. Let this ratio be m. Then 
X = my. In like manner let n be the ratio ot yto z. Then y = nz. Hence 
X = mm. That is, the ratio otxioz is constant, orx ocz, 

2. If a: a — , and y o: —. show that x a z. 

y ^ ^ 

SuG*8. — We may write « = — , and y = — . Hence-a? = — «. That is, the ratio 

y z n 

of a; to 2 is constant, or a; a 2. 

3. lix en z, and y <x —, show that x <x—. 

' ^ z y 

Suo's. X = WW, y = — , .*. « = — , or a? a — . 

4c. IS X Oi y, show that - ex -, and a:;? a y«. 

Ar Z 

X t/ 

5. If a; a y, and z <x n, show that xz a yw, and — a — . 

6. If a; a y, and y* a 2;*, how does x vary in respect to ;8; ? 

7. If a; a y, and for x = S, y = 4, what is the yalue of y for 
a: = 20? ' 

Solution.— Since x ocy, and for ar = 8, y = 4, the ratio of a; to y is 2. That 

is, — = 2. Hence for x = 20, we have — = 2, or y = 10. 

y y 

8. If a: oc —, and for a; = 6, y = 2, what is the value of » for y = 3 ? 

SuG. a; : — : : 6 : - . Hence for y = 3, a? = 4. Or we may reason thus, in 
y 2 

changing from 2 to 3, y increases f times. Then, as x changes in the reciprocal 

ratio, a? = § of = 4. 
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9. If a + boLa — b, prove that «' + J* a ab. 

10. H y = j» + gr, in which p (xx and qcc-; and if when a; = 1, 

4 14 
?/ = G ; and when a; = 2, y = 5 ; prove that y z= -x + ^, 

11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the area varies as the 
altitude ; if the altitude is constant the area varies as the base ; and 
if the area is constant the altitude and base vary inversely. 

12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards? 

13. Given that 8 a ^*, when / is constant; and s oc/, when t is 
constant ; also, 2^ =/, when t = l. Find the equation between /, «, 
and t 

Sua. — The first two conditions are equivalent to saying that s varies jointly as 
t* and f,u e, s ocft* ; since in this expression if / is constant s a t*, and if < is 
constant s oc f. 



SECT/ON V. 

HARMONIC PROPORTION AND PROGRESSION. 

06. Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 

III. 6,4, and 8 are in harmonic proportion, since 6 — 4 : 4 ~ 3 : : 6 : 8. lta,h, 
e are in harmonic proportion, a — b:b^e::a:c. 

97. Def. — ^When three quantities taken in order are in har- 
monic proportion, the second is the Harmonic Mean between the 
other two. 

98. PTop. — If three quantities are in harmonic proportion^ their 
reciprocals are in arithmetical proportion, 

Dem.— If a, b, e are in harmonic proportion, a — b : b — c : : a : c, and 

ae — be = ao — ac. Dividing by abc, we have ^ = r» *• ^ t — • 

^'^ b a 6 b a 6 
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99. Def. — ^The recijHrocals of the terms of an arithmetical pro- 
gression form what is palled a Harmonic Progression. 

III.— Tliufl as 1, 3, 3, 4, 5, 6 is an arithmetical progression. 1, o-, -5-, -r, -=-, s 

/6 o 4 o 

is a harmonic progression. Also if a, b, c, d, etc., constitute a harmonic progres- 

tUm, —, T-, — , -3, etc., constitute ao virithinietical enogsesuon. 
a c a 

100* ScH. — ^The term Harmonic is appUed to such a series, since, if strings 
of the same size, substance, and tension, be taken of the lengths 1, i, i, i, i, i, 
any two of them vibrating together produce harmony of sound. 



Exercises. 

1. If a, J, c, d are in harmonic progression, show that ah: cd : : 
a — J : c — d. 

Bug's. — •• -r •• — •• -?. Hence -r = 3- , or acd — hed = abc — oM. 

abed a a c 

2. Ji a,b, c are in harmomc proportion, show that b {the harmonic 

V 2ao 
mean) = . 

^ a + c 

3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic an^ harmonic means. 

4. To insert ;» harmonic means between a and b* 

Sua. — First find the form of the terms for n arithmetical means between 

-and-. See (5^). Tbe hmiomi^ sen^ is « , !^-^, ____ 

aJ(n + 1) 



an + b 



■,b. 



5. If a and h are the first two terms of a harmonic progression, 

show that the nth term is —. m r; itt' 

a(n — 1) — h{n — 2) 

6. Insert 3 harmonic means between \ and •^. 

Sen. — ^There is no method known for finding the sum of a harmonic 
series. 



PUUj: QUADA4TIG&L 137 



GHAPTEB nL 

QUADRATIC EQUATIONS. 



SECTION /. 

PURE QUADRATICS. 

101m A Quadratic JEqtuUion is an equation of the second 
d^ree (6, 8). 

102. Quadratic Equations are distinguished as Pure (called also 
Incamplete)^ and Affected (called also CmnpUte), 

103. A Pure Quadratic Mqtiation is an equation which 
contains no power of the unknown quantity but the second; as 
ax^ +b = cdy x^ —db = 102. 

104. An Affected Quadratic liquation is an equation 
which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities; as a;* ~ 4a; = 12, 
hxy — a; ^ y* = 16a, mxy + y = b. 

105. A Boot of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 



lOS. Prob. — lb solve a Pure Quadratic JBquation. 

R ULE. — ^Transpose all the teems containing the unknown 

QUANTITY INTO THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
GLEABIKG OF FRACTIONS IF NECESSARY. TrANSPOSK THE KNOWN 
TERMS INTO THE SECOND MEMBER. DiVIDE BY THE COEFFICIENT OF 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 

Drm.— According to tlie definition of a Pure Quadratic, all the terms contain- 
ing the unknown quantity contain its square. Hence they can be transposed 
and united into one by adding with reference to the square of the unknown 
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quantity. Tliat tranepoBition, and division of botli members by the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, t. e. the 
quantity itself. And taking the square root of both members does not destroy 
the equation, since like roots of equal quantities are equal. 

107 • Cob. 1. — Exery Pure Quadratic Equation has two roots 
^numericalli/ equal but loith opposite signs. 

For every such equation, as the process of solution shows, can be reduced to 

the form x* =a (a representing any quantity whatever). Whence, extracting 

the root, we have x= ± V~a ; as the square root of a quantity is both + , and 

- {203, Part I). 

« 
108. Cor. 2. — The roots of a Pure Quadratic Equation may 

both be imaginary, and both will be if oke is. 

For if after having transposed and reduced to the form 7? =a, the second 
member is negative, as ir" = — a, extracting the square root gives a; = + V—a, 
and « = — V—a, both imaginary. 



Examples. 
1. 5ia:«~18a; + 65=(3a;-3)«. 2. 6a;«-9=2a:«-l-66. 

a V«*-a;« x a ^^ — ^"^ 



x'^ X "b' 2iC«+3~4a:8-5' 

__ _1 1 _\^n ^ ;cg^i'>^ .T»-4 

Vo^aj+V^ VoT^— V« ^ 3 4 

7. x^--ax + b=ax{x-'\). 8. 8+3:c« = 5 + 2a;«. 



'■ \/%^'°-\/%^*=^' /«• 



2 + JC 



4+9n 2-a; 
11. 12 + 4(a:« + 12)=(2-a:)(2+a;)-16. 12. «V6+a:«=l4-a;«, 



^^ ax + l^Va^x^ — l ,y ^. ^-hic4-V2«a?+a:* , 
13. — z=^hx. 14. =0. 

fla:+l — va*a;* — 1 a+x^V2ax-^x* 



Applications. 

1. Find two numbers which shall be to each other as 3 to 5, and 
the difTercnce of whose squares shall be 25G. 
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2. Find a number snch that if the square root of ^Iic difference 
between the eqaarc of the number aud a^ be successively subtracted 
from and added to a, the difference of the reciprocals of these results 
shall be equal to a divided, by the square of the number. 

3. Find three numbers which shall be to each other as m, n, and 
p, and the sum of whose squares shall be s. 

4. An army was drawn up with 5 more men in file than in rank, 
but when the form was changed so that there were 845 more in 
rank, there were but 5 ranks. How many men were there in the 
army? 

5. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they tnivelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 

6. For comparatively small distances above the earth's surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through are as 4 : 9. A 
body fulls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts ai*e learned both by observation and theoret- 
ically. It is also observed that a body falls 16^ feet in 1 second. 
How long is a body in falling 500 feet ? One mile (5280 ft.) ? Five 
miles ? 

7. The mass of the earth is to the mass of the sun as 1 : 354930, 
and attraction varies directly as the mass and inversely as the squaro 
of the distance. The distance between the earth's centre and siufs 
centre being 91,430,000 miles, find the point between the earth aud 
sun where the attraction of the earth is equal to that of the sun. The 
earth's radius being 3,962 miles, where is this point situated with 
reference to the earth's surface ? 

8. A certain sum of money is lent at 6% per annum. If we multiply 
the number of dollars in the principal by the number of dollars in 
the interest for 3 months, the product is 720. What is the sum lent ? 

9. The intensity of two lights, A and B, is as 7 : 17, and their dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
as the square of the distance ? 



180 KLEHENTABT ALSHSIRA. 

10. The loudness of one church bell is three times that of another. 
Now, supposing the strength of sound to be inyerselj as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heard^ the distance between them being a F 



SECTION IT. 

AFFECTED QUADRATICS. 

109. An Affected Quadratic equation is an equation which 
contains terms of the second degree and also of the first with respect 

to the unknown quantity, a;* — 8aj = 12, 4aj + 8oa;* = ^ , 

and -j-^ 4aaj + 3J* = are affected quadratic equations. 

110m JProhm — To solve an Affected Quadratic JEquation. 
RULK—l. Reduce the equation to the form x* + ax = b, 

THE CHARACTERISTICS OF WHICH ARE, THAT THE FIRST MEMBER CON- 
SISTS OF TWO TERMS, THE FIRST OF WHICH IS POSITIVE AND SIMPLY 
THE SQUARE OF THE UNKNOWN QUANTITY, ITS COEFFICIENT BEING 
UNITY, WHILE THE SECOND HAS THE FIRST POWER OF THE UNKNOWN 
QUANTITY, WITH ANY COEFFICIENT {a) POSITIVE OR NEGATIVE, 
INTEGRAL OR FRACTIONAL ; AND THE SECOND MEMBER CONSISTS OF 
KNOWN TERMS {b). 

2. Add the square of half the coefficient of the second 
term to both members of the equation. 

8. Extract the square root of each member, thus producing 

A SIMPLE equation FROM WHICH THE VALUE OP THE UNKNOWN 
QUANTITY IS FOUND BY SIMPLE TRANSPOSITION. 

Deh. — By definition an affected quadratic equation contains but three kinds 
of terms, viz : terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and known terms. Hence each 
of tht three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, t. r. the one con- 
taining the square of the unknown quantity, has a coefiScient other than unity, 
or is negative, its coefllcient can be rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever coefficient this term 
may chance to have after the first reductions. The equation will then take the 
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form 2f ± oa; = ±ff. Now adding (- j to the first member makes it a perfect 

sqoare ( tlie square otx±^j, since a trinomial is a perfect square when one of 

its terms (tlie middle one, ctx, in this case) is ± twice the product of the square 
roots of the other two, these two being both positive {116, Pakt I.). But, if we 
add the square of half the coefficient of the second term to the first member to 
make it a complete square, we must add it to the second member to preserve the 
equality of the members. Having extracted the square root of each member, 
these roots are equal, since like roots of equals are equal. Now, since the first 

term of the triBomial square is ^, and the last (-jj does not contain x, its 

square root is a binomial consisting ot x ± the square root of its third term, or 
half the coefficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may be. finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transposing the second 
term. 

ScH. 1. — ^This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called Completing the S<iUARB. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed ; but this is the most important. This 
method will solve all cases: others arc mere matters of convenience, in 
special cases. 

111. Cob, 1. — An affected quadratic equation has two roots, 
T%ese roots may both he positive^ both be negative, or one positive and 
the other negcttine. They are both real, or both imaginary, 

Dem. — Let a^ + jm; = j' bo any affected quadratic equation reduced to the form 
for completing the square. In this form p and q may be either positive or 

negative, integral or fractional. Solving this cqiiation wo have a? = — -^ 

± y X + 5'' Wc will now observe what different forms this expression can 
take, depending upon the signs and relative values of p and q, 

1st. When}^ and q arebotfiptmtive. The «^/}« will then stand as given ; i,fi„ 

r = — f ± i/^ + q. Now, it is evident that i/^ + fi' > ?» ^or 4/^' + q 
IS the square root of something more than ^. Hence, as o" < y V + 5'» 

'-^4-y^ + 5'is positive ; but — ^ ~ y "r +5" is negative, for both parts 

are negative. Moreover the negative root is numerically greater than the 
positive, since the former is the numerical suni of the two parts, &hd the latter 
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tlie numerical difference. .*. Wlien p and q are both + in the given form, one 
root is positive and tlie other negative, and the negative root is nomericallj 
greater than the positive one. 

2d. When p is negative and q positive. We then have « = ^ ± y ^^ - + q 

^^ ± y ^ + q- If we take the plus sign of the radical, x is positive ; but if 

/«* p 

we take the — sign, x is negative, since y T" "*■ ^ '^ 2 • Moreover, the positive 

root is numerically the greater. .*. When p is negative and q positive, one root 

is positive and the other negative ; but the positive root is numerically greater 

than the negative. 

— « /(--o)« 
8d. When p and q are both negative. We then have x— ^ ± y ^^-g— + (—q) 



=:—±i/^ — q. In this if ^ > a^, i/ 7^ — (7 is real, and as it is less than — , 
2'4 4'4 2 

both values are positive. If ^ = 7, y ^ — q=0 and there is but one value 

of X, and this is positive. (It is customary to call this two equal positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 

by the pupil.) It ^ <q, y ^- — q becomes the square root of a negative 
quantity and hence imaginary. 



4th. When p w positive and q negative. We then have x = —^±y^ — q* 

As before, this gives two real roots when q < ^. When this is the case both 

roots are negative. [Let the pupil show how tliis is seen.] When y = ^, the 

roots are equal and negative ; t. «., there is but one. When K-<q hoth roots 
arc imaginary. 

112, Cor. 2. — An affected quadratic being reduced to the form 
x*4- px = q, the vcdne of x ca7i always be written out without taking 
the intermediate steps of adding the square of half the coefficient of 
the second temi^ extracting the root^ and tra^isposing. The root in 
such a case is half the coefficieiit of the seco?id term taken with the 
opposite sign, ± the square root of the sum of the square of this 
half coefficient^ and the known term of the equation^ I%is is observed 

directly from the form x= ~f=*=>|/-X +^» ^'•^ more in detail 

in the demonstration of the preceding corollary. 
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113» Cor. 3. — Upon (he principle that the middle term of a tri- 
nomial square is twice the product of t/ie square roots of the other 
two, we can often complete the square more advantageously than by 
the regular rule. 

Thus having 4c' — 12a; = 16. Since 4r' is a perfect square, and 12^; is diris- 
ible by twice the square root of 4x* , i. e. by 4.f!, we see tliat the wanting third 
term is 3*, or 9. Adding tliis to both members, we have 4c*— 12x + 9 = 25. 

Again, if the coefficient of x'^ is not a perfect square, it can be rendered such 
by multiplying by itself (or often by some other factor). If then the second 
term (the term in x) is not divisible by twice the square root of this first terra, we 
may multiply both members of the equation by 4, and the first term will still 
be a perfect square, and the second term divisible by twice its square root. 

lid* Sen. 2. — ^Tlie method of Art. IIO is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
(113), in special cases. Some illustrations of these methods are given in 
the examples following. 



Examples. 
1. X*- Gx=l(y. 2. 3x^=24x-d6. 3. x^-^ax=z7a*. 

4. ir«— 7a; 4-2=10. 5. 3a;«+ 135=12ar. 6. x* -\- {a—l)x=a. 
QcJdx-1 ^x a:-7 _^ ^ a^x^ ^^^-^ . **_o 

10. Solve 9a;«+12a;=32, 7x*-Ux= - 5^, and 3a:2-13.r=10, 
by Art. lia. 

Bug's. — Dividing 12* by 2\/9Lc*, or ftc, we have 2 as the square root of the 
thiid term. Henco ftc* -»• 12* + 4 = 36, is the equation with the square com- 
pleted. 

7ar* — 14r = — 55, becomes, by multiplying by 7, 49j?*— 98iC = — 40. Hence, 
campleting the square as iu the last, 49x* — 96s + 49 = 9. 

ac« — ISfl? = 10, multiplied by 8 and by 4 becomes 3ftc* — 150a; = 120. Hence, 
completing the square as before, 86lc'— 150c + (18)'=: 289. 

[NoTK. — Solve the following by any of the preceding methods, according to 
taste or expedieney.] 

11. (2a;+3)*x(ai;-|-7)*=12. 12. 3a:«4-2a;=85. 
13. a«(l+J»a;«)=±J(2<j»a:-f*). 14. 5a:«-9:c + 2i=0. 

15. 3Vlia-8»=ia+V8«+?. 16. 7a;*-llx=6. 
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17. (a;-c)V'a*-(«-*)V^=0. 18. 3x«+a:=ll. 

19. ^J^^ + 4^=3 V?. 20. ^jL^^^^?. 



1 + Vl+a; 1-Vl-a; rc+Vic+l ^^ 
23. ftf +1 J( +11= a. 24. — r -:z=0. 



a; a:+l a:4-2 



25. i/4+V^PT^«=^^. 26. 2V^+~=5. 

27. ?-4-af+2a:-^=45~3a:' + 4ax 28. -^+^=^^=1. 
;5 6 x—'^a x+a 



29. 2\/^+i/4a; + V7a;+2=l. 30. ^'^^^—^ =(x-2)K 



'-Vi«— 9 



31 






SECTION IIL 

EQUATIONS OP OTHER DEGREES WHICH MAY BE SOLVED AS 

QUADRATICS. 

lis* Proj}. 1. — Anf/ Pure Equati(m (i. e^ one containing the 
fuiknotcn quantitif affected teith hit one eacponeni) can be wived in 
a manner similar to a Pure Quadratic, 

DfiM. — Ift any such equation we can find the value of the anknown quantity 
affected by its exponent, as if it were a simple equation. If then the unknown 
quantity is affected with a positive integral exponent it ran be freed of it by 
evolution ; if its exponent be a positive fraction it can be freed of it by extract- 
ing the root indicated by the numerator of the exponent, and involving this root 
to the power indicated by the denominator. If the exponent of the unknown 
quantity is negative it can be rendered positive by multiplying the equation by 
the unknown quantity with a numerically equal positive ezpooeat. q. s. n. ■ 
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110, Prop, 5. — Ani/ eqiiuHoH containing ofie unknown quan- 
tity affected with only two differetit exponents, one of which is twice 
the other^ can be solved as an Affected Quadratic. 

DsM. — Let m represent any immber, ))ositiTe or ne^tive, integral or frac- 
tional ; then the two exponents will be represented by m and 2m ; and the 
equation can be reduced to the form «*• + px-^ = q. Now let y = af», and y*=ir«'», 

whatever m maj be. Sabstitating we have y*-^py^ q, whence y = — ■£ 

2 



±|/^ + q. But y = af ; hence ju = ^— | ± y i~ + 7) . Q. «. D. 

117. Prop. 3. — Etjuations may frequently he pitt in thefonn 
of a quadratic by a judicious yi*ouping of terms containing the 
unknown quantity ^ so that one group shall be the square root oft/ie 
other. 

DsM. — ^This proposition will be established by a few examples, as it is not a 
general truth, but only pmnts out a special method. 

118. Cor. — ^Thb form of the compound term may sometime 
be found by travisposing all the terms to the first member^ arranging 
them with r^erenoe to the unknown quantity^ and extracting t/ie 
sqttare root, J» trying this expedient, tf the highest exponent is 
not eveji it must be made so by multiplying the equation by the 
unknown qutmtity. In like manner the coefficient of this term is 
to be made a perfect square. When the process of extracting the 
root terminates^ if the root found can be detected as apart, or factor, 
or factor of apart of the remainder, the root may be the polynomial 
term. 



Prop. 4L. — When an equation is reduced to the form 

X' 4- Ax"~* + Bx"'' + Cx'"' h L = 0, th^ roots with tlieir signs 

changed are factors of the absolute (known) term L. 

Dem. — Ist. Hie equation being in this form, if a is a root, the equation is 
divisible by x-^a. For, suppose upon trial x^ a goea into the polynomial 
af + A2!"—"+,«tc., Q times icit/i a remainder R. (Q represents any series of 
terms which may arise from such a division, and R, any remainder.) Now, since 
the quotient multiplied by the divisor, + the remainder, equals the dividend, we 
have (ju — rt)Q + R = aj" + Aar»-» +Bu"-* + C.c"-'--- + L. Bat this polyno- 
mial = 0. Henoe {x — «)Q + R = 0. Now, by hypothesis a is a root, and conse- 
quently a? — a = 0. Whence R = 0, or there is no remainder. 

2d. If now « — a exactly divides a^ 4- Aa?'*-*4- Bj?»-*4- 0»-'---+L, a 
must exactly divide L, as readily appears from oonaidering the prooese of 
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division. Hence — a is a factor of L, a being a root of the equation. 
Q. E. D. 

120» Many equations of other degrees than the second, and 
which do not fall under the preceding caseB, may still be solved as 
quadratics by means of Special Artifices. For these artifices the 
student must depend upon his own ingenuity, after having studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them ; in fact, 
every expert algebraist is constantly developing new ones. See 
Ex's. 47-57. The following principle is often of service in such 
solutions : 

121, Prop, S» — When an equation can he put in such a form 

that the product of any number of factors equals 0, the equation is 

satisfied by putti7}g a?iy one of these factors equal to 0. 

Deh. — ^This scarcely needs demonstration, but wiU appear evident if we 
consider such an expression as {x' + 1) («* — «* + 1) (« — !) = 0. Now, on the 
hypothesis tliat any factor, as 2' + 1, is 0, the equation is satisfied.* So also, if 
«• — ic* + 1 = 0, the equation is satisfied, etc. 

122. Sen. — Ability to recognise a fador in a polynomial is of prime im- 
portance in the solution of such equations, B is the grand hey to diffieuU 
solutions. 



Examples. 

1. x^ = 81. 2. x^ = 32. 3. xi=:fn. 

4. y* = 243. 6. z^ = 1331. 6. y^ = 4. 

7. x^ = b. 8. ic^-f V2 = —■ ^ ■ _: 9. ic* + 4a;^ = 12. 

10. ic''* + ar ==p. 11. x^ — ;c^= 56. 12. ax^ + bx* = c. 

13. of - 2rta;^= b. 14. a;* + a;^ = 75G. 15. x^ + 6x^— 22 = a 

10. aaj^ - Jo;^ - (J = 0. 17. aj* + — y = 3^ 

2r* 



* In f trictioM wo should add " •Inoe thii hypothuU cannot render my otber factor oo. 



fi 
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2af 

18. Sx* V^ + 3-7= = 16. 19. x*-'2z + Wx* - 2x + 5 = !!.♦ 

20. x + lG- KVx + 16 = 10 - Wx + 16. 



21. a:« - a; + 5 V2a;« - 5a: + 6 = ^(3a; + 33). 

22. Vx-{-VZ + V^n2 = 6. 23. V a: - -+ V 1 -^ - = 



a:, 
a; ' X 



24. 1+ VT^ = |/T7^. 25.^«+l +2C^ + 1)=1|?. 

a:a x* \ xj 2 

26. 2a;» - 2a; + 2V2a;» - 7a; + 6 = 5a; - 6. 

27. v'Cl + a;)*- ^^(l-ar)* = V^I^^^.f 

28. X* - 8a;» + 29a;» - 52a; + 36 = 126. 

Solution. — See {118). Transposing 126, and extracting the square 
root ; when we have the two terms x* —4x of the root, we have a 
remainder \Sx* — 52x — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be 5x* — 20x —106, which we may 
write 5(x* — 4i; + 4) — 126. Hence our equation may be put in the form 
(a.« - 4a. + 4)« + 5(aj« - 4ar + 4) = 126. 

29. a;*-6a;3+5a;« + 12a;=60. 30. a;»~6a;«+lla;=6. 

31. 4a;* + f = 4a;» + 33. 32. a;» + 5a;« + 3a; - 9=0.t 

33. a;3-6a;«+ 13a;- 10=0. 34. a;»-13a;«4-49a;-45=0. 

35. a;»+8a;»+17a;+10=0. 36. a;»-29a;« + 198a;-360=0. 

37. a;»-15a?« + 74«-.iaO=a 38. a;* + 2a;»-3a;«-4a;+4=0. 



* «• - ae + 5 + 6 V«rZar+ 5 = I6. Pntung a;*- 2a? + 5 = y', y« + 6y = 16. 
Sach rabftitntloa is not abfohitely necwairy. as we may treat a;' — da; + 5 ai the unknown 
qoaotity without labttitating. Solve the Ibllowins: in like manner. 

t DifUiiig by VI — X*, ^^ ^^ 4/^-^ — 4/^""^ = 1. Then, mnltlpljfn? by 

f l — X ^ l + a? 

t By (119) we are led to try -f 1 or — 1, or + or — 3, a« roota. The cquatton is diviaiblo 
Iva; — l,a^« + 8. 
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J». ji*-Htor»+«&r« -50a; +24=0. 40. a:*-4a;»+ar«-&i;=21. 

4:. **-*jr*-25a;«+26a;=— 120. 42. 3a;*+13a:»-117a?=243. 

JT 30 12-f|a: _ 7 
*^ 14 Tx» "^ 3a; - 2a;« "*" ^*" 

44 # 5= ^^ — Put V a; =y. 



Special Expedients. 

4\ Tofindtheroots«f«« = rfcl, a;» = ±1, a;* = d:l, aj»=±l, 
^♦isdrl, anda;» = :i=l. 

SiXJ's, «* — 1 = 0. Factoring (a? — 1) (a?* + aj=» + «* + « + 1) = 0. /. a? = 1, 
«Mil 1^00 a;^ + 2;^ +«* + «+ 1 = 0. Dividing bj «*, aj' + aj + lH 1 — ;=0,or 

X X' 

1 4- a;* 
46. To find the roots of 7^— — rr = a. 

(1 + a;)* 

8uo*8. 1 + aj* = a(l + «)♦ = o(l + 4a? + fti;« + 4aj' -h a?*). Whence, dividing 

br *• and arranging terms, «* + -t--^ — ^(« + - )=i • 



,^ m 1 2aVl + a;« 

47. To solve . -:=za + h. 

1 — a; + V 1 + a;* 

8ue'6.^Thi8 can be cleared of fractions, and then of radicals, in the ordinarj 
way. Bat the following expedient will be found elegant in this case, and 
convenient in many. Dividing by 2a, treating the resnlting equation as a 

proportion, and taking it by division, we have —, = ^"~ . /. "^^ ~*^ 

^ V'l + aj'a-H* 1-Ha;' 

c= I 7 ) , or :; r = 1—1 : I = ; —7. Takmg this again by 

position and division, we obtain 75 r^ = . — — r^i rr = — ; i^i — ' o' 

•^ (1 — a;)* (a + 0)* — 4a6 (a — o)' 

rz~ ~ — ^ ZTh • Again, by division and composition, we obtain 



com- 




(a-6)*+8a6-(a-6) 



*^*-i-8a6 4-(a-6) 
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48. To solve {I + x +x*y = ^^-^ (1 + a;« + a;*). 

SuG's.— Dividing by l+aj + ai*, 1 + a; + a;* = ?l±i (1 - « + aj»), or 1±£±^ 

a — 1 1— « + a3^ 

fl^ + 1 . 1 + g* 

4 • • • 
a — 1 X 



= a. 



49. To solve a = z* -f (1 — a;)*. 

Bug's.— Smce (1-a?)* ^ («-l)^ we may write i» = C» - i + i)* + (« - i - *)*• 
Now put X'-i = y, sabstitate and expand. 



50. To solve i/;c- J - i/l - i = ? — ?i. 

^ a; ^ a; a; 

SuG's.— Dividing by i/lZl, a/^TI -1= "^*^^^ • Squaring, etc., 2 v^+1 
1 H h «. tSquaring, etc., again, (x ) ^ 2(x j = — 1. 

61. Solve a;« - a; + 3V'^x* - 3a; + 2 = f + 7. 

9 

52. Solve T— 7 -J = 5 — a: — a?*. 

1 + a; + a?« 

ro a 1 a^ •}■ ax + X* a* 

53. Solve — ; — r = -z . 

a* — ax -{- X* X* 



54 Solve — - = ya;* — a* (va:* + oa: — Vx* — ar). 

i/x + V'J^^—a* 

55. Solve 2a?Vl-a;* = a(l + ar*). Also t^-^^ = ^- 

56. Solve 6x^ — 5a:« 4- a; = 0. Also x^ + a;« — 4a; — 4 = 0. 

57. Solve 8a;» + 16a; = 9. Also 3a;« + 8a;* - 8a;« = 3. 

SuG. — ^The solutions of the last four depend upon the recognition of a com- 
mon fketor. 
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SECTION IV. 

SOMVLTANEOUS EQUATIONS OF THE SECOND DEGREE BETWEEN 

TWO UNKNOWN QUANTITIES. 

t^S. Prop. 1. — Two equations between two unknown quatiti- 
He^ one of the second degree and the other of the first^ may always 
itf solved as a quadratic, 

1>1CM.— The general form of a Q^adr(Uie EquMion between two unknown 
iiuautlties is 

uince in every such equation all the terms in o^ can be collected into one, and its 
coefflelent represented by a ; all those in (ty can also be collected into one, and 
itti coefficient represented by 6, etc., etc. 

The general form of an equation of the First Degree between two yariables is 

a'x + h'y + <j' = 0. 

Now, from the latter x = —, . which substituted in the former gives 

m» term containing a higher power of y than the second, and hence the resulting 
M|uation is a quadratic. Q. E. d. 



t24:. Pvop. 2* — In general^ the solution of two quadratics 
between tioo unknown quantities^ requires the solution of a biqua- 
dratic ; that is, an equatioii of the fourth degree, 

Dbm. — Two General Equations between two unknown quantities have the 

forms 

(1) aa^ + bxy -hcy*-hdx-{-ey +/= 0, and 

(2) a'ar* + b'xy + cY + d'x + e'y + /' = 0. 

From(l),^=-^±|/^^^'- 

^ 2a ^ 4a- a 

Now, to substitute this value of x in equation (2), it must be squared, and 
also, in another term, multiplied by y, either of which operations produces 
rational terms containing y*, and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y', which will give terms in y*, as well as other terms. Q. B. D. 



12S. Def. — A Homogeneotis JEquation is one in which 
term contains the same number of factors of the unknown 
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quantities. 2x^ — 3zy — y* = 16 is homogeneous, dx* — 2y + y« 
= 10 is not homogeneous. 

126, Prop. 3. — Tioo Sbmogeneous Quadratic Eqiiationa fte- 
ttceen ttoo unknoton quantities can always be solved by the method 
of quadratics^ by substituting for one of the unknown quantities the 
product of a new unknown quantity into the other. 

Dem. — The truth of this proposition wiU be more readily apprehended by 
means of a particular example. Take the two homogeneous equations x* 
— xy + y* = 21, and y* — 2ary + 15 = 0. Let a; = «y, t? being a new unknown 
quantity, called an auxiliary, whose value is to be determined. Substituting in 
the given equations, we have uV — «y* + y* = 21, and y* — 2ry' = — 15. From 

these we find y' = -5 r , and y' = 5 r . Equating these values of y', 

V* — t? + 1 mi — 1 

21 15 

— = 7 ; whence 42« — 21 = 15«' — 15t) + 15. This latter equation 

«* — 1> + 1 2« — 1 

is an affected quadratic, which solved for v, gives i? = 3, and ^. Knowing the 

values of v we readily determine those of y from y' = ^ , and find y 

ao — 1 

= ± -y/S when « = 3, and y = ± 5 when 1? = f . Finally as x^'oy, its values 
are a: = ± 3\/3, and ± 4. 

By observing the substitution of vy for x in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of y- in terms of v. It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which such an equation can contain. Again, that the equa- 
tion in V will not be higher than the second degree is evident, since the values of 
y' consist of known quantities for numerators, and can have denominators of 
only the second, or second and first degrees with reference to v. Whence v can 
always be determined by the method of quadratics ; and being determined, the 

15 
value of y is obtained from a pure quadratic (y' = — i- — , in this case), and that 

of X from a simple equation (a; = «y in this case). 



127. Frop. 4. — When the unknoton quatitities are similarly 
involved in two quadratic, or even higher equations, the solution can 
often be effected as a quc^dratic, by substituting for one of the un- 
known quantities the sum of two others, and for the other unknown 
quantity the difference of these new quantities. 

As this is only a spedal expedient, and not a general principle, its truth will 
be rendered suffidently evident by the solution of a few examples. See Ex's. 13. 
14,16. 



i 
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Examples. 
^ (7a:«- 8x^=159, ^ ( «*-2ay-y«=l, 

- + -=1. (rcy=28. 



ay-y«= 2. • l3a?»+8y»=:14. 



ja:«+a:y=15, j 

^ j x8+ a:y + 2y«=74, ^ ra;«+ay=12, 
(2a:«+2a:y+ y«=73. (iry+y«=2. 

(ay + 2y«=3. ' l2(ay+4)=3y*. 



13. 



a:y-ir«=8. * 1 |a:»+2.Ty-y«=101. 

4(a;+y)=3a:y, ^^ (a;«+y«=|rcy, 



j5 (^y(^+y)=3o, 

U»4-y«=35. 

SuG.-— The IwBt three sre readily boItbcI bj (l;97). Thiu, in the l(Kh, patting 
05 = « + e, and y = « — e, the equationa beoome aH— 9«'»= 80, uid Sf* + 6e«f 
= 85. 

/a;+y rr— y 5 > — -, 

16. i4+^=2' 17 j^+y-v^=7, la^""*"^ 

( :r« +y« =20. ' ^' ^^^ +ay=133. 1 a^-y^=14560. 



Special SoLunoira. 

19. y« - 4ay + 2(te« + 3y — 264«=0, 6y* — 88ay + «• — 18y 
+ 1056a; = 0. 
Suo. — Add 4 timen the firat to the second. 



* Two homogensout qnadmtlcs can always be wived by {19€U but tpedaX ezpedlenU are oAea 
more elcj^nt. In thit cam by adding twice the recond to the flrvt, and eztiactlng the fqnara 
root, we have a;+y » ±11. Sabtracting twice the eecond from tha frpt, and extmetiaK the 
tqaarc root, we Lave z — y = ±t. 
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20. X + y = x*, % — a: = y«. 
Sue. — Subtract the first from the second. 

SUG*8.— To solve the 23d, square the first, writing the result a:* + y* = 16 
— ary, and square again. Then for ar* + y* substitute 82. 

24. To solve a; - y = 3, and a;» - y» = 3093. 

Sue's. — ^Divide the second by the first, and proceed in a manner similar to 
that given for the last. 

25. To solve a;« - a;y + y* = 7, and x^ + ar«y« + y* = 133. 

SUG. — Divide the second by the first. 

26. To solve ('3--^)*+ ("s + -^V = 82, and xy = 2. 

V X + yj \ X — yj ^ 

8UG'B.-Write the first fc^)V f??!!^)'^ 82; and put ^^ZJ? = ,. 

\ aj+y / \ x—y / "^ aj + y 

9 
Whence 9i>« + ^ = 82. 

27. To solve a;» + y (a:y — 1) = 0, and y» — a? (ay + 1) = 0. 

Suo'B.— Write af* + a>^y» — ay := 0, and y* — aV — ay = 0, and subtract the 
second from the first. Whence a^ --f^ + a^V = 0, or a^ +2a^y* +y* = 2y*, and 

a? + y* = ^y^ ^,Qit- ^ VV2 — 1. From the given equations we get | ]" 

28. Given ay = a(rB + y), a» = J(aj + z), and yz = c(y + z). 

Bug.— TfaeM He rMdUypvt into the forms - = - + ^, ^ = - + -, and - = 1 

aya^dsa; c t 

1 
+ -. 

y 

29. Giren 2^a;+y +«) = 18, yix-^-y-^z) = 12, and «(a;+y+«) = 6. 

30. Given ayr = 48, ^ = 1, and f = |. 

31. Given a; + y + s = 6, 4a? + y = 2;?, and x« + y« + «• = 14 

32. Given av^*"^^^ + ay = 26, and - - - = sa- 

^ ^ y a? 20 



=:^. Henoej-j-g = 8-2VS,orary = iV2. 
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33. Given "^^^ + 10^^ = 7, and xy^ = 3. 

34. Given y{x^ + y*) = 4(a: + y)*, and xy = 4(a; + y). 



35. Given x -{- y = 



i/I^V' 



36. Given v^ — Vy = 2Vxy, and a; + y = 20. 

37. Given Va;« + y« + Var* - y« = 2y, and a:* - y* = a*. 

38. Given A/^ + A/^ = — = + 1, and VS»y + Vxy^ = 78. 

39. Given V^T^ + 2 VS^ = ^^^^^ , and?!-±l! = ?t. 

40. U'-^^=8.iy, ^^ U4 + yt=3a:, ^^ J 8.*-^*=^ 
( y— 4=2y*a;* (a;*+y*=.u ( a:»y*=2y». 



Applications. 

1. The plate of a looking-glass is 18 inches by 12, and it is to be 
surrotinded by a plain frame of uniform width, and of snrface eqnal 
to that of the glass. Eeqnired the width of the frame. 

2. A person bought some fine sheep for $360, and found that if he 
had bought 6 more for the same money, he would have paid $5 less 
for each. How many did he buy, and what was the price of each ? 

3. A traveller sets out for a certain place, and travels one mile the 
first day, two the second, three the third, and so on: in 5 days after- 
ward another sets out, and travels 12 miles a day. How long and 
how far must he travel before they will come together ? 

4. Divide the number 48 into two such parts that their product 
may be 432. 

5. Divide the number 24 into two such parts that their product 
may be equal to 35 times their difference. 

6. For a journey of 108 miles, 6 hours less would have suflBced, 
had the traveller gone 3 miles an hour fasten At what rate did he 
travel ? 
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7. The fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- 
lutions more than the hind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 

8. The product of two numbers isp; and the difference of their 
cubes is equal to m times the cube of their difference. Find the 
numbers. 

9. Find two numbers whose product is equal to the difference of 
their squares, and the sum of their squares equal to the difference of 
their cubes. 

10. There are 4 numbers in arithmetical progression. The sum of 
the extremes is 8; and the product of the means is 15. What are 
the numbers ? 

Suo. — In solving examples involving several quantities in arithmetical pro- 
gression, it is usually expedient to represent the middle one of the series, when 
the number of terms is odd, by x, and let y be the common difference. If the 
number of terms is even, represent the two middle terms hy x — y, and x + y, 
making the common difference 2y, 

11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical pi*ogression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish the job in 60 days. In how many days can each, 
separately, reap an acre ? 

12. There are three numbers in geometrical progression, the sum 
of the first and second of which is 9, and the sum of the first and 
third is 15. Eequired the numbers. 

Suo'b. — In solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedient to represent the first by x, and the ratio bv y, 
80 that the numbers will be x, xy, xy^, etc. In other cases it is expedient, if the 
number of numbers sought is odd, to make xy the middle term of the series and 

y X* v' 

- the ratio. Thus 5 terms will be represented - , .r*, xy, y*, — . When the 

number of numbers sought is even, it is sometimes expedient to represent the 

v x^ y^ 

two means by x and y, and the ratio bv -. Thus 4 terms become — , a*, y, — . 
•^ ^ ' X y X 

13. There are three numbers in geometrical progression whose 
continued product is 64, and the sum of theif cubes is 584, Eequired 
the numbers. }0 
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l-L Tbe sum of the first and second of fonr numbers in geometri- 
(Mil piogrcssion is 15, and the sum of the third and fourth is 60. 
Rkquiivd the numbers. 

15. There are three numbers in geometrical progression, whose 
prinluct is 64, and sum 14. What are the numbers ? 

16. It is required to find four numbers in arithmetical progression, 
snch tliat if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

18. Tlie sum of 700 dollars was divided among four persons. A, B, 
C, and D, whose shares were in geometrical progression ; and the 
difference between the greatest and least, Avas to the difference be- 
tween tiie two means, as 37 to 12. What were the several shares? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2d and 6th terms of a geometrical progression are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours ; and 
two hours after, he meets a second traveller who goes at the rate of 
9 miles in 4 hours. B overtakes the first traveller 45 miles from D, 
and meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was $2080. A's 
money was in trade 9 months, and B's 6 months, when they shared 
stock and gain, A receiving $1140 and B $1260. What was each 
man's stock ? 

23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the number itself is 
to the sum of it« digits as 124 to 7; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24* A person has >1300>, which he divides, ittto ti^p portions, aud 
,t different rates of interest, so thai the two portions produce 
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equal returns. If the first portion had been loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Required the rates of interest. 

25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; and in six days after, another 
sets out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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OHAPTEE IV. 

INEQ UALITIES. 

128. An Inequality is an expression in mathematical sjrm- 
bols, of inequality between two numbers or sets of numbers. 

III. — Thus a> h (read ** a greater than 6") is an inequality; also a'x — S 
< 5 + 2 (read " a*x - 3 less than 5 + 2 ")• (See Part I., 43.) 

129. Fundamental Principle. — In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Tlius 5 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus — 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a>h when a — J is positive, and a <h when a — ft 
\6 negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called the/rc<f^ member, and the part at the right, the second metn- 
her of the inequality. 

131. For the pui^poses of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic differences in the results, which will be pointed 
out in the following propositions. 

132. If, in transforming an inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sense ; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after, the inequality is said to exist in an opposite sense in the 
two inequalities. 

133. Prop. — The sense in which an inequality exists is not 
changed, 

1st. By adding equals to both members^ or subtracting equals J¥om 
both ; 
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2d. By multiplying or dividing the members by equal positive 
numbers ; 

3d. JBy adding or multiplying the corresponding members of ttoo 
inequalities which exist in the same sense^ if all the members are 
essentially positive ; 

4th. JBy raisifig both members to any power whose index is an odd 
number ; 

5th. JBy raising both members to any power^ if both members are 
esse?itially positive y 

6th. By extracting the same root of both members^ if when the efe- 
gree of t/ie root is even, only the positive roots be cojnpared. 

III. and Dem. — ^The Isf is, in general, an axiom. Thus if a > h, it is evi- 
dent tliat a ± c > b ± e. "WTien e> a, a — eiB negative, but since b < a, b — e 
18 also negative and numerically greater than a — c. Therefore, in this case, 
a-ob-e (129). 

2d. This is wholly axiomatic. If a > & it is evident that ma > mb, and that 

a h 

— > -. 

m m 

3d. This, too, is an axiom. If a > b, and e > d, a, 5, e, and d being each + , 
it is evident that a + e > b + d; and that etc > bd. 

4th. This becomes evident by considering that if a > ft, raising both members 
to any power whose degree is odd will leave the signs of the members as at the 
first, and also the sense of the numerical inequality the same. 

5th. This appears from the fact that neither the signs nor the sense of the 
numerical inequality of the members is changed by the process. 

6th. This is evident from the fact that the greater number has the greater 
root, if only positive roots are considered. 



134. JPvoPf — 77ie sense in which an inequality exists is changed^ 

Ist By changing the signs of both members; 

2d. By multiplying or dividing both members by the same negative 
quantity ; 

3d, By raising both members to the same even power, if the members 
are both negative in the first instance ; 
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4th. By comparing the fiegative even roots {the mernben^ in the first 
instance^ being both essentially positive). 

III. and Dsm.— Tba fint m evident, sinee tf a> h, — a < >- ft bj (129). 
That is, of two negative quantities the numerically greater is leallj the less. 

2d. These operations do not change the numerical relation of the members^ 
Imt do change the signs of the members ; hence it falls under the preceding. 

8d. and 4th. Essentiallj the same reasoning as in the last. 



Exercises. 
1. When a and b are nneqnal, show that a' + ft*>2aft. 

Solution. — Let a>b; whence a— ft>0, or a*—2aib-\-b*>0, or a* -k-h*>2db. 
Similarly it a <b. 

"Z. Prove that the arithmetical mean between two qnantities is, 
in general, greater than the geometrical How if the quantities are 
equal ? 

3. If a, b, c, are such that the sum of any two is greater than the 
third, show that a*-hb*-h c* <2{ab + ac -\- be). 

4. If a* + J* 4" c*= 1, and m* -h «» + r*= 1, show that am + Jh 
+ cr < 1. How if a = b = c = ni=:n=:r? 

5. Show that, in general, {a-i-b—c)*-h {a-hc—b)*+ (b + c—a)* 
>ab + bc'hac. How if a=b=c? 

6. Which is greater, 2x^ or a; + 1 ? 

Solution.— 1st. If x>l, «*>!(?), 2x*>%x{1); but to > « + 1 (T). 
.-. 2x'^>x + 1. 

If a; < 1, a similar process shows 2x*<9 + 1. 

7. From 5x—6<3x-hS, and 2a; + 1< 8a? — 3, show that x 
may have any value between 7 and 4 ; i. e., that the limiting values 
are 7 and 4. 

8. What are tho limiting values of x determined from the con- 
ditions 3a; —2>ix — ^, and i — ^x<S — 2x? 

9. TUv double of a number diminished by 5 is greater than 26, 
and triple of the number diminished by 7 is less than the double 
increased by 13. What numbers will satisfy the conditions? 
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CHAPTER I. 

INFINITESIMAL ANALYSIS. 



SECTION L 

DIFFERENTIATION. 

1.3&. In certain classes of problems and discnssions the quantities 
involved are distiuguished sis Constant and Variable. 

I8S4 A ConstUfU quantity is oric which maintains the same 
value throughout the same discussion, and is represented in the 
flotation by one of the leading letters of the alphabet. 

137. Variable quantities are such as may nssume in the same 
discussion any value within certain limits determined by the nature 
of the problem, and are represented by the finnl letters of the 
alphabet 

IiiL.— If X is the mdiiu of a circle and y ib its area, y = ;r^', as we learn from 
Geometijr, n being about 8.1416. Now if or, the radias, varies, y, the area, wiU 
vary ; bat ir remaliui the same for all valnes of x and y. In this case x and y 
are the variable, and ir is a constant. 

Againp if y ia the distance a bodj falls in time x, it is evident that the greater 
X iflfihe greater ia y, i, e,, that as x varies y varies. Wo learn from Physics that 
y = 16;'iJg * , for oomiwrativelj small distances above the surface of the earth. 
In the e xpre e alo n y = lH^x*, x and y are the variables, and 16-|V is a constant. 

Oaee more, suppose we have y* = 2&r^ — 3e' — 5, as an expressed relation 
between x and y, and that this is the only relation which is required to exist 
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between them ; it is evident that we may give values Xoxat pleasure, and thus 

obtain corresponding values for y. Thus if a; = 1, y = ± Wi, if x^%, y 

= ± Vl83, etc., etc. In such a case x and y are called variables. But we notice 
that if we give to x such a value as to make dx* + 5 > 25x^ (as, for example, i, 
i, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138» ScH. — The pupil needs to guard against the notion that the terms 
constant and tariaUe are synonyms for known and unknown^ and the more so 
as the notation might lead liim into this error. Tlie quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have all been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions. 

139* A Function is a quantity, or a mathematical expression, 
conceived as depending for its value upon some other quantity or 
quantities. 

III. — A man's wages /^ a given time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = IftiV^* (^^7), second illustration, 
y is a function of x, i. e., the space fallen through is a function of the time. The 
expression %ax* — Sa; -;- 55, or any expression containing x, may be spoken of as 
a function of x. 

14:0. When we wish to indicate that one variable, as y, is a func- 
tion of another, as a:, and do not care to be more specific, we write 
y = f{x), and read "?/ equals (or is) a function of x.^ This means 
nothing more than that y is equal to some expression containing the 
variable x^ and which may contain any constants. If we wish to 
indicate several different expressions each of which contains a:, we 
write /(a:), q){x), orf'{x), etc., and read "the/function of x,^ "the 
g) function of a*," or " the/' function of ar.'* 

III.— The expres&ion/(^) may stand for a;^ — 2a; + 5, or for 3(a* — «'), or for 
any expression containing x combined in any way with itself or with constants. 
But in the same discussion f{x) will mean the same thing throughout. So again, 
if in a particular discussion we have a certain expression containing x {e. g., 
3«* — CM? + 2ab), it may lie represented by /(a;), while some other function of x 
(e, g,, 5(a' — x^) + 2x^) might be represented by /'(«), or q>(x), 

141. In equations expressing the relation between two variables, 
as in y* = 3ax^ — x^, it is customary to speak of one of the variables, 
as y, as a function of the other x. Moreover, it i^ convenient to think 



* The limit'* of this volume do not permit the ititerpretntlon of inuifi^iitnric'* A'* other than Im* 
po^Bibh; qiinntltitn*, i. «., inconsistent with the restricted view taken of the particular problem 
which may be tinder consideration. ■ . - 
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of a; as varying and thus producing change in y. When so con- 
sidered, z is called the Independent and y the Dependent yariable. 
Or we may speak of y as a function of the variable x. 

142. An Inftnitesimal is a quantity conceived under such 
a form, or law, as to be necessarily less than any assignable quantity. 

Infinitesimals are the increments by which continuous number, or 
quantity (8)9 may be conceived to change value, or grow. 

III. — Time affords a good illustration of continuous quantity, or number. 
Thus a period of time, as 5 hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, i. e., not by hours, minutes, or even seconds, 
but by elements which are less than anif assignable quantity. In this way we 
may concave any continuous, variable quantity to cliange value, or grow, by 
infinitesimal increments. 

143. Consecutive Values of a function, or variable, are 
values which differ from each other by less than any assignable 
quantity, t. e., by an infinitesimal part of either. 

144. A IHfferential of a function, or variable, is the diflfer- 
ence between two consecutive states of tlie function, or variable. It 
is the same as an infinitesimal. 

III. — Resuming the illustration y = ^0-,Vj;* (i37), let x be thought of ar. 
some particular period of time (as 5 seconds), and y as the distance through 
which the body falls in that time. Also, let itf represent a period of time infini> 
tesimally greater than z, and y' the distance through which the body falls in time 
x'. Then x and «' are consecutive values of a*, and y and y' are consecutive 
values of y. Again, the difference between x and x\ 9^ x' — r, \.^ a differential 
of the variable x, and y'—yiaa. differential of the function i'. 

145. NotaMon. — A differential of x is expressed by writing the 
letter d before x^ thus dx. Also, dy means, and is read "differen- 
tial y.^ 

Caution. — Do not read dx by naming the letters as you do ax ; but read it 
'* differential x** The d is not a factor,' but an abbreviation for the word differ- 
ential, 

149. To IHffevenfiate a function is to find an expression 
for the increment of the function due to an infinitesimal increment 
of the variable; or it is the process of finding the relation between 
the infinitesimal increment of the variable and the corresponding 
increment ot the function. 
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14. The 3Um of the first and secoud of four numbers in geometri- 
cal progresaion is 15, and the sum of the third and fourth is 60. 
Required the numbers. 

15. There are three numbers in geometrical progression, whose 
product is 64, and sum 14. What are the numbers ? 

16. It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2d and 6th terms of a geometrical progi^ession are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours ; and 
two hours after, he meets a second traveller who goes at the rate of 
9 miles in 4 hours. B overtakes the first traveller 45 miles from D, 
and meets the second 40 minutes before he (B) rea,ches the Slst mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was $2080. As 
money was in trade 9 months, and B's 6 months, when they shared 
stock and gain, A receiving 11140 and B 11260. What was each 
man's stock ? 

23. There is a number consisting of tliree digits, tlie first of which 
is to the second as tlie second is to the third; the number itself is 
to the sum of its digits as 124 to 7; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24. A persoij has $1300^, which he divides, iuto two pprtions, and 
ioAUB at different i*ates of interest^ so thai the two portions produce 
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equal returns. If the first portion had been loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Keqnired the rates of interest. 

25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; aud in six days after, another 
sets out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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OHAPTEE IV. 

INEQ UALITIE8. 

128. An Inequality is an expression in mathematical sym- 
bols, of inequality between two numbers or sets of numbers. 

III.— Thus a> h (read "a greater than 6") is an inequality; also a*x — S 
< 5 + 2 (read " a*x - 3 less than 5 + 2 "). (See Part I., 43.) 

129. Fundamental Principle. — In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 5 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus — 5 < ~ 3. 
Of course any negative number is less than any positive number. In 
general, we call a>h when a — J is positive, and a <h when a — h 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called the first member, and the part at the right, the second vietn- 
her of the inequality. 

131. For the pui7)0ses of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic diflTerences in the results, which will be pointed 
out in the following propositions. 

132. If, in transforming an inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sense ; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after, the inequality is said to exist in an opposite sense in the 
two inequalities. 

133. JPvop. — ITie sense in which an inequality exists is not 
changedy 

1st. By adding equals to both members^ or subtracting equahfrom 
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2d. By mvUiplying or dividing the members by equal positive 
numbers ; 

3d. By adding or mtUtijc^ying the corresponding members of two 
inequalities which exist in the same sense^ if all the members are 
essentially positive ; 

4th. By raising both members to any power whose index is an odd 
number ; 

5th. By raising both members to any power, if both members are 
essentially positive / 

6 th. By extracting the same root of both members^ if when the de^ 
gree of t/ie root is even, only the positive roots be cofnpared. 

III. and Dbm. — The Isf is, in general, an axiom. Thas if a > b, it is evi- 
dent that a ± c > b ± e. When c> a, a — eia negative, but since b < a, 6 — c 
ifl also negative and numeruxUlp greater tlian a — c. Therefore, in this case, 
a-e>b-c (129). 

2d. This is wholly axiomatic. If a > 6 it is evident that ma > mb, and that 

a h 

— > -. 

in m 

3d. This, too, is an axiom. If a > b, and e > d, a, b, e, and d being each + , 
it is evident that a + e > b -\- d; and that ae > bd. 

4th. This becomes evident by considering that if a > d, raising both members 
to any power whose degree is odd will leave the signs of the members as at the 
first, and also the sense of the numerical inequality the same. 

Gth. This appears from the fact that neither the sigHs nor the sense of the 
numerical inequality of the members is changed by the process. 

6th. This is evident from the fact that the greater number has the greater 
root, if only positive roots are considered. 



13 d* Propf — 7%e sense in which an inequality exists is changed, 

1st Jiy changing the signs of both members; 

2cl. By multiplying or dividing both members by the same negative 
quantity ; 

3d. By raising both memhers to the same even power, if the members 
are both negative in the first instance ; 
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4th. J9y comparing the 'negative even roots {the membert^ in the first 
instance^ being both essentially positive). 

III. and Dbm.— Tba first is evident, sinoe M a>h, ~a< — (bj (1J99). 
That is, of two negative quantities the numerically greater is really the less. 

2d. These operations do not change the numerical relation of the members^ 
Imt do change the signs of the members ; hence it falls under the preceding. 

8d. and 4th. Essentially the same reasoning as in the last. 



Exercises. 

1. When a and I are unequal^ show that a' + h^>%db. 

Solution. — Let a>h; whence a— ft>0, or a*— 2a6+6*>0, or a*+ft*>2a6. 
Similarly \f a <h, 

2. Prove that the arithmetical mean between two quantities is^ 
in general, greater than the geometrical How if the quantities are 
equal ? 

3. If a, h, Cy are such that the sum of any two is greater than the 
third, show that a*-hb^+ c* <2{ab + ac -\- be). 

4. If a* + ^* 4" c*= 1, and m* + «• + r*= 1, show that am + Jn 
+ or < 1. How if a = b = c=: VI =:n = r? 

5. Show that, in general, (a+3— e:)»+ (a + c— *)•+ (b + c— a)» 
>ab + bc-hac. How if a=b=c? 

6. Which is greater, 2x^ or a; + 1 ? 

Solution.— 1st. If a? > 1, «*>!(?), 2x*>%x(r); but to > « + 1 (T). 

/. 2a?'> « + 1. 

If it; < 1, a similar process shows 2x*<9 + 1. 

7. From 6x—6<3x-\-S, and 2x -\-l<dx — 3, show that x 
may have any value between 7 and 4 ; i. e.f that the limiting values 
are 7 and 4. 

8. Wliat are tho limiting values of x determined from the con- 
ditions 3a; -2 > J:c - ^, and | - fa: < 8 — 2a; ? 

9. Tlui double of a iuiml)er diminished by 5 is greater than 26, 
and triple of the number diminished by 7 is less than the double 
increased by 13. What numbers will satisfy the conditions? 
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CHAPTER I. 

INFINITESIMAL ANALYSIS. 



SECTION L 

DIFFERENTIATION. 

136. In certain classes of problems and discnssions the quantities 
involved are distiuguislied sis Constant and Variable, 

ISS* A ConstUflt quantity is oitc which maintains the same 
value throughout the same discussion, and is represented in the 
flotation by one of the leading letters of the alphabet. 

137. Variable quantities are such as may sissume in the same 
discussion any value within certain limits determined by the nature 
of the problem, and are represented by the final letters of the 
alpliabet. 

Jul.— If X is the mdlius of a circle and jf is its area, y = kx^, as we learn from 
Geometry, ir being about 8.141B. Now if sr, the radias, varies, p, the area, wUl 
vary ; bat it remaliui the same for all valaes of x and y. In this case x and p 
are the variables, and ir is a constant. 

Again, if y is the distance a body falls in time x, it is evident that tho greater 
X is, the greater ia y, i, e., that as x varies y varies. Wo leurn from Physics tliat 
ff — t^ffdf, for oomiwratively small distances above the surface of the earth. 
In the ezpTeaslon y = lH^x*, x and y are the variables, and 16-|V is a constant. 

Once more, sappose we have y' = 2&r^ — Se* — 5, as an expressed relation 
between x and y, and that this is tho only lelaliou T?Vi\cVi ys \^^\t^\ v^ tL^^^ 
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between them ; it is evident that we may give values to x at pleasure, and thus 

obtain corresponding values for y. Thus if a; = 1, y = ± Wi, if x = %, y 

= ± Vl83, etc., etc. In such a case x and y are called variables. But we notice 
that if we give to x such a value as to make dx* + 5 > 25x^ (as, for example, i, 
i, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138» ScH. — The pupil needs to guard against the notion that the terms 
constant and rariaUe are synonyms for known and unknown, and the more so 
as the notation might lead liim into this error. Tlie quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have all been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions. 

139* A Function is a quantity, or a mathematical expression, 
conceived as depending for its valne upon some other quantity or 
quantities. 

III. — A man's wages /^ a given time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = 16-iVp* {^^7), second illustration, 
y is a function of x, i. e., the space fallen through is a function of the time. The 
expression 2a>x* — 3a; •:- 55, or any expression containing x, may be spoken of as 
a function of x. 

140. When we wish to indicate that one variable, as y, is a func- 
tion of another, as x, and do not care to be more specific, we write 
y =/(2;), and read "?/ equals (or is) a function of x.^ This means 
nothing more than tliat y is equal to some expression containing the 
variable x^ and which may contain any constants. If we wish to 
indicate several different expressions each of which contains a:, we 
write /(a:), q){x), orf'{x), etc., and i-ead " the / function of a:," "the 
g) function of rr," or " the/' function of ar.'* 

III.— The expression /(^) may stand for a;^ — 2aj + 5, or for 3(a* — «•), or for 
any expression containing x combined in any way with itself or with constants. 
But in the same discussion f(x) will mean the same thing throughout. So again, 
if in a particular discussion we have a certain expression containing x {e, g., 
dx* — ax -k- 2ab), it may be represented by /(a;), while some other function of x 
(e. g,, 5(a' — x^) + 2x^) might be represented by /'(«), or <p(x). 

« 

141* In equations expressing the relation between two variables, 
as in y* = Sax^ — x^, it is eustomnry to speak of one of the variables, 
as y, as a function of the other x. Moreover, it i«s convenient to think 



* The limiN of this volnme do not permit the iiiterpretatlon of inuifi^iiiariv'* A'* other than Im* 
po»H!b1u qiinntlticM, i. «., incon^tstent with the restricted view takcu of the particular problem 
which may be itnder conBideration. 
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of a; as varying and thus producing cluinge in y. When so con- 
sidered, X is called the hulependent and y the Dependent yariable. 
Or we may speak of y as a function of the variable x, 

142. An In/lnUesimal is a quantity conceived under such 
a form, or law, as to be necessarily less than any assignable quantity. 

Infinitesimals are the increments by which continuous number, or 
quantity (8)9 may be conceived to change value, or grow. 

III. — Time affords a good illustration of continuous quantity, or number. 
Thus a period of time, as 5 hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, i. e., not by hours, minutes, or eiren seconds, 
but by elements which are less than any assignable quantity. In this way we 
may concave any continuous, variable quantity to cliange value, or grow, by 
infinitesimal increments. 

143. Consecutive Valties of a function, or variable, are 
values which differ from each other by less than any assignable" 
quantity, t. ^, by an infinitesimal part of either. 

14:4:. A Differential of a function, or variable, is the diflfer- 
ence between two consecutive states of the function, or variable. It 
is the same as an infinitesimal. 

III. — Resuming the illustration y = ^0-,Vjj* (137)9 let ^ be thought of ar. 
some particular period of time (as 5 seconds), and y as the distance through 
which the body falls in that time. Also, let z' represent a period of time infini- 
tesimally greater than :p,and y the distance through which tlie body falls in time 
a/. Then z and x' are consecutive values of a*, and y and y' are consecutive 
values of y. Again, the difference between x and x\ as x' — .■•, io 11 differential 
of the variable «, and y'— y is a differential of the function i'. 

145. Notation. — A differential of x is expressed by writing the 
letter d before x^ thus dx. Also, dy means, and is read *• differen- 
tial y.^ 

Caution. — Do not read dx by naming the letters as you do ax ; but read it 
" differential x" The d is not a factor,' but an abbreviation for the word differ- 
eiUial, 

140. To IHffeventiate a function is to find an expression 
for the increment of the function due to an infinitesimal increment 
of the variable; or it is the process of finding the relation between 
the infinitesimal increment of the variable and the corresponding 
increment ot the function. 
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SULES FOB DiFFERBHTIATUrO. 

147. RULE 1. — ^To DiFFEREirriATB a sinolic tariable, sim- 
ply WRITE THE LETTER d BEFORE IT. 

This is merely doing whtX the noUdon reqoiree. Thiu if x and 7f «]» coose- 
cutive states of the variable x, i. e., if x' is what x becomes when H has taken an 
infinitesimal inorement, xf—xis the differential of x, and Is to be written dx. In 
like manner, y'— jr Is to be written dp, y' and y being consecoHye YaloeB. 



14:8. RULE 2. — Constant factors or divisors api^bar in 

THE DIFFERENTIAL THE SAME AS IN THE FUNCTION. 

Dbx. — Let as take the function ^ = /u;, in which a is any constant, integral 
or fractional. Let x take an infinitesimal increment dr, becoming x + dx; and 
let dy be the corres|X)nding * increment of y, so that when x becomes x -^ dx, y 
becomes y + dy. We then liflTe 

1st state of the function ... - y = ax; 

2d, or consecutive state y + dy = a(x + dx) =ax -k- adx. 

Snbtraoting the IbA from the 2d dy^ adx, 

which result being the differmioe between two consecutive states of the function, 
is its differential {144)» Now a appears in the differential just as it was in the 

function. This would evidently be the same if a were a fraction, as — . We 

should then have, in like manner, dy = —dec as the differential of y ^ —x, 
q. E. D. 



149. RULE 3. — Constant terms disappear in differen- 
tiating; OR THE differential OF A CONSTANT IS 0. 

Dem. — Let us take the function y z=ftx + b, in which a and b are constant. 
Let X take an infinitesimal increment and become x -\- dx; and' let dy be the 
increment which y takes in consequence of this change in x, fo that when x 
becomes x + dx, y becomes y + dy. We then have 

1st state of the function yz^ctx-k-b', 

2d, or consecutive state . . - - y ■\- dy =: (i{x + dx) + & = oo; + adx 4- b. 

Subtracting the 1st from the 2d - - - - dy = adx, 

which being the difference between two consecutive states of the function, is its 
differential (144). Now from this differential the con8tant b has disappeared. 
We may also say that as a constant retains the same value, tluTo is no differ- 

* The wurd '* contemporaneous ** U often uf od la tliU eonnection. 
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ence between its oonsecutiye states (properly it has no consecutive states). 
Hence the differential of a constant may be spoken of (though with some lati- 
tisO^mi^. <^ E. ]>: 

150. RULE 4. — To dipfereijtiate the algebraic sum op 

SEVERAL VARIABLES, DIPPEBENTIATE EACH TERM SEPARATELY AND 
CONNECT THE DIPPERENTIAI^' WITH THE SAME SIGNS AS THE TERMS. 

Bbm. — Let ^:±x^ff— t, u representing the Algebraic sum of the variables 
a, ff, and —z. Then iadu^dx-^-dif— dz. For let dx, dy, and dz be infinitesimal 
increments of x, p, and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x, y, and z. We then have 

1st state of the function u=x + y — z; 

2d, or consecutive state 'M + dM=aJ + di? + y + djr— («4- dz). 

Or - -. u + da^rzx + dx+jf + djf— z — dz. 

Subtracting the 1st state from the 2d • - - du = dx ■\- dy — dz. Q. E. D. 



1S1» RULE 6. — The differential of the product of two 

VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND, 
PLUS THE DIFFERENTIAL OF THE SECOND INTO THE FIRST. 

Dem. — Let 14 = jry be the first state of the function. Tlie consecutive state is 
V + rft* = (« + dx){3f + dy) —xy-\- ydx + xdy + dxdy. Subtracting the 1st state 
from the consecutive state we have the differential, t. e., du = ydx + xdy + dx ■ dy. 
But, as (ii; • (?y is the product of two infinitesimals, it is infinitely less, than the 
other terms {ydx and xdy), and hence, having no value as compared with them, is 
td be dropped * Therefore du = ydx + (tdy. Q. e. d. 



Ilf2\ RULE 6. — The differential of the product op sev- 
eral VARtABLES IS THE SUM OF THE PRODUCTS OF THE DIFFER- 
ENTIAL of each INTO THE PRODUCT OF ALL THE OTHERS. 

Dem. — Let u = xyz ; then du = yzdx + xzdy + xydz. For the 1st state of the 
function is t« — xyz, and the 2d, or consecutive state, u + du z=i{x -\- dx){y ■\- dy) 
{z + dz), oT u -k- du = xyz + yzdx + xzdy + xydz + xdydz + ydxdz + zdxdy 



• It will doabtIef>8 appear to the pnpU, at ftret, ns if tW;* gave a rosn't only appwximatdy cor- 
rect Sttch is not th? fnct. The repult U absolutfiy corrt* ct. No error i» introdnccd by dro|)pin}; 
dX'djf. In fact this term mmt be dropped acconlin.' to thcnatnre of infinitesimals. Notice 
tint bj dellirillon a qnnntlly which is iii(ln1»c-«invil with respect to another is one which has no 
aasigiMibleinagninidc with reference to that other. Hcnre wc mnst so treat It in onr re isonin^. 
Now Ar-dlrisaRl^nHesimal or an inflnitofl^mal (i. «., two inflnitesimais mnltiprod togftherK 
and heacte is iafiuitosimal witli reference to ydx and r 'y< tund mast be treated as iiaving no aS' 
tigtsable thIuo with rcppcct to them ; that is. it mtiutbc <i\Tovpc^. 
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+ dJtdydz. Subtracting, and dropping all infinitesim^ilH of infinitesimals (see 
preceding rale and foot-note), we have du = jftdx + xzdy + sei/dz. 

In a similar manner the role can be demonstrated for anj number of varia- 
bles. Q. E. D. 



153. RULE 7.— The DiFFEREifrriAL op a fraction having 

A YABIABLE NUMERATOR AND DENOMINATOR IS THE DIFFEREN- 
TIAL OF THE NUMERATOR MULTIPLIED BY THE DENOMINATOU, 
MINUS THE DIFFERENTIAL OF THE DENOMINATOR MULTIPLIED BY 
THE NUMERATOR, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 

Dem. — Let u = - ; then is du = ^ — '- . For. clearing of fractions, 

y y* 

yu — X. Differentiating this by Rule 6th, we have udy + ydu = dx. Substi- 

tuting for u its value -, this becomes — - + ydu = dx. Finding the value of 

- J ydx — Tdy 
du, we have du r= — -. q. e. d. 

154. Cou. — T7ie differential of a fraction having a constant 
ntwierator and a varlaJ)le denominator is the prodiict of the mimera' 
tor with its sign changed into the differential of the denominator, di- 
vided by the square of the denominator. 

Let u = — . Differentiating this by the rule and calling the differentia] of 
the constant (a) 0, we have du = r-^^ = .— . o. k. D. 

y* y* 

1J%5. Sen. — If the numerator is variable and the denominator constant, 
it falls under Rule 2. 



1S6» R ULE 8. — The differential of a variable affected 

WITH AN EXPONENT IS THE CONTINUED PRODUCT OF THE EXPO- 
NENT, the VARIABLE WITH ITS EXPONENT DIMINISHED BY 1, AND 
THE DIFFERENTIAL OF THE VARIABLE. 

Dem. — Ist. When the exponent is a poHtive integer. Let y ^0*, m being a 
positive integer ; then dy = mxr-^dx. For y = »»• = x-xx-x- to m factors. Now, 
differentiating this by Rule 0, we have dy = (xxx • - to m — 1 factors) dx 
+ {xxx ' ' to m — 1 factors) dr + etc., to m terms ; or rfy = x^-^dx + «*-'<& 
+ af^-^dx + etc., to m terms. Therefore dy = nuf^^dx. 



2d. When the exponent is a positive fraction. I^et y = «», — being « positive 



!?-i 



fraction; then cfy = -«" dx. . For inyolving both members to the Jithpoim we 
have ^ = .r«. Differentiating this as just shown, w» liave ny^^^i^m fnJf'^^^ 
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Now from ^ = a;* we have y*~' = « " . Sabstitating this in the last it be- 






eomefl nx » dy = wwf^'da; ; wlience dy=—x • (£r = -x* dx, q. B. D. 

3cL TF%«n the exponent is negative. Let y = ar-*, n being integral or 
iractioiial ; then dy = — nxr^-^dx. Far y = xr^ = — , which differentiated by 

Rule 7, Cor., gives dy = -^ — = — nxr^^dx, q. B. D. 



Examples. 

1. Diflferentiate y = 3a:* — 2a; + 4. 

Solution.— The result is «fy = ^dx — 2<fe. Which is thus obtained : Bjr 
Rule 1, the differential of y is dy. To differentiate the second nieml)er we dif- 
ferentiate each term separately according to Rule 4. In differentiating a**, we 
observe that the factor 3 is retained in the differentia]. Rule 2, and the differen- 
tial of x* is, by Rule 8, 2>xdj^. Hence, the differential of ftr* is ^dx. The differ- 
ential of — 2a; is — %dx. By Rule 3, the constant 4diflappean from the differen- 
tial, or its differential is 0. 

2. Difflerentiate y = ^aa^ + ^aji? — x-h m. 

Result, dy = iaxdz + \%(M?dx — dor^ 

3. Differentiate y = Sfer* — 30a:* + 4ar. 

4. Differentiate y = Ax^ ^- Bo^ ^ Cx\ 

1&7* 3cH. — ^It is desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions as the above, but that he know 
what the operation sijgnifics. Tlius, suppose we have the equation y = 5x, 
Tills expresses a relation between x and y. Now, if x changes value, y must 
change also in order to keep the equation true. In tliis'simplc case it is easy 
to see that y must change 5 times as fast as x in order to keep tlie equation 
true. This is wliot differentiation shows. Thus, differentiating, we have dy 
= 5dx. Tiiat is, if x takes an infinitesimal increment, y takes an infinitesi- 
mal increment equal to 5 times that which x takes ; or, in other words, y 
increases 5 times as fast as x, 

Kpw let QB. take a case which is not so simple. Let y=9x*^2x-h4, and let 
it be required to find the rdatite rate of change of x and y. Differentiating, 
we have dy =s %xix — %dx = (0ar — %)dx. This shows that, if x takes an infini- 
teEomal increment represented by dr^ y takes one (represented by dy) which 
is Obp — 9 Unies as large ; i. e,j that y increases 6x^2 times as fast as x. 
Notice that in this case the relative rate of increase of x and y depends on 
the Tiltif of X. Thus, when fl;=l, y is increasing 4 times as fast as x ; when 
xsstfff^ lifiTiilnfl, 10 times as fast asx; when i;=:3, y is increasing 10 
tfanft^gJ^rtliTir; etc. 
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6. DiflFerentittte y = a:* — a:*, and explain the significance <rf the 
result as above. Result, dy = (5a;* — Zx*)dx, 

6. In order to keep the relation 2y = 3a;* true as x varies, liow 
must g vary in relation to a;? What is the relative rate of change 
when a; = 4? When a; = a? Whena;=l? Whena;=|? When 

Anstoers. When a; = 4, y increases 12 times as fast as x. When 
a; = ^, y increases at the same rate as a;. In general y increases 3a; 
times as fast as x. When x is less than ^, y increases slower than x, 

^ 2a:* aJ* — 1 
7 to 12. Differentiate the foliowinff: u = -zr—\ n = —z ; 

* 3y ' a* + 1 ' 

y = o^s? ; u = x?f + 6a;; ^ = 3;* — Sa^^ + ia;* — a;* + l; and 
y = l<r» - fr» 4- a:. 

13 to 17. Differentiate y=(a«+a?»)» ; y=(a+a;«)*; y=(3a;-2)*; 
y = (2 — a;«)-« ; and y = (1 + a;)~^. 

Sug's. — Sacli examples should be solved by considering the entire quantity 
within the parenthesis as the variable. This is evidently admissible, since any 
expression which contains a variable is variable when taken as a whole. Thus 

to differentiate y =:{a + x*yy we take the continued product of the exponent (}), 

the variable {a + «*) with its exponent diminished by 1, [t. «., (a + «*)"*], and 
the differential of the variable (t. e., the differential of a + x*, whidi ii &»(&). 

This gives us dy = Ka + a?*) *awlaj, or (fy = jjB(a + ««) *dx = — t . 

3 V'a +. «* 

18 to 22. Differentiate 5^; ^^,; ^j-i^.; -«(5-:^. 



and — m 



(I -f X) 



a* 



23. In the expression Ca;^, when a; is greater than 1 does the fhnc- 
tion (Ba;") change faster or slower tlian x ? How, when .r is less 
than ^^ What does the process of differentiating 6a;* signify ? 

AniiDer to the lad. Finding the relative rate of diange of (ke' and a*, or find- 
ing what increment 0.p ' takes when x takes the increment (Ix, 

Or, in still other words, finding the difference between two oonsecative itates 
of te', and hence the relation between an InfinitMimal inoremeiit of r^aftd the 
corresponding increment of Ox^» 
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SECTION II. 

INDETERMINATE COEFFICIENTS. 

158. Indete9*minate Coefficients are coeflSciente assumed 
in the demoustratiou of a theorem or the solution of a problem, 
whose values are not known at the outset, but are to be determined 
by subsequent processes. 

159. JProp.—If A + Bx + Cx*+ Dx» + etc. = A'+B'x + CV 
+ D'x'h- etc., in which x is a variable^ and the coefficients A, B, 
A', B', etc. are constants^ the coefficients of the like powers of x are 
equal to each other. That is, A = A' {these being the coefficients o/x^), 
B = B, C = C, etc. 

Demt. — Since theeqaation is true for any value of x, it is true for x=zO. Substi- 
tuting this value, we liave^=:^'. Now as A and A' are constant, tliey have the 
same values whatever the value assigned to x. Hence for any value otx,A=A'. 
Again, dropping A and A\ we have Bx + Gx*-\-Dx^-t etc. = B'x + Cx^-^D'x^ 
■f etc., whicli is true for any value of x. Dividing by a*, we obtain B-^Cx-\-Dx* 
-4- etc.=^ + C'x -h D'x*'^- etc., likewise true for any value of x. Making a? = 0, 
B = B',viB before. In this manner we may proceed, and show that C = C\ 
D = iy, etc, q. B.^D. 

IBa. OOK.— -5^ A + Bx + Cx» + Dx* + efc. = 0, w true for all 
values of x, each of the coefficients A, B, C, etc., is 0. 



For we may write A + Bx-^ Ox*+ Dx^-h Ex* -h Fx* -^ etc.= + Oa? -f 
+ (to'+ (te*-h (te*+ etc Whence by the proposition ^ = 0, 5 = 0, C= 0, 



etc 



DEyBLOPMENT OF FUNCTIONS BY MEANS OF INDETERMIXATR 

Coefficients. 

ISl* A Function is said to be Developed when the indicated 
operations are performed ; or, more properly, when it is transformed 
into an eqniTalent series of terms following some general law. 

lUi's. — Diviaion affords a method oi developing Bomc forms of functions. 



* Saying that r Is a railablc, is eqaivalent to nylog that the eqnation mast be true for anp 
valqe of -c TUrla an e«mtial thing in this difcatilon. TIm members of Mieh an equation 
axa MNMlmce lald to bo Identiealfy eqaal. 
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Thus y = 



1 



l-z 



wlien developed by division becomes yrsl-f-ap-f-aj'-f-aj'-i- etc 



The binomial fonnula (Complete School Algebra, 19S, or 168 of this 
treatise) is a formubi for developing a binomial. Thos y = (a + xY when devel- 
oped becomes y = «* + 5<i*a'-|- lOa^x^ -♦- 10a**' -♦- 6ttx* + «* . The subject is one 
of great importance in mathematics, and the method of Indeterminate Coeffi- 
cients forms the basis of most that is valuable upon it. 



Examples. 



1-a? 



1. Develop -j- into a series by the method of Indetermiuate 

Coefficients. 



1-a; 



Solution. — Assume ; = ^ H- 5a; + Cx* -t- Dz^ -t- JEu * -h etc. Clearing 

of fractions, 



1- 


-x^A-\-B 


x^C 


a;*-fi> 


x^-^E 




■¥A 


-VB 


+(7 


+i> 






^A 


+J? 


+C 



-*- etc. 
+ etc. 
-♦- etc. 



Equating the coefficients of the corresponding powers of % by (151^), we have 
the following equations from which to find the values of A, B, C, D, etc. : 
^=1; A+B=''l; A-hB-^C^O; J?+(7+i> = 0; C7+i>+^=0. Solving 
these, we have A=l, B= - 2, (7=1, 2)=1, and jB?= — 2. 

Substituting these in the assumed development, we have 



1-a? 



iH-ar+a? 



-,=1— 2jr+a;* -+-«•— 2a?*4- etc 



This can readily be verified by actual division. 

2. Develop, or expand into a series (a*— a;*)* by means of Inde- 
terminate Coefficients. 

SoLtrrioN.^Assume 

((»*- aj*)'= A'^BX'{'Qt*+Dx^'\-Ex*'k-Fx^'^Gx^'¥ etc. 
Squaring both members and expanding (a*— ar')^, wc have 



a*-8aV+8aV- 


-^x^^A^^AB 


x-^AC 


a^-hAD 


:i^-\^AEj^-¥AF,x'''^AG 


«*+eto. 




-tAB 


+5' 


•^BC 


•^BD\ -^Bi: ^BF 


+etc. 






■^AC 


^BC 


4-C- 1 -^CD -^CE 


+etc. 




-\-AD 


-^BD\ -hCl) +/>' 


H-etc. 




-¥A^\ -^BE -i-CE 


+etc. 




-hAli*. -^BF]. H-etc. 










-^AO 


H-etc. 



Equating the coefficients of the corircftponding powers of x, wo find ^* = a**, 
or^ = a=M 2^5 ss 0, whence 5 a ; 2-4C7H- 1?'= - 8a*, whence C= - |f?; 

^ 8 

ilAl> -H SC) - 0, whence D « { ^{AS -^ BD) + C** to* . whence B^jr} 
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^^AF-^-BE-^ (72>)=0, whence F=^0 ; and in like manner G = — -j, etc (If the 

escpansion of the eeooncl member liad been carried farther, each of the succeeding co- 
efficients would be equated with 0, as tbere are no terms in^the first member contain- 
ing higher powers of a; than the Cth.) Substituting the values of ^, B, (7, 2>, etc, as 

I 3 3x* «• 

now found, we have (a*— ar*) =a*-- n^^*"*" g^ "*" i«^ "*" ®*^* 

3. Expand, or develop (1 —a:*)* by inciins of Indeterminate CoefB- 
cients. Also r, r. , and 7. 

Sue. — To expand the last, put the expression equal to the usual series, square 
both members, and then clear of fractions. 

162. Sen. — In using the method of Indeterminate Coefficients, as the 
series A-bBx-\- C«*-h etc., is merely hypothetical at the outset, we must 
carefully observe wlietlier the subsequent processes develop any inconsist- 
ency. For example, perhaps a particular expression will not develop in the 
form assumed. If so, some inconsistency will appear in the process. Thus, 

2 2 
were we to attempt to develop -^ 5 by assuming -^ ^ = ^4 + & 4- Cx* 

+ Dx^-h etc., we should find, after clearing of fractions, that the first mem- 
ber had only the tenn 2, which is 2.1;" ; and as there would be no correspond- 
ing term in the second member, we should have to write 2 = 0, which it 
absurd. In general, we observe that, when we equate the coefficients, the 
second, or assumed member, must have a term containing as low a power of 
the variable as the lowest in the first member. This may be secured either 
by putting the expression to be developed into a proper form before assum- 
ing the scries, or by assuming a series of proper form. Thus, in the above 

2 12 2 

case, we may write for -r r , -r- • , and then develop by 

x*—x* a?*l— « l^x 

2 

assuming = A-^Bx-h Cx*'k-Bx^ -h etc., and finally multiplying by 

X "^ X 

1 2 

— ; or it may be developed by assuming -^ 5 = A3r'*+Bx-^-\- Cx^-\- Dx 

-f Ex* -H etc. 

4. Expand — | — -. — by the method of Indeterminate Coeffi- 

cients. Also = :r-; . Also 



1 _3a:*- ""'""22:* + 3a:»' 

5. Expaiid \/l — .i*. Also (1 + x)^. 

11 
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Deoohpositiok of Fractions by means of iNbETERMiirAti 

Coefficients. 

163. Fof certain purposes, especially in the Integral Galcnlns, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 

ICd. Case 1. — A fraction which is a function of a single varia- 
hky whose numerator is of lower dimensions than its denominator, 
i$Hd whose denoininator is resol cable into n real and UNEQUAL fac- 
tors t\fthejirst de^ree^ can be decomposed into n partial fractions of 

*^ x+ax + bx + c xH-n 

X -f 0, - - - - - X + n being the factors of the denominator, 

/[')• ABC 2f . 

«p{r) x-\- a X -^b X -{- c x + n 

wtkik jyr) i» of lower dimensions f than (p{x), and 4p(x) = (a; + a)(^ + b)(x + c) 

AS 
, , . « - (J? + n). J: Redacing the partial fractions , t , etc., to 

Kurttun having a common denominator, this denominator will be the product of all 
lh«^ d«»nominators x + a, x + b, x ■\- e, etc., and hence will be <p(x), and each 
nuuM^rmtor will contain one less of these factors than the common denominator, 
and hf nee will be of the (n — l)th degree, the denominator being of the nth de- 
|frw».^ Then, as the denominators of both members will be equal, the nnmera- 
ton« will also be equal. Placing them so, we can find the valnes of the indeter- 
minate coefficients ^, 5, C, etc., by the principle in (ISO), The necessity for 
Having yt^) of lower dimenrions than qf(x) is tlie same as is pointed out in {162), 
Thus, if f(x) contained a term like Sx* while €pi(x) contained none higher than 
%s^, we should be required to write 5 = 0, as there would bo no term in the sec- 
ond member having an x^ in it. Finally, having obtained the values of. A, S, C, 

A JB C 
eitc., we can substitute them in , r , , etc., and have the 

X •\- a a? + & X + e 

partial fractions sought. 



163* Case 2. — A fractio7i which is a function of a single varia* 
blCf whose numerator is of lower dimensiofis than its denominator, 

and whose denominator is resoloabU into n real and yx^Xj Kh factors 

, . . — — • 

♦ See {139, 140). 

t That i8, does not contain so high a power of x. 

t The propoeition as^nmes that g){x) ie refolvatle into n real and unequal fact«n of the 
flr!>t degree. 

TuUif, coDUioiDgx to the nth power, and no higher power. 
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.of t}^ JUret (hgree^ can he decomposed into u partial fractions of t/ie 

^^ A B C N 

•^*^* (X +a)' "^ (x+a)-' "^ (x +a)-- F+l' 

X 4- a bein^ one of the equal factors of the denominator. 

^ . A^) ^ B C Jt^ 

DfiM.— Assume ' ' 



(p{x) " {x + a)* {x + a)"-» (a; + o)"-* x + a* 

in wliicli Jl^v) is of lower dimensions tlian tp{x)f and <p(^) = (^ + a)». Reducing 
the partial fractions to forms having the common denominator (x -h a)* (i. e, q>{je)), 
and placing the numerators of the members equal, we i.nd t;iat tho :: ocoud mem- 
ber is not of lower dimensions with respect to the variable x, than the first mem- 

N 
ber, since the numerator of the fraction will contain the highest power of 

X '^ CL 

X of any of the tenns, and this will have no higher power than af»-*, as («+«)•-* 

N 
U the factor by which the terms of the fraction will be multiplied in the re- 
duction. Hence, we can find the values of A, B, C, etc., by (1S9), and theoo 
substituted in the assumed series will give the required partial fractions. 



1S6. Case 3.— Jl fraction which is a ftmetion of a single varich 
hie, whose numerator is of lower dimensions than its denominator, 
and whose denominat-or is resolvable into n real and equal QCAb- 
UA.T1C factors^ can be decomposed into n partial fractions of the form 

Ax + B ^ Ox + D Ex -i-F 

[(X + a)* + b»]- ■''" [(X + a)* T V]-> "^ [(X + a)« + b*J--« 

----- -5 p|, (x H- a)* H- V being one of the equal 

factors of the denominator, 

pBM. — Assume 

fix) _ Ax-^ B Cx-^ D ^ Ex + F 

^«) " [(« + a)* + &*]• "*" [(ir + «>» + >*]»-» "^ [:.r -r- a>* + *«]— » 

(« + «)« +6** 

Bringing the teims of tiie secomd member to a common denominator <p(a;), or 
[(« + a)* + 6*]*, we find i;hat the highest power of x involved in the numerators 
is aJ»— », which will ariry? iu. miUtiplying Jfo + if by [(a? + a)* + &«]*-». But, as 
f(x) IS of lower dimensions than (p{x), and <p(a?) is of 2/i dimensionp, the numera- 
tor of the second member will not be of lower dimensions than f{x), and hence 
eq[aatiBg them, the values of A , B, (7, etc., can be detcjrmined and substituted in 
the aaeuiaed series of partial fractions. 

Jf67« ScH.— Whe» the denominator of the fraction to be decomposed is 
composed of factors of two or more of the f otmB wtctTe^ \.o m ^Jea >Ckn» ^g^wii. 
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casea, the forms of the assumed partial fractions most be made to correspond. 

Thus were it required to decompose a^j.^i,^:g^ay(x*+a*)' ' *^® assumed par- 

tial fractions would be - + -^ + j-^ + 7-^ + -^ + ^ + ^■. 

X x — b (x + ay (« + a)* a; + a (a?* + a*)* 

. BJc + I 



Examples. 

x' — 2 
1. Decompose -5 into partial fractions. 

a . X* "2 A B C 

Solution.— Assume - — -j = - -f :i — - + 5—— , «, 1 - a?, and 1 + a? being 

aj — a?* a; 1 — x 1-fa; " 

the unequal factors of a; — a;' {115f 117). Bringing the terms of the second 
member to a common denominator, we have 

X* — 2 _ A — Ax* -h Bx ■\- Bx* + Or — Cfe* 
x^x'*^ ar(l — x)(l + x) 

Hence a?* — 2 = ^ + (5 + C)a? + (J? — .4 — C)x* ; from which we get ul = - 2, 
JB + (7 = 0, and B — A — C=\, Solving these equations we find -4 = — 2» 
J9 = — i, and C=\. These values inserted in the assumed forms give 

a;«-2 -2 j j _ 2 1 1 

aj-a?*"" X l~aj"^l-i-aj x 2(1-*) "*"2(H-af)* 

2 to 6. Decompose the following : -5 ; —. ^ ; 

a; + 1 Zx — b , «• 

a:» - 7a: + 12 ' a:* - 6a: + 8 ' a:* + 6a:* + 11a; + 6 ' 

Sno. — In case the factors of the denominator are not readily discerned, place 
the denominator equal to and resolve the equation. Thos the laot ezainple 
gives aj' + to* + 11a: +6 = 0. From which we have a; = — 1, — 2, and — 8 

(110)f and the factors are a; + 1, a; + 2, and a; + 8. 

'v^ 11 n ^u 4. u 3a:*-7a:+6 2+3a:+a;« 

7 to 11. Decompose the fractions (^,^). ; ^^ 9;r'-h27:r-H27 ' 

; and 



a:*(l - a:*)(l + a:)' a?* - 1' (x - 2)*(a: 4- 3)'" 

a:»— 2a: + 3 3a:»— a?*— 10a:»+ 15a:»+ 2*— 8 



12 to 18. Decompose 



(a:*4-l)' ' a:(a:*-2)«(»-l) 



£--^jhl ^ 1 1___^ 1 6a:»— 4a?— 6 

^^pTTl)' a:*-l' a^^"5*' ^Zr^^+jJ^qf^^ a«<l^_g^^H^_g 
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SECTION III. 

THE BINOMIAL FORMULA. 

ISS. Theare^n. — Letting x and j represent a?iy quantities 
whatever (L e. ^ variables) and m any constant, 

. . ^^, mhn—l) ^ . , m(7«— l)(wi— 2) , , 

^ ..Q^ ^ 1) (y 2) (m - 3)^^. ^ ^^^ 

Dkm. — We may write (ar-t-y)* = «* ( 1 H- - I . Now i>ut - = « and asBume 
(1 + «)» = ^ + ^2 4- Cfe' + i)2» + JSS;* -4- i?V» + etc., (1) 

in whicli A, B, C\ etc., are indeterminate coefficients independent of z (i. e. con- 
stants), and are to be determined. To determine these coefficients we proceed 
as follows : 

Differentiating (1), we ha^e 

w(l-t-«)«->dSr=-5(fo-f20Mfe+82VdSr-f4.fi&'<fe+5Wd!«+ etc 

Dividing by d», we have 

«»(l+«y— »=B+2a + 823ti» -h 4i&»-h5/i^*+ etc (2) 

Differentiating (2) and dividing by dz, we have 

ifi(m-lXl+f)— •=2C+ 2 . 81)8 + 3 • 4ia«+ 4 • 5i^»H- etc (8) 

DiiEenntiatiiig (8) and dividing by dz, we lu^ve 

i»i(m-lX»-2Xl+f)— '=2 . 82> + 2 ■ 3 4^ + 8 . 4 . 6JV + etc (4) 

Differentiating (4) and dividing by dz, we have 

iiKm— 1X«»— 2Xm-8Xl +«)*-^=:2 . 8 • 4i7 + 2 . 3 . 4 ' Qi^£ + etc (5) 

Differentiating (S) and dividing by dz, we have 

m(iii-lXm-2Xf»-8X«-4Xl+t)*-*=2 8.4. 5F+ etc (6) 

We have now gone far enough to enable us to determine the coefficients A, 
B, C, D, E, and F, and doubtless to determine the law of the series. 

Aa lUl tlie above equations are to he true for all values of z, and as the coeffi- 



* Tills iorai if raid * factorial 8," '* llMtorial V* etc ; and signifies th^^ product of the nat- 
oral BimbMB ftoom ltoa,lto4,etc ^ 
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cientfl A, B, C, etc, are constants, ». e. , have the same values for one value of a 
as for another, if we can determine their values for one value of «, these will 
he their values in all cases. Now, making 2=0, we have from (1) A=l ; from 

(2), B= m ; from (3), C = — • (the factor 1 heing introduced into the de- 

nominator for the sake of symmetry) ; from (4), D = -^ ; from (5), 

^,_ ^(m-lXm~2Xm-3) . .^. „ m(m-l)(m-2Xm-3X^- 4) 

-fir = — ; from (6), Jr= j^ . 

These values substituted in (1) give 

I? li li 

fw(m— IXw— 2Xt»— 3Xw— 4) 



15 
Finally, replacing z by its value -, we have 

•17 



-«* 4- etc 



w(m - IXot - gX>»» - 8 ) y« OT(m - 1X»» - 8Xi« - 8Xm -4) y' » 



Jf69. CoK. 1. — 77*e n^A, or general temi of the series is 



m{vi - 1) (nf - 2) (,;i _ n + 2) ,.,^+, ^_, 



|n-~l 

For we observe that the last factor in the numerator of the coefficient of any 
particular term is m — the numl^er of the term less 2, i. e., fpr the «th term, 
m — (/I— 2), or m ^ n + 2 ; and the last factor in the d«ioiiiln«tor l« the number 
of the term — 1, ». e,, for the nth term, n — 1. The exponent of x in any par- 
ticular term is w — the number of the term less 1, t. e,, for the nth term, 
m—(n — 1), or m — n + 1 ; and the exponent of y hi any term to oiie less than 
the number of the term, ». e,, for the nth term, n — 1. 

170. Def. — Tn a series the Scale of delation istke relation 
which exists between any tenn or set of terms and the next term or 
set of terms. 

171» CoR. 2. — The scale of relation in the hinaniial series is 

/m + 1 \v 

f —\]-9 since the nth term miUtipiied by this produces the 

fn + 1)M temi. 
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This is readily seen by inepecting the series, or by writing the (n + l)th term 

and dividing it by the /ith. Thas, subetitutiug in the general term as given 

^ . , m{m—l){m—2) (w— »+l) 

above, n -hi for n, we have ■ -«*~*y*, »« the 

\n 

(/i+l)th term. This divided by the nth, or preceding term,* gives - ^ 



n X * 



\ n /x 



Examples. 



1 to 6. Expand the following : (a — b)^ ; {x ^ yy ; (a — x)" ; 

{i + xy; li-y)»; (i-y)-. 

7 to 11. Expand {x + y)-» ; {x - y)"' ; (a - x)-' ; j^^-^^ I 

, or (a; + v)"* . 

X -^ y 

[Note. — For practical suggestions in the use of this theorem, see Comfletb 
School Algebra, pages 148-154, or Part L of this volume, pages 68, 09.] 

12. Expand (a + a;)» by using the scale of relation. 

Solution. — ^The scale of relation ( 1)- becomes in this case 

\ n /x 

1. 1" • Now the first term is a*. To obtain the next n = 1, whence 

n /a 

the scale of relaiioa 5 - . Multiplying a^ by this scale of nlation, we ind the 

X 

second term 5a*x. For the next the scale of relation is 2 - . Hence the Sd 

a 

term is lOa'a;'. For the next the scale of relation is - , giving for the 4th 

a 

(6 \x X 

T — 1 )- or i- , 
4 /a a 

giving for this term Hax*. For the 6th term the scale of relation equals 
(^ — 1 j— or i-, giving x*. For the 7th term the scale of relation is ( ^ — 1 ) - 
or 0. Hence the series terminates. 

13. Expand {m — n)~* by using the scale of relation, and also 
by the general formula. 

U to 17. Expand (1 - a« )* ; (2 + a;»)*; {x - y)"^ ; (a + x)~^. 

* The nnnMiator of the coettcient ofthe preceding, or nth torm, coDtain^ all the factors of 
the namerator of the (n-i-l)th except m — n+1, aa the Actor in the (n+l)th preceding m •- n-i- 1 
ia «• * » -f t, etc Similaiiy la the denominator. 
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18 to 20. Expand {a* - a;«)* ; (3a - x*y' ; (a« + c^)*. 

Sug's. — In casee in which the tenns of the binomial are not single letters or 
figures, it will be best to substitute single letters, expand and then replace the 

values. Thus, to expand («*•* —Sa)~*, put a?*= y, and 3a = &, and expand (y— W^; 
and in this expansion restore the values of y and b. In like manner the for- 
mula may be applied to any polynomial. Thus, to expand (1 — «*+ %)', put 
(!—«*) = «, and 8y = u, expand (« H- w)', and then restore the values. 

21. Expand — into a series. 

n. — t 

Bug's. = a(&'— g*a;») . Put &*=«, and c*a?*=y, and expand 



Va*- 



c*aj* 



(« — y) *, etc. The result is 

a a\. jM 18 c*** 185 c*a;V 1 • 8 » 5 » 7 cV i 

22. What is the 4th term of the development . of (a* -f zy ? 
(See 169.) 

Bug.— The general term is ^^-^) (i;t-n + 2) ^_.+,y^, j^^ ^j^ 



71 — 1 

£3 

ease m = i, n = 4, «=«*, y = «. Whence the 4th term is r-r-ri . 

10a* 

23. What is the 7th term of (a«- **)*? The lOfli term? 



SECTION IV. 

LOGARITHMB. 

172* A Logarithm is the exponent by which a fixed number 
is to be affected in order to produce any required number. The 
fixed number is called the Base of the System. 

III.— Let the Bcue be 3 : then the logarithm of 9 is 2 ; of 27, 3 ; of 81, 4 ; 
of 1»688, 9; for 3«=9 ; 8»= 27 ; 3*= 81 ; and 3»= 19688. Again, if 64 is the 

base, the logarithm of 8 is i, or .5, since 64% or 64*= 8; i.e., i, or .5 is the 
exponent by which 64, the base, is to be affected in order to produce the num- 
ber 8. Bo, aIbo, 64 being the base, i, or .838+ is the logarithm of 4, since 64', 
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or 64**'*+= 4 ; ». e., h or .888+ ia the exponeDt by which 64, the hwe, is to be 

affected in order to produce the number 4. Once more, since 64% or 64''**+=16, 

J. or .668+ ia the logarithm of 16, if the base is 64. Fmally,64~*, or 64-» 
= i, or .125 ; hence — i, or —.5 is the logarithm of i, or .125, when the base is 
64. In like manner, with the same base, —J, or —.338+ is the logarithm of \, 
or .25. 

173. OOK. — Since any number with for its exponent is 1, t/ie 
logarithm of 1 is 0^ in all m/stems. Thus 10®= 1, whence is the 
logarithm of 1, in a system hi which the base is 10. 

174. A System of Logarithms is a scheme by which all 
Hambers can be represented, either exactly or approximately, by 
exponents by which a fixed number (the base) can be affected. 

175. There are Two Systems of Logaritlims in common use, 
ealled, respectively, the Briggean or Common System, and the Na- 
pierian or Hyperbolic System.* The base of the former is 10, and of 
the Litter 2.71828 + . In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

176. Cob. 1. — Neither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For aU nambera eannot be represented either exactly or approximately by ex- 
ponents of such numbers. Thas with 1 as a base we can represent no other 
number than 1 by its exponents, for 1 with any exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
Bombers, and those which were even numbers would represent positive numbers. 
For example, with —% as a base, 3 might be considered as the logarithm of — 8« 
since (—2)'= — 8; but no number could be found as a logarithm to correspond 
to 8 (». e, +8), since ~2 cannot be affected with any exponent which will pro- 
duce 8. 

177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of roots 
of large numbers. These processes are performed upon the following 
principlei: 

178. Prop. 1. — The logarithm of the product of two numbers 
is the sum of their logarithms 

DsM. — Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a*=.m, and a»=»i* 

* Tht iMWiiryw fffstem is the one ufed for practical pnrposeB. and the only one of which 
there are taUef In common use. Napierian logarithnig are usually implied in abstract mathe* 
matlcal dbeastion. 
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Thus y = 



1 



l-« 



when developed by divigion becomes y = l-h«-|-aj*-|-aj'4- etc. 



The binomial formula (Complete School Algebra, lO&f or 1S8 of this 
treatise) is a formula for developing a binomial. Thus y z=.{a -\- zY when devel- 
oped becomes y = a* + 5a*iC+10a'aj?-»-l(ki*iP'-|-5//.i;*4-«*. The subject is one 
of great importance in mathematics, and the method of Indeterminate Coeffi- 
cients forms the basis of most that is valuable upon it. 



Examples. 



X 



1- 


-a: = -4+2? 


x^C 


«*+!) 


x^-^E 




-¥A 


+5 


+ (7 


+i> 






-^A 


+P 


+C' 



1. Develop -j- into a series by the method of Indetermiuate 

Coefficients. 

\—x 

Solution.— Assume :; -. = -4 + -Ba; + Cx* + Dx^ -\- Ex^-\- etc. Clearing 

X+x-^x* " 

of fractions, 

jr^-h etc. 
-t- etc. 
+ etc. 

Equating the coefficients of the corresponding powers of x by (15^), we have 
the following equations from which to find the values of ^, J?, 6M>, etc. : 
^=1; ^+i?=-l; -4+5+(7=0; J?-l-(7+2> = 0; C+2>+^=0. Solvmg 
these, we have ^=1, J?= — 2, (7=1, 2)=1, and J&= — 2. 

Substituting these in the assumed development, we have 

1— rr 

:; i=l-2jr+a;*-|-«'— 2a;*+ etc. 

This can readily be verified by actual division. 

2. Develop, or expand into a series (a*— a:*)* by means of Inde« 
terminate Coefficients. 

SoLtmoN.^Assume 

(rt*- aj*)*= -4+B«4-0*-f 2>aj*H-^*+2^-fflte«+ etc. 
Squaring both members and expanding {a^—x*)^t wo have 






:r-+-^Ca;»H-^27 






-^AD 



:i^^AB\x''-¥AF,x'''{-AO 



•¥BD\ -^BJJ 

4-(7-' '■ -^cn 



^BD\ -¥CD 
■^A^\ -^BE 



^BF 

-^CE 

-^CE 
+A0 



«*+etc. 
+etc. 
4-etc. 
4- etc. 
4- etc. 
H-etc. 
H-etc. 



Equating the coefficients of the corrcftponding powers of T, wo find A* =^a^, 
or^=a=M 2^5 ss 0, whence i? a ; 2^C-M?*= — 8a*, whence C= - |f?; 



S(^2) -H SC) « 0, whence D » ; ^{AS -^ BD) -^ C « 8a* . whence B s 



8 
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^^AF-^BE-^ (7i>)=0, whence F=^0 ; and in like manner G = r-r-j, etc (If the 

escpansion of the eeooncl member liad been carried farther, each of the succeeding co- 
efficients would be equated witli 0, as tbere are no terms in^the first member contain- 
ing higher powers of a; than the Cth.) Substituting the valaes of ^, B, C, D, etc, as 

I 3 ar* «• 

now found, we have (a*— ar*) =a*— o^^"*" 8a "^ i6a» "*" ^^' 

3. Expand, or develop (1 —a:*)* by meims of I u determinate CoefB- 
cients. Also r, t , and 



x+l' b-ax' (l-:r)*' 

Sua. — To expand the last, put the expression equal to the usual series, square 
both members, and then clear of fractions. 

1^2, Sen. — In using t!ie method of Indeterminate Coefficients, as the 

series A-\- Bx-\- C7«*4- etc., is merely hypothetical at tlie outset, we must 

carefully observe wlietlier the subsequent processes develop any inconmst- 

ency. For example, perhaps a particular expression will not develop in the 

form assumed. If so, some inconsistency will appear in the process. Thus, 

2 2 
were we to attempt to develop -^ j by assuming -3 j = A -\- Bx-^ Cz* 

+ 2>^^+ etc., we should find, after clearing of fractions, that the first mem- 
lier had only the term 2, which is 2j;" ; and as there would be no correspond- 
ing term in the second member, we should have to write 2 = 0, which it 
absurd. In general, we observe that, when we equate the coefficients, the 
second, or assumed member, must have a term containing as low a power of 
the variable as the lowest in the first member. This may be secured either 
by putting the expression to be developed into a proper form before assum- 
ing the scries, or by assuming a series of proper form. Thus, in the above 

2 12 2 

case, we may write for -r , -r- • , and then develop by 

ar — X* X* 1 — X 1 — X 

2 

assuming = Jl 4- -Br -f Cx*-\'I>x^ + etc., and finally multiplying by 

X ~-" X 

1 2 

-J- ; or it may be developed by assuming -^ ^ = Axr*+B3r-^-\- Cx^+ Dx 

-f Ex* -H etc. 

4. Expand — | — -. r- by the method of Indeterminate CoefB- 

cients. Also := :r-; . Also 



1 -3a:*" 22:* + 3a:»' 

5. Eixpuiid \/l --^. Altio (I + x)^. 

11 
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DECoMi»osinoK of Fractions by means of iNbETERMtirAti 

Coefficients. 

163. Fojt certain purposes, especially in the Integral Calculus, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 

164* Case 1. — A fraction which is a function of a single varia- 
ble, whose numerator is of lower dimensions than its denominator, 
and whose denominator is resolvable into n real and unequal /«<?- 
tors of the first degree^ can be decomposed into h partial fractions of 

the form — ; — H -r- + — — - — ; — ,x + a, x+h, 

•^ x+a X -h b x-hc X -h n 

x + c, - - - - - x + n being the factors of the denominator. 

-^_ ^ S(x)* ABC N . 
Dem.— Assume =—-4 = + v + , in 

q){x) x-¥ a X + «4-c x ■{- n 

which f{x) is of lower dimensions f than q){x), and q^x) = (« + «)(« + h) {x + c) 

A B 
(x ■{- n),X Redncing the partial fractions , r , etc., to 

forms having a common denominator, this denominator will be the product of all 
the denominators x + a, « + ft, a; + c, etc., and hence will be <p(x\ and each 
numerator will contain one less of these factors than the common denominator, 
iuad hence will be of the (n — l)th degree, the denominator being of the nth de- 
gree.§ Then, as the denominators of both members will be equal, the numera- 
tors will also be equal. Placing them so, we can find the values of the indeter- 
minate coefficients A,B,C, etc., by the principle in (ISO), The necessity for 
having /[«) of lower dimenflions l^an q!(x) is tlie same as is pointed out in {162). 
Thus, if J{x) contained a term like Sx* while <p{x) contained none higher than 
Sa?*, we should be required to write 5 = 0, as there would bo no term in the sec- 
ond member having an x*^ in it. Finally, having obtained the values of A, B, C, 

ABC 
etc., we can substitute them in , r , , etc., and have the 

x + a X + h x + c 

partial fractions sought. 



163* Case 2. — A fraction which is a fwictiofi of a single varia* 
ble, whose 7iumerator is of Imcer dimensiofis than its denominator, 
andtchose denominator is resolvable into n real and ^(^Xj KL factors 

* Sec {t39, 140). 

t That id, docs not contain so high a power of x. 

X The propoBition aspnmes that <p(x) iei refolvatle into n real and nncqnal f acton of the 
flr:i't degree. 

§ TbatiB, contMlaiDg X to the itth power, and no higher power. 
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degree^ 



#W. ^ 4. ^^ ^ ^ N 



(x + a)' ^ (X +a)-' ^ (x + a)-* x + a' 

X 4- a <6«M»^ o/»« (j/* <A« equcU factors of the denominator, 

Dkm. — Assume ' 



<p(x) "~ (^ + a)» {x + «)•-» (a; + o)"-« x + a* 
in wliicli y(;r) is of lower dimensions than <p(.r), and <p{jc) = {x ■\- a)». Reducing 
the partial fractions to forms having the common denominator {x -i- a)" {%. e, <p{Ji)), 
and placing the numerators of the members ooual, we i.i;d taat the* ^ ecoiid mem- 
ber is not of lower dimensions with respect to the variable x, than tlie first mem- 
ber, since the numerator of the fraction will contain the highest power of 

X "v Qt 

X of anf of the terms, and this will have no higher power than af~^ as (x+a)*"^ 

N 
U the factor by which the terms of the fraction will be multiplied in the re- 
duction. Hence, we can find the valueB of A, B, C, etc., by (ISO), and theoo 
substituted in the assumed series will give the required partial fractions. 



166 m Case S,^^A fraction which U a function of a single varies 
Ncy whose numermtor is of lower dimensions than its denominator^ 
and whose denominator is resolvahle into n real and equal quad- 
ZATic factors^ can be decomposed into n partial fractions of the form 

Ax 4- B ^ Ox + D Ex + F 

[(X + a)* + b»]- "''' [(X + a)* -r V]-» "^ [(x + a)» 4- b«J-* 

----- — ^ r-j, (x + a)* + b* being one of the equal 

factors of the denominator, 

Dkk.— Assume 

fipp) _ A» + B Cx-^ D ^ Ex -^ F 

ip(x) ~ [{x + a)* + &*]• ■*" [(ir + «>« + >«]»-» "^ [:.r -r a}* + ft*]— » - - - - 

Mx + N 



(X + a)* + h* ' 



]fein|<liig the terms of the secomd member to a common denominator <p(:r), or 
[(« + a)* + 6*]», we find iihat the highest power of x involved in the numerators 
is a^-*, which will arifj? iiv multiplying Mx-^- Nhj [(x -\- a)* + &*]"-». But, as 
J{x) IS of lower dimensions than <p{x), and <p{x) is of 2/i dimensionp, the numera- 
tor of the second member will not be of lower dimensions than f{x), and lience 
e^ostiag them, the values of A , B, (7, etc., can be determined and substituted in 
the aasciaad series of partial fractions. 

M7» 8cH. — Whea the denominator of the fraction to be decomposed is 
composed of factors of two or more of the formB icietre^ \o Vii >iJB«. 'Cttxsftr ^gs^wti. 
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cases, the forms of the assumed partial fractions most be made to correspond. 

Thus were it required to decompose ^;g^b^^^ay{x*+a*)* ' *^® assumed par- 

tial fractions would be - + -^ + r—^ + j-^^ + -^- + ^ -^ ?., 

X x — h {x Jf ay (a? + a)* a; + a («« + a*)* 

.Hx + I 



«*+ a 



t • 



Examples. 

x* — 2 
1. Decompose -5 into partial fractions. 

Solution.— Assume j = — + ^ + z , x,\ — x, and 1 + a? being 

•C ~~ X X A. ''~~ X M. 'r X 

the unequal factors otx — x^ {US, 117)- Bringing the terms of the second 
member to a common denominator, we have 

X* —2 A — Ax* •{- Bx -^ Bx* + Cx — Ox* 
a; — «* ~ x(l — x)(l + x) 

Hence x* '-2 = A + {B + C)x + {B— A — C)x* ; from which we get -4 = — 3, 
B + C=0, and B — A — C = l, Solving these equations we find ^ = — 3, 
B= "i, and C = i. These values inserted in the assumed forms give 

a?* -3 -3 i__ i _ _ 2 _ 1 1 

x-x^" X l-a;"'"l+aj x 3(1 -ar) "^3(1 -ha?)' 

2 to 6. Decompose the following : -3 — ^ ; —, ^ ; 

a; + 1 3a; — 5 



and 



x» - 7x + 12 ' a:» - 6a; + 8 ' a;» + 6a;» + 11a; + 6 ' 

Sue. — In case the factors of the denominator are not readily discerned, place 
the denominator equal to and resolve the equation. Thus the last example 
gives a?' + to* + lla? +6 = 0. From which we have a? = — 1, — 8, and — 8 
(119), and the factors are a; + 1, a; + 3, and a; + 8. 

g/p* 'y/p_Lg 2+3ic4-iC* 

7 to 11. Decompose the fractions — 7 r-rj— ; -= — 7-1 — :r= ^= ; 

* {x—iy ' a;»+ 9a;*+27a; + 27' 

; and 



2*{1 - a;»)(l + a;)' a;* - 1' • — (a; - 2V(a; + 3)'" 

a;*- 2a; + 3 3a;»— a?*— 10a;»-l- 15a;*+ 2a?— 8 



12 to 18. Decompose 



{x'-^-iy ' a;(a;*-2)\»-l) 



a;'-a; + l 1 1 1 ^ 6a;«-4a!-6 

; and 



x'ix + 1) ' a;*- 1 ' a* - a;*' a;«- (a+ J)a?+oA' a;*- 63:*+ 11^-6 
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SECTION III. 

THE BINOMIAL FORMULA. 

168» Theorem. — Letting x and y represent ant/ quantities 
whatever (L e. Aa variables) and m any constant^ 

^_, mivi—l) , - in(in—\)im—'i) ^_, , 

ll til 

Dkm. — We may write (tr+y)* = «* (l + - j . Now put - = « and Msome 

(1 H- «>• = A 4- 5« + Cfe' + i>«» + iB;* -*- /?V» + etc., (1) 

in which A, D, 6', etc., are indeterminate coefficients independent of z (i. e. con- 
stants), and are to be determined. To determine these coefficients we proceed 
as follows : 

Di£ferentiating (1), we have 

fiKl+«)"->dkj==JBdi+2Cki&+82Vdkj+4.fi&'<fa+5.W<fe+ etc 

Dividing by lis, we have 

m(l+«y— >=::J?-f aa + W^ + 4i&»+5^k*+ etc (2) 

Differentiating (2) and dividing by dz, we ha%*e 

fii(ii»-lXl+f)*-*=2C+ 2 • 8ife + 3 4£k»+ 4 . 5i^»+ etc. (8) 

Differmtiatliig (8) and dividing by (fo, we h&ve 

•K*«»-lX«»-«Xl+«>^=a . 8Z> + 2 . 8 4ia + 8 .4 . 5iV+ etc (4) 

Differentiating (4) and dividing by df, we have 

M(«»-1X«»-SX«»-8X1 +«)*-^=2 . 8 . 4^? + 2 . 8 . 4 . 5i?fc H- etc (5) 

Differentiaiing (5) and dividing by dB, we have 

fii(m-lXm-2X»-8X«r-4Xl+f)'^=2 8.4. 5F+ etc (6) 

We have now gone far enough to enable us to determine the coefficients A, 
Bf C, D, B, and F, and doubtless to determine tlie law of the series. 

Ab all the above equations are to be true for all values of e, and as the coeffi- 



* TUt Ibm Is read ** faetorlsl 8," ** fiMtorial 4," etc ; and siguifies tb^^ product of the nat- 
nnl Binabsn tnm ttoS,lto4,etc. ^ 
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cientfl A, B, G, etc, are constants, i. e., have the same values f<» one value of s 
as for another, if we can detennine their values for one value of 2, these will 
be their values in all cases. Now, making 2=0, we have from (1) A=l ; from 

(2), B=m ; from (3), C = ~ (the factor 1 being introduced into the de- 

I?- 

nommator for the sake of symmetry) ; from (4), D = tx ; from (o), 

ll 

fw(m-lXm-2Xm-3) . _ ,«. ^ m(m~lXm-2X^-3Xm- 4) 
JEr = Tj ; from (0), /^ = r= . 

It 11 

These values substituted in (1) ^ve 
tA w < . M^ — 1) , »»(w — IXw — 2) . . f»(m— IXw— 2Xw— 8) . 

^ m(m-lXw-2Xw-3Xm-4) ^^ 

-f- ,- ' 2 "t" exc 

Finally, replacing e by its value -, we have 

A w\" (. y wi(m — 1)^* «w(m — 1) («» — 2) y* 
(* + y).=x-(l+|.) =^|l + ^| + -5-^rH. JV ^^t 

^ w(<» - IXw - 2XTO - 8 ) y* ^ wi(w - IXw - 2Xw - 8Xm - 4) y* ) 

^^ ^ ^(m-lX»»-2Xm-3Xm-4)^y ^ ^ 

JZ69« Coil. 1. — 7%€ n«A, or general tenn ofiheierie9 w 

{n — 1 ^ 

For we observe that the last factor in the numerator of the coefficient of any 
particular term is m — the number of the term less 2, i. «., for the nth term, 
m — (/I— 2), or m — n + 2 ; and the last factor in tlie denominator la the number 
of the term — 1, i, e,, for the nth term, n — 1. The exponent of x in any par- 
ticular term is w — the number of the term less 1, ». «., for the nth term, 
m—{n — l),orm — n+1; and the expoaent of y tn any tenn i» one less tlian 
the number of the term, i. e,, for the nth term, n — 1. 

170. Def.— In a series the Scale of Relation is the relation 
which exists between any term or set of terms and the next term or 
set of terms. 

171. Cor. 2. — The ecah of rdation in tke iinaniial series is 

/m + 1 \v 

( 1 1^> since the nth term multiplied by this produces the 

fn + l)^/i temu 
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This is readily seen by inspecting the series, or by writing the {a + l)th term 

and dividing It by the nth. Thus, subetituting in the general term as given 

^ . , m(m— l)(m— 2) (m—n-^l) 

above, n + 1 for n, we have ^ — -'«*-• y«, as the 

(n4-l)th term. This divided by the nth, or preceding term,* gives — , 

/m-f-1 
or 



\ n J z 



Examples. 



1 to 6. Expand the following : {a — iy^ {^ — VY \ (« — a;)* ; 
(1+^)4; (l-y)»; (1-y)-. 

7 to 11. Expand (x + y)"' ; (x - y)"' ; (a - x)-' ; ^ ; 
, or (a; + v)~* . 

[NoTB. — For practical suggestions in the use of this theorem, see Complbtb 
School Algebra, pages 148-154, or Part I. of this volume, pages 68, 59.] 

12. Expand (a + x)* by. using the scale of relation. 

Solution. — ^The scale of relation ( 1)- becomes in this case 

\ n /x 

(5+1 \x 
1 J- . Now the first term is a*. To obtain the next ti = 1, whence 
n /a 

the scale of relaiioii 5 - . Multiplying a* by this scale of i;«lation, we ind the 

a 

X 

second term fki^x. For the next the scale of relation is 2—. Hence the 3d 

a 

term is \(kb*x*. For the next the scale of relation is - , giving for the 4th 

a 

(6 \x X 

7 — 1 )- or i- , 
4 /a a 

giving for this term fiax*. For the 6th term the scale of relation equals 

(6 \ ^ X /6 \ X 

- — 1 j— or i-, giving «•. For the 7th term the scale of relation is ( ^ — 1 j - 

or 0. Hence the series tenninatee. 

13. Expand (m — n)'* by using the scale of relation, and also 
by the general formula. 

U to 17. Expand (1 -«•)*; (2 + x*)^; {x - y)~* ; {a + x)~K 

* The nomentor of the coefficient of the preceding, or nth term, contains all the factors of 
the nnmerator of the (n-t-l)th except m — n+l, as the factor in the (n+l)th preceding m « n+ 1 
is m ~ » -I- S, etc. Similarly in the deuominator. 
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18 to 20. Expand (a« - a;«)* ; (3a - x*)'* ; {a* + c*)*. 

Sug's. — In cases in which the terms of the binomial are not single letters or 
figures, it will be best to sabstitute single letters, expand and then replace the 

▼alaes. Thus, to expand («*•* — 3a)~*, put «*= y, and Sa=h, and expand (y— ft) *; 
and in this expansion restore the values of y and b. In like manner the for- 
mula may be applied to any polynomial. Thus, to expand (1 —«•-!- 3y)', put 
(1 — X*) = 2, and *Sy = u, expand (z + 'uy, and then restore the values. 

21. Expand — into a series. 

VW-c*x* 

= a(b*—e*x') . Put b*=v, and e*x*=zy, and expand 



SUG*8. 



Vb*^ 



e*x* 



(« — y) ', etc. The result is 

a a { 1^ 1_^ cV 13.5 ^ 13-5. 7 cV i 

22. What is the 4th term of the deyelopment of (a* + zy ? 
(See 169.) 

Bug.— The general term is ^^-1) (i;t-n + 2) jj-»-.+,y,^i j^ ^j^g 



» — 1 



•3 

ease m = i, n = 4, «==«*, y = z. Whence the 4th term is --—- . 

23- What is the 7th term of (a«- i*)^? The lOfli term? 



^-♦- 



SECT/ON IV. 

LOGARITHMS. 

IV 2. A Logarithm is the exponent by which a fixed number 
is to be aflfected in order to produce any required number. The 
fixed number is called the Base of the System. 

III.— Let the Bate be 8 : then the logarithm of 9 is 2 ; of 27, 8 ; of 81, 4 ; 
of 19688, 9; for 8«=9 ; 3»=27 ; 8*= 81 ; and 3»= 19688. Again, if 64 is the 

base, the logarithm of 8 is i, or .6, since 64*, or 64**= 8; *.<?., 1, or .5 is the 
exponent by which 64, the base, is to be affected in order to produce the num- 
ber B. So, also, 64 being the base, i, or .838+ is the logarithm of 4, since 64% 
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or 64*^»*+— 4 ; i. e., ^, or .8884- Is the exponent by which 64, the base, is to be 

affected in order to produce the number 4. Once more, since 64*, or 64''''+=16, 

h or .660+ is the logarithm of 16, if the base is 64. Finally, 64"*, or 64-» 
= i, or .125 ; hence — i, or —.5 is the logarithm of J, or .125, when the base is 
64. In like manner, with the same base, — i, or —.338+ is the logarithm of \, 
or .25. 

17 3 • OoJL — Siiiae any number with for its eacpoj^ent is 1, t?ie 
logarithm of 1 is 0^ in all systems. Thus 10®= 1, whence is the 
logarithm of 1^ in a system in which the base is 10. 

ltd. A System of Logarithms is a scheme by which all 
Hambers can be represented, either exactly or approximately, by 
exponents by which a fixed number (the base) can be affected. 

175. There are Two Systems of Logaritiims in common use, 
ealled, respectively, the Briggean or Common System, and the No^ 
pierinn or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.71828 +. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

176. Cob. 1. — Neither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For aU numbem cannot be represented either exactly or approximately by ex- 
IK>nent8 of such numbers. Thus with 1 as a base we can represent no other 
number than 1 by its exponents, for 1 with any exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
Bumbers, and thoM which were even numbers would represent positive numbers. 
For example, with —2 as a base, 8 might be considered as the logarithm of —8* 
since (—2)^= — 8; but no number could be found as a logarithm to correspond 
to 8 (i. e, +8), since —2 cannot be affected with any exponent which wiU pro- 
duoe 8. 

177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of roots 
of large numbers. These processes are performed upon the following 
principles: 

178. Prop. 1. — Tlie logarithm of the product of two numbers 
is the sum of their logarithms. 

Dbm. — ^Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a*=m, and a^^fu 

* Tlia eonuBon astern is the one uoed for practical parposes. aud the only ono of which 
there are taUe* fn comnaon use. Napierian logarlthnie are usually implied in abstract niathe* 
matical dlMsaMion. 
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Multiplying the corresponding members of these eqoations together we Lave 
a' "=»»;*. Whence a;+y is the logarith of mn. Q. E. D. 

179* Pvop. 2* — The logarithm of the qtwtient of ttco jiumbers 
is the logarithm of the dividend mhiits the logarithn of the divisor. 

Dem. — Let a be the base of the system, and m and n any two numbers whose 
logarithms are, respectively, 7, and y. Then by definition we have aJ'—m^ 

and cfi — n. Dividing, we have a*-^ — — . Whence a? — y is the logarithm 

of — . q. E. D. 
n 

180. Prop. 3 m — Tlie logarithm of a power of a number is the 
logarithm of the number multiplied by the index of the power. 

Dem. — Let a be the base, and x the logarithm of m. Then a'=m ; and raising 
both to any power, as the 2th, we have a"^=m'. Whence xz is the logarithm of 
the 2th power of in, Q. E. D 

181. Prop* 4:. — The logarithm of any root of a number is the 
logarithm of the number divided by the number eitpressing the degree 
of the root. 

Dem. — Jjet a be the base, and x the logarithm of m. Then a*=m. Ex- 



X 



tracting the 2th root we have a*= ym. Whence - is the logarithm of ^m. 

Si 

<^. e. d. 

182. It is evident that in any system, the logarithms of most 
numbers Avill not be expressed in integers. Thus in the common 
system the logarithm of 100 is 2, and of 1000 3j hence the loga- 
rithm of any number between 100 and 1000 is between 2 and 3, i. e. 
2 and some fraction. This fraction is usually written as a decimal 
fraction, and, as we shall see more clearly hereafter, can in general be 
expressed only approximately. 

183. The Integral Part of a logarithm is called the Character" 
istiCf and the decimal part the Mantissa. 

184. Prop. — The Mantissa of the logarithm of a decimal frac- 
tion^ or of a mixed number^ is the sam/e as the matitissa of the num- 
ber considered as integral.* 



* Usnally, in »i>eakinii; of logarithms, if do particular system is mentioned, the common 
■ysu'm is to be understood as meant, especially when practical immericul operations are 
referred to. 
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Dem.— It will be found hereafter that log 2845672=6.454185. Now this 
means that lO^ -»»*»« « =2845672. Dividing by 10 euccessively we have 

10« • 4 5 4 1 8 5 _. 284567.2, or log 284567.2 =5.454185, 

104-4541 8«_. 28456.72, or log 28456.72 =4.454185, 

10«-4»4i85-. 2845.672, or log 2845.672 =3.454185, 

10t.4« 4 1 85 _, 284.5672, or log 284.5672 = 2.454185, 

10'*»*»«*= 28.45672, or log 28.45672 =1.454185, 

100-45 41 85 «, 2.845672, or log 2.846672 = 0.454185. 

Now if we continue the operation of division, only writing 0.454185 — 1, 

1.454185, meaning by this that the characteristic is negative and the mantissa 
positive, and the subtraction not performed, we have 

IqT. 4 5 4 1 8 5 _ .2845672, or log .2845672 = 1.454185, 
IqT. 4 5 4 1 8 5 _ .02845672, or log .02845672 = 2.454185, 

103.4«4i85«_ 002845672. or log .002845672 =3.454185, 
etc., etc. q. e. d. 

18S. COE. 1. — JTie characteristic of the logarithm of an integral 
number, or of a mixed integral and decimal fractional number^ is one 
less than the number of integral places in the number. 

The characteristic of the logarithm of a number entirely decimal 
fractional is negative and numerically one greater than the number 
of O'j imm^ediately following the decimal point. 

Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, etc. Or let it be asked, 
** What is the characteristic of the logarithm of 5126 ? " Now this number lies 
between 1000 and 10000, hence its logarithm lies between 3 and 4, and is, there- 
fore, 3 and some fraction. 

Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10~' = ,^=.1 ; 10~2=yi^=.01 ; 
10~s = Y^ = .001. Thus it appears that any number between 1 and .1, i. e., any 
number expressed by a decimal fraction having a significant figure in tenth's 
place, as .2564, .846, .1205, etc., will have its logarithm between (the logarithm 
of 1) and —1 (the logarithm of .1). Hence such a logarithm will be —1 + some 
fraction (the mantissa). In like manner, any number between .1 and .01. t. e., 
any decimal fraction whose first significant figure is in lOOth's place, as .02568, 
J0956, .01203, etc., will liave for its logarithm — 2 + some fraction. 

lS6m Cor. 2. — 77ie common logarithm ofOis — co, 

Since a number less than unity has a negative characteristic, and this char- 
acteristic increases numericaUy as the number decreases, when the number 
decreases to 0, the logarithm increases numerically/ to oo. Hence log 0=— qd. 

To illustrate, log .1=1, log .01= 2, log .001 = 3, log .0001=4. Hence when the 
number of 0*8 becomes infinite, and the number therefore 0, we have log 

= — OD. V 
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Computation of Logabithms. 

187. The ModtUtis of a system of logarithms is a constant 
factor which depends upon the base of the system and characterizes 
the system. 

188. JProp. — 7%e differential of the logarithm of a number is 
the differential of the number mtdtiplied by t/ie modidus of the system^ 
divided by the number ; 

Or^ in the Napierian system^ the modidus being 1, the differential 
of the logarithm of a number is the differential of the number divided 
by the number. 

Dem. — Let X represent any number, t. e. be a variable, and n be a constant 
such that y=ic». Then log y=n log x (180). Differentiating y=ic", we liave 
tfy=7WJ»~*d.c; whence 

^_ dji _ dy __ dy __y_ 

^''^ ?^dx Udx !*■ ^ 

XXX 

Again, whatever the differentials of log y and log x are, n being a constant 
factor, we shall have the differential of log y equal to n times the differential of 
log Xf which may be written 

daogy)=n d(log «), whence n = §j~^- (2) 

Now equating the values of n as represented in (1) and (2), we have ": ^ ^ 
dy 
= —— . Whence d(log y) bears the same ratio to — , ta <2(log x) does to — . Let 

X 

m be this ratio. Then d(}og y)= — -, and d(}og x)= . 

We are now to show that m is constant and depends on the base of the 
system. 

To do this, take y=z»', from which we can find as above »'=r 577-^-^ 

d(\og z) 

dy 
=:: -^. Now as m is the ratio of d(\og y) to -^, it is also the ratio of d{\og z) to 

tbi y 

z 

— ; and d{\og z)= . Thus we see that in any case the same ratio exists be- 

9 z 

tween the differential of the logarithm of a number and the differential of the 
number divided by the number. Therefore m is a constant factor. 
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That m depends upon the base of the system is evident, since in a sjttem of 
logarithms the only quantities involved are the number, its logarithm, and the 
base. Of these the two former are variables ; whence, as the base is the only 
constant involved in the scheme, m is a function of the base.* 



189. Prob. — 2'o produce the logarithmic series. 

Solution. — The logarithmic series, which is the foundation of the usual 
method of computing logarithms, and of much of the theory of logarithms, is 
the development of log (1 + x). To develop log (1 -^ x), assume 

log (1 •{-x) = A + Bx+ Ob* + Dx^ + i2r* + Fx" + etc., (1) 

in which a; is a variable, and Ay B, G, etc., are oonstantn. 

Differentiating (1), we have 

?!:^ = Bdx + 20xdx 4- ^Dx*dx + AEx^dx + 5jRc*(fej + etc. 



\ +x 
Dividing by dp. 



^ = B + 2Cx + ZDx'^ -if 4JSx^ + bFx^ + Qic. (3) 



1 + « 



Differentiating (2), and dividing by dx, we have 

— W-— i — •=%C+2'ZDx + 3 4Ec« +4.5jP&» + etc. (8) 

(1 + «)« 

Differentiating (3), and dividing by 2 and by dx, we have 

m — ^ — - = 3i> + % ^Ex + 2 8 5i^* + etc. (4) 

(1 + x)* 

Differentiating (4), and dividing by 3 and dx, we have 

- m -r-^— r --= 4j& + 4 5i^j; + etc. (6) 

(1 4- a;)* ' 

Differentiating (Of), and dividing by 4 and dx, we have 

m jr-^^ =5F+ eict (6) 

We have now gone far enough to enable us to determine the coefficients A, 
B, C, D, St and F, and these will probably reveal the law of the series. 

As all the above equations are to be true for all values of x, and as the coeffi- 
cients A, B, C, etc., are constant, t. e., have. the same values for one value of x as 
for another, if we can determine their values for one value of «, these will be 
their values in all cases. Now, making a; = 0, we have, from (1), ^ = log 1 = ; 

* What the relation of the modnlnsi to the base is, we are not now concerned to know ; !t 
will ho determined herraflrr. 

t The namber \9l-\-x; hence the differential Is m times the differential of 1 + a* divided hy 
the Dumher 1 + a;. 

t or conrre the stndent will observe what forms the sncceedin&r t' rms in this and the other 
rimiiar caaea would have. Tbns here we should have 5F -v 6 - ^Gx -^ % >^ •'IHx'^ -v ^\.^. 
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from (2), B = m; from (3), C = — Jwi ; from (4), /> = Jm ; from (5), j&= — \m ; 
from (6), F=: im. These values substituted in (1) give 

a?* ar^ a?* a?' 
log (1 + a-) = wiCj- — ^ +-- — + -_ etc.), 

the law of which is evident. This is the Logarithmic Series, and should be fixed 
in memory. 

ScH. — The Napierian system of logarithms is characterized by the modu- 
lus being 1 (m = 1). Hence the Napierian logarithmic series is 

X* ar' a?* ar* 
log(l + a:) = a?- - + - - - + g - etc. 

190. Cob. 1. — The logarithms of the same number in different 
systems are to each other as the moduli of those systems. 

This is evident from the general logarithmic series. Thus the logarithm of 
1 + a; in a system whose modulus is m, is expressed 

log^a + «)♦ = m(a:- ?^ + ^ - ?jl + ^ - etc.): 

« o 4 o 

and the logarithm of the same number in a system whose modulus is m' is ex- 
pressed 

log^(l -h «)♦ = m'(a?- ^ + ^ - ^ + ^ - etc.). 

« o 4 O 

Now, as the number (1 + a?) is, by hypothesis, the same in both cases, a; is the 
same. Hence, dividing the members of the first by the corresponding members 

of the second, we have Jogw (J. +^) ^ _m 

log»Xl + «) «»' 

IQl. Cor. %,^>— Having the logarithm of a number in the Napierian 
Si/stem, we have but to mvUiply it by the mochdas of any other system 
to obtain the logarithm of the same number in the latter system. 

Or, t/ie logarithm of a number in any system divided by the loga- 
rithm of the same number in the Napierian system, gives the modtdus 
of the former system. 

]f)2. Prob. — To adapt the Napierian logarithmic series to nu- 
merical co7nputation so that it can be conveniently used for con^puting 
the logarithms of numbers. 

Sol. — That log(l ,+ «) = «— -^ + -^ — t "^ "k - *'*<'•» ^ ^®* ^° * practica- 

<» o 4 o 

ble form for computing the logarithms of numbers will be evident if we mako 

the attempt. Thus, suppose we wish to compute the logarithm of 3. Making 



* The enbecriptfl m and m' are need to distin^ish between the Bjetem^, a9 log (1 -f x) \9 not 
the sani'^ in one eyrtom as in the other. Read logm(l + a;), '* logarithm of i-^x In a system 
whwe modulus is m,** etc. 
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2* 2' 2* 2^* 
a; = 2, we have log(l + 2) = log3 = 2— — + — — -pH-— — etc., a seriefl 

« o 4 O 

in which the terms are growing larger and larger (a diverging Beries). 

We wish a scries in which the terms will grow smaller as we extend 
it (a converging scries). Then the farther we extend the series, the more 
nearly shall we approximate the logarithm sought. To obtain such a series, 
•ubstitute —X for z in the Napierian logarithmic series, and we have 



log (1 — a?) = — a; 



X* X^ X* «* 

— 



2 3 4 
Subtracting this from the former series, we have 

1+a? 



etc. 



(1 +«c\ 
— — j =2(x+ ix^ + ia;« + ja;^ + etc.). 



Now put « = srTT» whence l+a?=l + 



22 + 1 



_ 2z + 2 

22+1"" 2«+r 



l-x = 



2z 



2« + l 



, and 



r = . Hence, as log ( ) = log (1 +«) — log 2, substituting, and trans- 

etcY (A) 



posing, 

log (l+e) = log 2+2(2-^ + ^^^^ 

This series converges quite rapidly, especially for large values of e, and is 
convenient for use in computing logarithms. 

103. Pvoh. — To compute the Napierian logarithms of tlie 7iatural 
numbers 1, 2, 3, 4, e^., ad libitum, 

SoiiUnoN. — In'tho first place W3 remark that it is necessary to compute the 
logarithms of prime numbers only, since the logarithm of a compofdte number 
is equal to the sum of the logarithms of its factors (17 S). 

Therefore beginning with 1, we know that log 1=0 (173). 

To compute the logarithm of 2, make e=l, in series (A), and we have log (1 + 1) 

-l0gl==l0g2==3(^g+^.+g^. + ^, + ^. + :j^-^. + jg-g^ + j5^^ 

The numerical operations are conveniently performed as follows : 

3 2.00000000 





9 


.00660607 


1 


.66666667* 






9 


.07407407 


3 


.02469136 






9 


.00623045 


6 


.00164609 






9 


.00091440 


7 


.00013064 






9 


.00010161 


9 


.00001129 






9 


.00001129 


11 


.00000103 






9 


.00000125 


18 


.00000009 








.00000014 


15 


.00000001 






.-. log 2 = 


= .69814718 ♦ 












■m 



* Thfragh the decimal part of a loffarithm ii generally not exact, it ia not customary ta 
aimez the + fign. 
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Second, To find log 3, make z = 2, whence 

!.« 8 = log 3+9(l+gig,+^.+^+ Jgj+ .te.). 



Chmputaikm. 



5 


2.00000000 


25 


.40000000 


25 


.01600000 


25 


.00064000 


25 


.00002560 




.00000102 



1 

3 
5 

7 




.40000000 
.00533333 
.00012800 
.00000366 
.00000011 



40546510 
69314718 



log2=: 
/. log 3 = 1.00861228 



Third, To find log 4. Log 4 = 2 log 2 = 2 x .69314718 = 1.38629480 

Iburth, To find log 5. Let z = 4, whence 

log 5 = !<« 4 + ag -H ^ + g-^ + ,-ij, + etc). 



CompuUftian. 






2.00000000 


81 


.22222222 


81 


.00274348 


81 


.00006887 




.000000^ 



1 

3 
5 

7 



J32222222 
.000914^ 
.00000677 
.00000006 



J32314854 
log 4 = 1.88629436 

/. log 5 = 1.60948790 

In like manner we maj proceed to oompnte the logarithms of the prime num. 
bera from the formula, and obtain those of the comiMwite numbers on the prin- 
dple that the logarithm of the product equals the sum of the logarithms of the 
factors. 

Thus, the Napierian logarithm of the base of the common s^rstem, 10, = log 5 
+ log 2 = 2.30258508. 



194m Frop. — The modiihis of the common st/stem is .43429448 4- . 

Dbm. — Since the logarithm of a number, in nny pystem, divided by the Na- 
pierian logarithm of the same number is equal to the modulus of that system 
(191), we have 

— — • ^ y =r modulus of common system. 
Nap. log 10 
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But com. log 10 = 1, and Nap. log 10 = 2.30S58506, m found Above. Henoe^ 
ModfUut ofc<mman iyttem = h-3JSSoS;s = .48429448. 



Tables op Logarithms. 

19S. As cue of the mosb important; nses of logarithmB is to 
facilitate the performance of multiplication, division, involution, and 
evolution, when the numbers are large, according to (ItS'lSl), 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometiy and on surveying, or in a separate 
volume of tables.* These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefrom the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 



196 m Fvob. — To find the logarithm of a number from t/ie table. 

Solution. — The logarithm of any number from 1 to 100 inclusive can be 
taken directly from the first page of the table. Thus log 2 = 0.801060, and 
log 21 = 1.322219.t 

To find the logarithm of any number from 100 to 999 inclusive, look for tlio 
number in the column headed N, and opposite the numl}cr in the first column at 
the right is the mantissa of the logaritlim. The characteristic is known by 
(185), Thus log 182 = 2.260071 ; log 136 = 2.130334. 

To find the logarithm of any number represented bj 4 figures, find the first 3 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa wiU be found in the column, oppo- 



* Mathematicians and practical compatere generally nee more complete and extended tables 
than thoee fonnd in eonnection with each elementary treatises. The common tables g;ive Ave 
places of decimals in the mantissa. Tho^e in connection with this series give six. Callefs 
tables edited by Easier are standard eight-place logarithms. Vega's tables are among the best. 
Dr. Bremiker^s edition, trantilated by Prof. Fischer, is a favorite. KOIiIor's edition of Vega's 
contains Ganssian logarithms. Vega's tables are seven-place. Tcn-placo logarithms are neces- 
sary Ibr the more accnratc astronomical calculations. Prof. J. Mills Peirce, of Harvard, has re- 
cently issued an elegant little folio edition of tables containing among otlicr thiogs a table of 
three-place logarithms which is very convenient for most uses. 

t TWs page is really nnntccssary. «»incc nothing ran ^e fotnirt from it which cannot be found 
with equal case fh>m th** rnccecding part of the table. Thns, the mantit*<>a of log ft is the same 
as the mautlMt of lug 80) ; and the mantissa of log 21 is the same as that of lo^ 210. 

12 
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Bite the first three figures of the nnmber or just above, unlesd heavy dots have 
been passed or reached iu running across the page to the right, in wliich case the 
first two figures of the mantissa will be found in the column j ust behw the 
number. The places of the heavy dots must be supplied with 0'^. The charac- 
teristic is determined by (185), Thus log 1316=3.119256 ; log 2042=3.310056 ; 
log 1868 = 3.271377. 

To find the logarithm of a number represented by more than 4 figures. Let 
it be required to find the logarithm of 1934261. Finding the mantissa correspond- 
ing to the first four figures (1934) as before, we find it to be .286456. Now in the 
same horizontal line and in the column marked D, we find 225, which is called 
the Tabular Difference. This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Thus 225 (millionths) is the 
difference between the logarithms of 1934 and 1935, or, as we are using it, 
between the logarithms of 1934000 and 1935000, which differences are the same. 
Now, assuming that, if an increase of 1000 in the number makes an increase of 
225 (millionths) in the logarithm, an increase of 261 in the number will make an 
increase of -fi^.hu or, .261, of 225 (millionths) in the logarithm,* we have .261 
X 225 (millionths) = 59 (millionths), omitting lower orders, as the amount to be 
added to the logarithm of 1934000 to produce the logarithm of 1934261. Adding 
this and writing the characteristic (185) we have log 1934261 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 

197, ScH. — As the mantissa of a mixed integral and decimal fractional 
number, or of a number entirely decimal fractional, is the same as that of an 
integral number expressed by the same figures (184), we can find the man- 
tissa of the logarithm of such a number as if the number were wholly inte- 
gral, and determine the characteristic by (18S). 

198. J?rob. — To find the 7uimber corresponding to a given 
logarithm. 

Solution. — Let it be required to find the number corresjwnding to the log- 
arithm 4.234567. Looking in the table for the next less mantissa, we find .234517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as iu any case, the figures will be the 
same). Now, from the tabular difference^ in column D, we find that an increase 
of 253 (millionths) upon this logarithm, would make an increase of 1 in the 
number, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716 ; hence, it is assumed (though only approximately correct) 
that the increase of the number is ff^i of 1, or .1976 +. This added (the figures 
annexed) to 1716, gives 17161976 + . The characteristic of the given logarithm 
being 4, the number lies between the 4th and 5th powers of 10, and hence has 5 
integral places. .*. 4.234567 = log 17161.976 +. In like manner the number 
corresponding to any logarithm can be found. 



♦This ausiin ptiou, though not et iitly correct, iu eufflclcntly accnrato fur aH ordiuary 
purposes. 
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199. JProp.—The Napierian base is 2.718281828. 

Dbm. — Let e represent the base of the Napierian system. Then by (190) 

com. log e : Nap. log e : : .43429448 : 1. 

But the logarithm of the base of a system, taken in that system is 1, since 
a* = a. Hence, Nap. log e = 1, and com. log e = .43429448. Now finding from 
a table of common logarithms the number corresponding to the logarithm 
.43429448, we have e = 2.718281828. 

Examples. 

1. If 3 were the base of a system of logarithms, what wonld be the 
logarithm of 81 ? Of 729 ? If 5 were the base, of what number wonld 
3 be the logarithm ? Of what 2 ? Of what 4 ? 

2. If 2 were the base, what would be the logarithm of J ? Of ^ ? 
OfA? 

3. If 16 were the base, of what number would .5 be the logarithm ? 
Of what .25 ? 

4. In the common system we find that log 156=2.193125. Show 
that this signifies that 10****^ =156. 

5. Log 1955=3.291147. To what power does this indicate that 
10 is to be raised, and what root extmcted to make 1955 ? 

6. Find from the table at the close of the volume what root of 
what power of 10 equals 2598. 

7. Multiply 1482 by 136 by means of logarithms, using the table 
at the close of the volume. (See 178.) 

8. Perform the following operations by means of logarithms: 
1168 X 1879; 2769 -r- 187; 15.13 x 1.347G; 257.16 -4- 18.5134; 
.126-7-6.1413; .11257 x .00126; (1278.6)*; (112.37)1 

9. Perform the following operations by means of logarithms : V^ 



to 5 places of decimals; \/5 to 3 places of decimals; v 2341564273 
to two places of decimals ; V3015618 to 4 places of decimals. 

10. Perform the following operations by means of logarithms: 
V^.01234 to 4 places of decimals; V.03125 to 5 places of decimals* 
V^.0002137 to 5 places of decimals. 

Sno'B.— Log .01234=2.091315. Now to divide this by 3. we have to remember 
that the characteriBtic alone is negative, i. e. that 2.00tSt5= — *2. vfiftV^V^*^"^ 
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—1.906685, which is all negative. Dividing this hy 8, we have —.689988, or 

0— .636228=1.363772. But a more convenient way to effect tlie division is to 

write 2.091315 = 3 + 1.091315, and dividing the latter by three we obtain 

1.363772, in which the cliaracteristic alone is negative, thns conforming to the 
tables. 

To divide 13.341652 by 4, we write for 18.341688, -16+3.841658, and dividing 
the latter obtain 4.835413. 

11. Dh-ide as above 11.348256 by 3; 17.135421 by 5; 1.341263 
bye. 

12. Giyen the following to compute x by k^arithims: 

201.56 : 134.201 : : 18.654 : x ; 2350M : .212 :: 1.1123 :« ; 

X : 234.008 : : 15.738 : 200.56 ; 123 : a; : : 2 .01 : .03. 



ons 111 



-b)(s^ c) 



13. Having y = A/ — to express the equivalent operations 

in logarithms. 

SuG's. y= V{a — a-) (a + «)-f-(l + x). .*. log y=i [log (» — «) + log (a+a-) 

-l0g(l+iP)]. 

2 1 

14. Given y=a;^(l—a;^)* to express the equivalent operati 
logarithms. Also y = A/ j-. Also y = a/ -^ 

Also y = \j-^ -' ^'s^ y^i/ ~V ^^° T^' 1.''' 

^m^—x^ : y to express log y. 

15. DiflTerentiate y = log(a*— a;*). 

Bug's.— Write y = log (« + «) + log (a — x). Then differentiating, we have 
dy = . Or differentiating without factoring, we have dy = ^_ ^ - 

=: — -r ;. Wlien reduced the results are the same, but the former is usually 

a*— a?* 

the more elegant method. 

16. Differentiate the following : y = log (1 — jt) ; y = log ax ; 

y=\0gX^\ y = loor ^; y = log Vl + X. 



* This form fignifice that a^-x^ is tobe diffeiretitlated. Tho operation is only Indicated, not 
performed. 



• ^ ' • 
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Su&'s. — Remember that log a;' = 8 log ;r ; and also thai log y'l +« = 
Hog (1+ or). 

17. Find from the table at the close of the volume that Nap. log 
1564=7.3550018. Find in like manner the Napierian logarithms of 
5, 120, and 2154372. 

18. Knowing that the Napierian logarithm of 22 is 3.0910425, how 
woald you find the common logarithm of 23 from the logarithmic 
series {192) ? 

19. The common logarithm of 25 is 1.39794. What is the modn* 
lus, and what the base of a system which makes the logarithm of 
25 2.14285? 

Query. — ^How do you see at a glance that the required base is a Uttle less 
than 5 ? 



>«^ 



SECT/ON V. 

SUCCESSIVE DIFFERENTIATION, AND DIFFERENTIAL 

COEFFICIENTS. 

2OO0 JPTOP0 — Differentials^ though injinitesimcth, are not necei' 
aarUy equal to e(zch other, 

Dem. — ^Thns, let y=3aj^. Then dy=^^dx. Now, for all finite valnes of x, 
dy is an iufiBitesimal, since no finite nrmber of 1in:i^ llie infinitcfcimal dx 
ean make a finite quantity, and dy is ^* times dx. But for ^=1, dy is G times 
dx ; for :r=:2, dy is 24 times dx\ iot x^d, dy is 54 times dx, 

2OI0 Cor. — When y=f(x), dy id generally a variable^ and hence 
can be differentiated as any other variable, 

202. Notation.— The diflferential of dy is written rf*y, and read 
" second differential of yJ^ The differential of d*y is written d^y, and 
read "third differential of y/' etc. The superiors 2 and 3 in snch 
cases are not of the natnre of exponents, as the d is not a symbol of 
number. 

2(^3^ In differentiating y=f{x) successively, ifc is customary to 
regard dx as constant. This is conceiving x to change (grow) by 
equal infinitesimal increments, and thence ascertaining how // varies. 
In general, y will not vary by equal incaments when z does^ as 
appears from the demonstration above* 
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204. A Second Differential is the difference between two 
consecutive states of a first differential. — A Third Differential 

is the difference between two consecutive staters of a second differ- 
entialy etc. 

III. — In the function y=2x'\it x passes to the next state, we have dif=^*dx. 
Now dy, thoQgh an infinitesimal, is stiJ) a variable, for it is equal to 6dx times 
X*, and a; is a variable. Hence if x takes an infinitesimal increment, dy will pass 
to a consecutive state. In other words, we can differentiate dyz=Mxx*, just as 
we could ti = mx*, dy being a variable function. Mx a constant factor, and x the 
variable. Representing the differential of dy by d*y, we have d*y = Qdx • 2udx, 
or d*y=\2xdc* , dx* being the square of dx, not the differential of x*. To indi- 
cate the latter we would write d(x*). 



Examples. 

1. Given y = 3x* — 2a:* to find the third differential of y, or (Py. 

Solution. — Differentiating y=at*— 2**, we have dy=:15x*dx—ixdx. Now, 
regarding dx as constant, and differentiating again, we have d*y=GlOx*dj:' 
—4dx*,* Differentiating again in like manner, we obtain d^y=lQOx*dx^, the 
second term disappearing, since 4dx* is constant. 

2. Given y = 2a^ — Sx -{- 5 to find the second differential of y, 
I. e. (Py. 

3. Given y = (x — a)* to find the third differential of y. 
SuG's. dy=d(x—aydx, d*y=e{x-a)dx*, d^y=Qdx^, 

4. Given y = Ax -^ Ba^ + Cx^ + Dx^, to find the 4th differential 
of y, J, B, Cy and D, being constant d^y = 4 • 3 • 2 Ddoi^. 

5. Differentiate y = A + Bx -h Cx^ -\- D^ + J^a?* + /!r» -f etc., 5 
times in succession. 

G. Differentiate y = (a; — X){x — 2){a; — 3)(a; — 4) twice in suc- 
cession without expanding. 

SuG's. dy = (aj-2)(«-3)(«-4)cii;+(ir-l)(«-8)(a?-4)(te+(«-l)(a;-2){ir-4) 
(fjc + («- 1) (X--2) («-8)cte. 

= [(a;-2) («-8) (jr-4) + («-l) («-3) (a?--4) + («-!) (a;-2)(a?-4) 
H-(ar-l)(«-2)(j'-3)]d:r. 

if«y == t(«~3)(«~4) dj;+(a;-2)(jr-4)dj; + (a;-2)(;r-3)(te+(aj~3)(aj-4)<tc+(a;--l) 
(aj-4)(faj + {a;-l)(«-3) cte + (^-2)(j'-4)(i»-H{*-l)(j;-4)<te-|-(«-l)(jr-2) 
dx H-(a;-2) (x-3)ft«H-(.c-l) (^-3) dj?+(x-l) (.r-2)dx]ffj'. 

* To differentiate l&c^cte. calling <fo conftant, we may write IScfoa:*. Now 15<lz is con- 
stant. Hence diflferentiating a;4, we have ^dx^ which mnlripliod by the constant ISdse, gives, at 
above, 60a:*d:2^. The dx* id '* the square of <2ar/* not tUo differential of «'. 
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= [(«-8) («-4) + (^-2) (x^4) + (*-2) (jr-3) + (x-d) (a?-4) -+- (aj-1) («-4) 
H- (aj-1) («-3) + (^-2) (x-4) + (a?-l) (»-4) -+- («-l) (a;-2) + («-2) (x-3) 
-h (a;-l)(a;-3) + (x-l){x-2)]dx*. 

7. As above, differentiate y = (a; — a)(a; — i)(a: — c) twice in suc- 
cession without expanding. 



Differential Coefficients. 

205. The First Differential Coefficient is the nitio of 
the differential of a function to the differential of its variable. Thus, 

if y=f(x)y and dy^f'{x)dx, -^=f'{x), and -^, or its equivalent 

f'(x)^ is the first differential coefficient of y, or /(a;). 

dv 
III. — The meaning of this is simple. Thus, if y = 2j;*, —■ = 8^' ; that is, if 

dx 

X takes an infinitesimal increment dx^ y takes an infinitesimal increment dy, 
which is to dr, as 8jj^ is to 1, or the ratio of dy to dx is 8^**. In still other words, 
y increases %x^ times as fast as x. The reason for calling this a differential 
coefficient, is that it is the coefficient by which the increment (dx) of the variable 
must be multiplied to gfive the increment {dy) of the function. 

206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
of the variable. Thus, if y=:f{x), dy=f{x)ctx, and d^y=f"{x)da^, 

'j^=if"{x)y -^ or its equivalent/"(a;), is the second differential coef- 
ficient of y, orf{x). In like manner Third, Fourth, etc., differential 
coefficients are the ratios respectively of the third, fourth, etc., dif- 
ferentials of a function, to the cube, fourth power, etc , of the dif- 
ferential of the variable. Thus, if y=f{x), dy=f\x)dx, dhj^f'i^x d:^, 
d^y=zf"\x)d2^, and dhj =/'" {x)d'x^, the successive differential coeQi- 

cients are |=/'(^), g=/"(x). g=/'», and ;g=/-',,). 

III. — Too much pains cannot be taken by the student in order to get a clear 

conception of the meaning of the various symbols /(.c), /'(x), /"(•^')» / "(t*)' ^t**- 

dv d'v "" 

To illustrate, suppose we have y = 2x*—x^-^(j, whence^ = 8^' '—3.1- , -~ 

dx dx^ 

* To produce the sncccssive differential coefficients wc may produce tlic corrospondin;? eiic- 

cessiye differentials as in the preceding examples, or wc may proccc 1 thus: - - ='^a'*-32r' can 

ax 

be differentiated, remembering that dy is variable and dx constant, and it gives -T^=24x'^dx 

dx 

-9xdx, whence ^=S4a^-6x. 
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= 24i;*— Or, -^ = 48aj— 6, and ^ =48. Now in this case y ^f{z), t. «., y is a 

dv 
function of a? ; so -=^ is also a function of a*, being equal to Sa;*— 8«* ; but, as it 

is not the same function of x tliat y is, we call it tbe / prime function, and write 

dtf d^v d^v 

~L z=f'(x). In like manner -r~ = f"{z) means that ^-~ is some function of x, 

but a different one from either y, or -p . It maj be observed that, in this example, 

d*v 

-T-7 is not a function of x, and hence the inquiry arises as to the propriety of the 

d*fi 
notation -7-^ =/*'' {x). It must be remembered that this form of notation is the 
dx 

general form, and it is the general fact that -r-^ is a function cf .r, though in 

special eases it may not be. 



Examples. 

1. Produce the Ist^ 2d, Sd, and 4th differential ooeffioienbi of 

Operation, dy = 5x*dx — 9x^dx -h dx, whence -^ = 6«* — ftr* -f 1. Differ- 
entiating the latter* -r^ = SOc'daj - ISxdx, whence -^ = 2aiJ» - ISiP. Agahi 

ax ax* 

differentiating, = {90x^ - 18)(ir, whence = Wte« - 18. Finally, ^ 
= 1200?. 

2. If y=5a:*— 3a;, what is the ratio of the increase of y to that of ^ 
in general ? What is it when a;=l ? When a;=2 ? When ir=3 ? 

^n^. In general, y increases 10a;— 3 times as fast as x. When 
a;=l, y is increasing 7 times as fast as x. When a;=2, y is increas- 
ing 17 times as fast as ar. 

3. If y=a;* + 2a;*— a;+10, what is the ratio of the 3d differential of 
y to the cube of the differential of a;? What is it when a:=l? 
When x:=i ? When a;=^ ? What is the name of this ratio ? 

4. If y=(a4-a;)"*, what is the Ist differential coefficient of the func- 
tion? What the 2d? What the 3d? What the 6th? What 
the 11th ? 

g = ,«{m-l)(;;/-2)(7U-3)(m-4)(a+a;)--». 

— - ' 

* See foot-uote on preceding p«sc. 
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5. Prodnce the first 5 successive differential coeflScieuts of 

Z07* ScH. — The successive differential coefficients of a function of the 
form A-^Bx-^Cx* -^Dx"^ -\- etc., or a?»+ Jar"-» +5a!"-*H- etc., are readily writ- 
ten by inspection. Thus, calljc*— 2«'-f-5**H-«— 12,/(ar). Let /'(«) mean the 
first differential coefficient, f"(x) the second, f"\x) the third, etc. We have 

/(a?) = «* - 2a;=» + &i;« H- ar - 12. 
fix) = 4u« - 6a;« H- 10a? + 1. 
fix) = lair* - 12a? + 10. 
f"(x) = 24aj - 12. 
/''W = 24. 
/^(;p) = 0. Here the processes terminate. 

Each of the above is produced from the preceding by multiplying the 
coefficient of a; in each term by the exponent of x in that term and diminish* 
•ing the exponent by 1. 

6. According to the method indicated in the last scholium, write 
out the successive differential coefficients of the function aar' + Sa^ 
—5a:»+10. Also of 2a^-3a;>^+a:". Also of 3 + 2a;-4a^+3a:*. 



SECTION VI . 

TAYLOR'S FORMULA. 

208. Def. — Taylor^s Formula is a formula for developing 
t function of the sum of two variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
upon the other variable, the form of the function, and its constants. 

209. Def. — If u =f{x + y), t. c, if u is a function of the sum 

of the two variables x and y, and we differentiate as though one of 

the variables, as x or y, was constant, the differential coefficients thus 

formed are called Partial Differential Coefficients. The 

partial differential coefficients of w, when x is considered variable 

, . , ^ 1 XI du d^n d!^t(f (l*u , 

and y constant, are represented thus: -r-, ^, -r^, -r^, etc. 

When y is considei-ed variable and x constant, we write the coeffi- 
. . dfi d^u cPu d^u . 

^'^"^ ^' df' If' d^' ^^ 
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210. Lemma.— If u = f(x + y), the partial differential co^ 

du , du , 

ctente 5— ana -=- are equm. 
dx dy ' 

Dem. — Having u=f(z-\-y), if x take an increment, we have u-\-dxU* 
^J\x-\-dx-^y)=f[(x-\-y)-^dx\\ whence dxtt = /[(iF + y)-h<fe]-/(z + y), 
since a differential is the difference between two consecative states of the func- 
tion. Again, if y take an increment, we have u-\'dyU=z/^-\-y -\-dy) 
=/[(« -^y)-\- dy] ; whence d^u =f[{e + y) + dy] —f(x-b y). Now the farm of 
the values of dxU and d^u, as regards the way in which x and y are involved, is 
the same ; hence, if it were not for dx and dy, they would be absolutely equal 
Passing to the differential coefficients by dividing the first by dx and the second 

^ " dx dx dy dy 

But, in differentiating, the differential of the variable enters into every term ; 
lience/[(ii; + y) + dx] —fix + y), as it would appear in application, would have 
a d^ in each term which would be cancelled by the dx in the denominator in the 

coefficient, and — would be independent of dx. In like manner — is independ- 
ent of dy. Hence, finally, as these values of the partial differential coefficients 
are simply functions of {x + y), of the same form, and not involving dx or dy, 
they are equal. Q. E. D. 

III. — To make this clear, let u = {x + yy. Then dxU = 3(a; + yYdx, or 

= 8(a5 H- y)*. Again, d^u =8(aj -l- y)Vy, or -j- = 3(ir -+- y)'. Hence we see that 

ay 

So, again, if t* = log (x H- y), -3- = , and ^- = ; hence 

^ ^^ *'^' dx ic 4- y dy x-\-y 



dx 


w^~ 


du 


du 


dx 


-dy- 


du 
dx 


du 
■" dy' 



. 211. Prob. — To produce Taylor's Formvla. 

Solution. — Let u =/(« H- y) be the function to be developed. It is proposed 
to discover the law of the development when the f uncti<m can be developed in 
the form 

u =fix +y)z=A + By-hQ/* + Dy^ -h By* + etc., (1) 

in which A,B, C, etc., are independent of y, and dependent on x, the form of the 
function, and its constants. 

Supposing X constant and differentiating with reference to y as variable, re- 
membering that, as A,B,C, etc., are functions of x, and not of y, they will be 
considered constant, we have 

^' =B + 2Cy + SDy* + 4 J^« + etc. (2) 

^ 

* As we arc to consider the effect pi-odnced upon u by an increment in x, and also by an in- 
crement in y, we adopt a form of notation to dlstingaish between the increments of u. Thos 
cfxu means the increment which t^ talces in consequence of a; having taken the increment dr, 
whUo y remained constant So dgu represents the increment of u consequent upon the incrr 
It d]f of y. 
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Agaiu, differentiating (1) with respect to a*, ;/ being supposed constant, and re- 
membering tliat*^, B, C, etc., are functions of x, we have 

g = g% g; ^ f y. + gy^ + ^y« + etc. (3) 

a;r alii; oe ^ dx dx 

Hence by (;?10) 

B-i-2Cy+^Dy* +iJSy\ etc. = ^ + ^y + ^y* + ^y' + ^y'-heic. (4) 

ax ax ax ax dx 

Now, by the theory of indeterminate coefficients, the coefficients of the like 
powers of y are equal, and we have 

B = ^, 2(7=^. 3i)=^, 4if=*?. etc 
dx dx dx dx 

But as (1) is true for all values of y, we may make ^ = ; whence 
A =/(«) = u' ; letting u' represent the value of the function u, when y = 0. 
Now, as A is independent of y, it will have the same value for one value of y as 
for another ; hence A =/(a;) = u' is the general value of A, 

dA du' 

Again, B = — . But as A =u\ a function of x, dA = du', and B = — . 
dx dx 



and 



In like manner 2C/ = — . But as B = — , dB^dl — )= , 

dx dx \dx/ dx 

^^2dx*' 

So, also, as 82> = :=-, and <f (7 = id i -^-^ I = :r-r-;,^= -jr -t-t- 

<i« * \dx* / 2 dx* [3^ dc=» 

1 d*u' 
Similarly we find JS = rj , ^ > and the law of the series is apparent. 

Finally, substituting the values of A, By (7, etc., in (1), we obtain 

, du' y d*u' y^ d^u' y* d*u' v* 
„=/(x + y)=«- + ^f+_| + ^|+_|+etc., (6). 

which is Taylor's Formula. 

212* SCH. — Taylor's Formula develops u = f {x -\- y) into a series in 
which the first term is the value of the function when y = ; the second 
term is the first differential coefficient of the function when y = 0, into y\ 
the ^Atrcf term is the second differential coefficient of the function when 

y = 0, into % ; etc., etc. 

diC 
As u' is/(a?H-y) when y = 0, we may write/ (a;) for u\ and for — , f'{x) ; for 

d*u' d^u' 

'-TT' / '(^) » ^^^ TH* f"'(^) '» ®*c., as before explained. The formula then be- 
ax OhS 

comes 



♦Tnese forms are Indicated operations. Thus, as ^1 is a function of «, when we differentiate 
With re»pect to z wo write dA, and to pass to the differential coefficient have to divide by dx. 
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This is a very important method of writing Taylor's Formula, and should be 
clearly understood, and firmly fixed in memory. 



Examples. 

1. Develop (a;+y)» by Taylor's Formula, 

du' d^u' 

Solution.— Putting u = (a?+y)*, we have t*' = a^, -^ = W, -^ = 20bj*, 

^ = eOu*, -4" = l^Or, and --^ = 120. Here the coefficients terminate, as 
oar dlr dJr 

the differential of a constant is 0. 

Substituting these values in (5) {21T), or (6) {212), we have 

t* = (a;+y)'= «•+ 5a;*y + iar'y«-»- lOaj'y'H- 5ay*-f-y*. 

The same as by the Binomial Formula. 

2. Develop {x—yY by Taylor's Formula, and compare the result 
with that obtained by means of the Binomial Formula. Also {x + yy. 
Also {x—yY*. Also {x-\-y) '. 

3. Show that 

« = log(:r+y)=logx + |-^ + g-^ + eta 

4. Develop {x+yY by Taylor's Formula, thus deducing the Bi- 
nomial Formula. 



213. Taylor's Formula is much used for developing a function 
of a single variable after the variable has taken an increment When 
so used the increment may be conceived as finite or infinitesimal, 
only so that it be regarded as a variable. 

Ex. 1. Given y = 'Hx^ — a;* + 5a; — 11, to find y, which represents 
the value of the function after x has taken the increment h. 

Solution. — In the function as given, we have y = f{i^, and are to develop 
y'z=if{x + h). By Taylor's Formula we have 

dy, d*yh* d'^y h^ d*yh* 
Fromy = 2x^ — X'+ 5aj— 11, we have ^ =8a;* — »» + 5, ^ = 13a; — 2, 
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— ^ = 12, and subsequent differential coeffidents 0. Substituting th^se yalueg 
in the formula, we obtain 

2 2-3 

= 2a^-a;«-+-5a?-ll +(ftc»-2a?+5)^H-(ea; -1)^«+2A*. 

This result is easily verified by substituting x-^-h for x in the value of y, as 
given in the example. Thus, 

y'=2(;i;-hA)«-(a;+A)«+5(a?+A)-ll ; 

a result which will reduce to the same form as the other. 

2. Given y=3a;'— 2a;*, to develop y\ the value of y when x takes 
tiie increment A. 



» • 



SECTION VII. 

INDETERMINATE EQUATIONS. 

214. An Indeterminate Equation between two quan- 
tities, as X and y, is an equation which expresses the only relation 
which is required to exist between the two qutiutitics. 

III. — Suppose we have 22;+3y=7, and that this is the only relation which is 
required to exist between a; and y. Then is 2x-\-Z'i/=7 an indeterminate equa- 

X 

Cion. So also, if 6=«y is the only relation required to exist between x and y, 

this is an indeterminate equation. In Uke manner y* = 2x'^ ^*dx is an in- 
determinate equation if it expresses the only relation which is required to exist 
between x and y. 

The propriety of the term indeterminate is seen if we observe that such an 
equation does not fix the valties of x and y, but only their relation. Thus, in the 
equation 22; + % = 7, a; may be 2, and y 1, and the equation be satisfied. So x 
may be 8, and y i, and the equation be satisfied. In fact, any value may be 
assigned to <Hie of the quantities and a corresponding value found for the other. 
Hence the equation 4oe0 not determine the values of the quantities. 

215. An equation between three quantities is indeterminate if it 
expresses the only required relation between the quantities, or if 
there is but one other relation required to exist. 

III. — Thus, if 2ar + 3y— 5«=10 is the only relation which is required to exist 
between .t, y, and 2, it is evident that the equation does not determine particular, 
definite values for x, y, and z. So also if, in addition to tlio relation expressed 
by this equation, it is required that fix sliali equal Qy^ or ^x^^'\)« IV^^*^ \.na^ 
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equAtions will not fix the values of x, y, aud z. For if 2x=ty, the former 
equation becomes 9^—52=10, wliich may be satisfied for any value of z, and 
acorrespouding value of y^ as shown above. 

216. In geneml, if there are n quantities involved in any 
number of equations less than n, and these are the only relations 
required to exist between the n quantities^ the equations are in- 
detenninate. 

217. In indeterminat6 equations the quantities between which 
the relation or relations are expressed are properly variables, i. «., 
they are capable of having any and all values.* 

III. — Thus in the indeterminate equation 5y ^^= 12, any value may be. 
assigned to x, and a corresponding value found for y; or any value may be 
assigned to y, and a corresponding value found for x, 

218. There are, however, many classes of problems which give 
rise to equations wliich are called indeterminate, although they are 
not absolutely so: in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent, 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, but not an 
unlimited number. 

III. — Let it be required to find the positive, integral values of x and y which 
will satisfy the equation 2aj + 3y = 35. Now, if 8aj -f- 3y = 35 were the cnZy rela- 
tion required to exist between x and y, there would be an infinite number of 
values of each which would satisfy the equation, as shown above. But there is 
the added condition that x and y shall be positive integers. This greatly re- 
stricts the number of values, but does not furnish another equation between x 
and y. We may usually solve such a problem by simple inspection. Thus, in 

this case, we have y = — — — - . Now, trying the integral values of x till Zx be- 

3 

comes greater tlian 35, t. e, till x = 18, we can determine what integral values 

of X give positive integral values for y. For x=zl, y = ll. For x=i2, 

y = lOi ; hence x=z2 is to be rejected. For a? = 3, y = 9|, and a; = 8 is to be 

rejected. For a; = 4, y = 9 ; hence a; = 4 and y = d are admissible; etc. 

[Note. — This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple indeterminate equations between two or three 
quantities, and these restricted to positive integral irolutions. The chief thing of 
importance is that the student comprehend the nature of an indetermiiuUe equa' 
tion,] 

* This statement reqalret as to indode inuginaiy valuei. 
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Examples. 

1. What positive, integral values of a? and y will satisfy the equa- 
tion 5:cf 7?^=29? 

29— 7jy 4—3?/ 2(2— v) 

Solution. — We may write x = — =— ^ = 5— y + —^ = 5— y+ -^ - Now 

u O O 

to make o; positive we mast have 7y<29; and as y is to be an integer it can 

2— V 
only liave values less than 5. Again, to render x integral —^ mnst be integral, 

2— y 
or 0. Finally, as no value for y less than 5 will render —~- integral or 0, ex- 

o 

cept i/=2, this is the only value of y which fulfills the conditions. Hence the 
answer is y=2, «=8. 

2. What positive, integral values of x and y will satisfy the equa- 
tion lla;-17y=5? 

Solution. — ^We have x = — ^i — = y + vT" • From this we see that any pos- 
itive value of y which will render -^ — integral, will meet the conditions. Put 

^(— — =m (an integer) ; whence y = — ;; — =m+5 — ^— . To make this value 
11 u o 

fn — 1 m — 1 

of y integral — ^ must be integral. Put — ^ = 8 (an integer) ; whence m 

=z6s-\- 1. Now any positive integral value for s will fulfill the conditions. Thus, 
put « rr ;* whence w = 1, y = 1, and x = 2. Again, put 8 = 1; whence m = 7, 
y=12, and a;=19. For 8=2, m=13, y=23, and x=S6, etc. Hence there is an 
infinite number of positive, integral values of x and y which satisfy the equation. 



3. What positive, integral values of x and y will satisfy the equa- 
tion 21a: +17y =2000? 

^ , . 2000-17y . ,,« , . 2000-17,y ^^ . 5-17y 
SuG'8. X = of" * •*• y is < 118. Again x = ^ — - =95h — gj"^ , 

, 5— 17y . .. , 5— 4m .,., 5— 4m 

and — 5^-^ = m. .*. m is negative, and y= —m + ^„ . Whence — r= — = 8, 

and f» = — J — =1— 4*-h -j- . .*. 8 is +, and any value of 8 which renders 

- i— , or integral, and gives y < 118, will meet the conditions. 
4 

=: 1, gives m = — 3, y = 4 and a? = 92. 

= 5, " m = — 20, y = 25 and X = 75. 

= 9, " m = — 37, y = 46 and a; = 58. 

= 18, " m=-54, y= 67andflj = 41. 

= 17, " m = -71, y= 88andaj = 24. 

= 21, " m= — 88, y =109 and a? = 7. 

* is considered an integer. 
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Since any greater value of » makes y > 118, these are all the values of x and p 
which fulfill the conditions. 

4, Find the positive, integral valaes of x and y whicli isatigfy tlie 
following : 



(a) 6x + lly = 254 

(c) 9x 4- 13y = 2000 

(e) Ux + 35y = 500 

(g) 117a; - 128y = 95 

(i) bx± 9y = 40 



{b) Ux + 13y = 71; 
(rf) 17a; = 542 - lly; 
(/)19a;-117y = ll; 
(h) 39a; + 29y = 050; 
(k) 5x ± 9y = 37. 



Applications, 

1. In how many ways can I pay a debt of 12 with 3-cent axid 
5-cent pieces ? 

Sue's. — Let x = the number of 3-cent pieces and y = the number of 5K;ent 
pieces required. Then we are to determine in how many ways the equation 
3if +5^=200 can be satisfied for positive, integral values of x and y. 



We find it to be in 13 ways, as follows : 



y= 11 41 7 1 10 
a; r= G5 I 60 I 55 I 50 



18 116 
45 140 



10 
35 



22 I 25 I 28 I 81 1 34 I 37 
80 I 25 I 20 I 151 10 I 5 



This means that 1 5-cent piece and 65 d-cent pieces will pay the debt, or 4 
5-cent and 60 8-cent, or 7 5-cent and 55 3-cent, etc. 

2. A man hands his grocer $o and tells him to put up the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £50 be discharged with guineas 
and 3-shilling pieces ? Ans., Not at alL 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that I Can pay liim £50 ? Gun I pay him 
£201 ? In how many different ways ? What is the least number of 
guineas and 3-shilling pieces? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How il 
I have crowns and my creditor pounds ? 

5. In how many ways can a debt of £1000 be paid in crowns and 
guineas ? 

Suo. — Having obtained a few of the possible values of x and y, the law will 
become evident. 
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219. Indeterminate Equations between Three Quantities. 

1. What are the positive integral values of ar, y, and z which 
&itlsfy3i;+5y4-7^±=100? 

Solution. — We have x = z~- — ; whence as 1 is the least value tliat y 

or z can have, x cannot be greater than 29. Also y = ^ ; whence y 

cannot be greater than 18. Also z= ^ ; whence z cannot bj greater 

than 14* 

Write X = m=MrJlE =33-y-&+ 1=^ . He»ce ^-^— * must be « 

1 — 2y — 9 ■ 1 — z — f/i 
hiteger. Put ^ =i» ; whence y =s — *» -h -■ — 5 . From this we see 

that m is negative. 

Let us now proceed to examine in succession for 2=1, s=2, e=3, etc. 

FOB «==1. — ^For this Value of z, a?=81— y— -J- , and y= — w — — . From the 

latter we see that m must be an even negative number ; and from the former, 
that y must be a multiple of 3. Hence the following computation : 

For m = 0, y = 0, which is inadmissible. 

Form=— 2, y= 3, and .r = 26. 

For i» = — 4, y =- 6, and x = 21. 

For w =r — 6, y = 9, and a = 16. 

For w = — 8, y = 12, and x = 11. 

For «» = — 10, y = 15, and « = 6. 

For w = — 12, y = 18, and x= 1, 

Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of x, we have all the values of y and x which correspond to 
f = 1. 

Fob z = 2.— For this value of «, a? = 28 — y -h I" , and y = — w 

o 

1 -+- fn 
^ — . From the latter we isee that m must be a negative odd number ; 

and from the former, that y must bo 1, or a unit more than a multiple of 3. 

Hence the following computation : 

For wi = — 1, y = 1, and x = 27. 

For m = — 3, y =^ 4, and a? = 22. 

For w = — 5, y = 7, and a? = 17. 

For w = — 7, y = 10, and x = 12. 

For m = — 9, y = 13, and » = 7. 

For m = — 11, y = 16, and aj = 2. 

Henco, these are all the values of y and x which correspond to s = 2. 



* Of ooune tbe qaantities need not come up to ^pM ^UEigyUa. 
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The other values are as follows : 

5 

18 



-ATM 



8 


11 


U 


13 


8 


3 


n 
I 


10 




10 


5 


* 






6 


9 


7 


2 


5 




4 


* 



4 
1 



-"US 



9 

9 



5 

11 


8 
6 


4 
8 


7 
3 



12 
4 

11 
1 



2. What positive, integral values of x, y, and z satisfy 17a; + 19y 

SuG. — Tliere are 10 Bets of values. 

, 3. What positive, integral values of x, tf, and z satisfy 5a: + 7y 
+ 11;? = 224? 

4. What positive, integral values of a;, y^ and z satisfy Co; + 8y 
+ 52? =12? Also 2:c + 3y + 5;? = 41 ? 



220m If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indetennviatey and in general 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be eflfeeted ns above. Thus^ 
if there are two equations and three unknown quantities, one of 
ihc unknown quantities can be eliminated and the i*esulting equation 
solved as heretofore. In like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved; or if four unknown quantities and but two equa- 
tions, a single equation between three unknown quantities may be 
found aiid solved. 

Examples. 

1. Given 2x + 5y + 3^ = 51, and 10a: + 3y + 2^ = 120, to find all 
the positive, integral values of rr, y, and z. 

2. Given 3a: + 5y + 7^? = 560, and 9a: + 25y + ^9z = 2920, to find 
all the positive, integral values of a:, y, and z, 

3. Given 2a: + lly - 3« = 10, and 3a: - 2y + 3« = 30, to find all 
the positive, in^tegral values of x, y, and z. 
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Applications, 

1, I wish to expend $100 in the purchase of three grades of sheep, 
worth respectively $3, $7, and $17 per head. How many of each kind 
can I buy ? In how many different ways can I make the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

^ 2. A merchant has three kinds of goods. The value of 20 yaixls 
Of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
^What is the price i)er yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

V't: • 

3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes ? What is the least number of $20 notes that I can use? 
0f $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
nite-of $12, without gain pr loss ? If he is to sell only 15 animals, 
how must he select them ? 

5. A man bought 1^4 head of cattle, viz., pigs, goats, and sheep, 
for X $400. Each pig cost $4i^, each goat $3|, aud each sheep $1^^. 
How many were thei'e of each kind ? 

'%r|X^ocer h^ an order for 150 pounds of tea at 90 cents per pound, 
pit ]^Ying none at that price, he would mix some at 75 cents, some 
BtffiS^^uUy aad some at $1.00 per pound. How much of each sort 
must he take ? 

STO-fl.-i>;l*h^ nature of the 4tli and 5th problems restricts their solutions to 
positive int^^rs. The 6th is, however, only restricted by its nature to positive 
numbers ;'thffy may be fractional as well as integral. 

[See Oqmflstb School Alqsbra, subject AUigation,] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
jwund, must be mixed together to fill a cask containing 150 pounds, 
and to be worth 19 cents a pound ? 

8. A wheel in 36 revolutions passes over 29 yards; and in a; of 
these revolutions it describes z yds., y ft., and 5 in. What are the 
values of x, y, and z? 
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OHAPTEB n 

LOCI OF EQUATIONS. 

[Note. — This subject, tbouf^U properly geon>etHc»l,iB introduced Iiere tor the 
purpoBe of tlie elegaot and clear illuatratioUB wkidi tt ailorda of the at«ti«et 
prioclples of tbe subjectof Higlier Eqaations. It is thought that the aid which 
it will afford the pupil in compreiiending the principleB of tbe aucceeding diapler 
will more tluji compensate for the time required to master this. Moreover, the 
subject of Loci of BquatioDH is of prime Importance iu a mathematical coarse, 
and is always pursued with pleasure by tbe pupil. No geometrical knowledge 
ifl required in readhig this chapter, farther than the ability U> draw and measure 
Straight lines.] 

221. Prop, — Every equation between two variables,* having 
real root8,\ may be interpreted as representing some line eit/ter 
straiffhe or curved. 

This propoBitlon will be made sufficiently evident for our present purpose, if 
we show how such equations can be made to represent lines. Thla we shall dO 
by means of particular examples. 

EXAHPLES. 

1. Draw the line represented by the eqoft- 
tion y = 2x + G, 

Solution.— First, in all cases, draw two str^ht 
Unea, as X'X and YY' ,at right angles to each other, 
as in the Bgure. Then,in tbe equation y = 2x + ft, 
assign values (arbitrarily) to x, and find the OMre- 
sponding values of ff. Thus, 

Also,U j;=;-l. y= 4, 
x=~2, y= 8, 
iE=-8. g= 0. 

x=-i. »=~a, 

01=1—8, |f=-4, 

etc, etc 

Having computed a few corresponding valnes 

of X and y in this way, we proceed with the figure, 

ae follows : MenEure off a distance kltothe right 





y= 8. 


i=a. 


ff=10. 


w=3, 


x=n. 


*=4, 


t/=U, 


etc.. 


etc 



* This meani tlmplj, " bsvlng tvro ririablea, and onlrtiro, In It." 
t Tin gcnineMeil Intwprstatioa of loUftlnai? lod does not coi 
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Pu. 1 



of A, of Boine coDveulent lengtli, and call it the unit of dletancea. Drawbl, 

at I, perpeDdicalar to AX, and make it 8 unita long (t. «., 8 times as long as Al). 

Now, 6 is at a distance 1 to the light of the line YY'. and 8 above tbe line X'X, 

and IB hcDce a point in tlie line which our equation repTesents. Id like manner, 

find the point e, 3 to the right of YY', and 10 above 

X'X ; and c ie another point in the line represented 

by our equation. Again, when x = S, y = 12. 

Hence, \aj off three units to the right, as to 3 in the 

figure, and draw dS perpendicular to X'X and 13 in 

length. Then is d another point in the line we 

seek. When * = 4, jf = 14. Bence « is a point la 

file line ; since It Is 4 from YY', and 14 from X'X 

^liMi z = 0, g-= 6 ; whence a is a ptnnt in the 

line, aa it is distance from YY', and 8 fn>m X'X. 

For negative values of *,we have, when « = — 1, 
y = 4. Now, laying oS negative values of x to the 
I^ from A, since we l^d irff poritive values to the . 
tight, we measure from A to —1, the unit's distance, 
take /I equal to 4 units, and thus find the point /. 
When X = — 2,g = 2, and g is the correspondlDg 
ptrint. When z = — 3, y = ; whence A is a point 
in the line, as it is 8 to the left of YY' end above 
X'X. Whenit=-4, y = -a. As this value of y 
is negative, we lay it off hdow X'X. Thus, taking 
from Ato —4, a distance of 4 units, and from —4 to e, a distance of 3 anits, i 
a point in the line. Thus also it is a prAat in the line, since when x= — 
y = - 4, and ifc is taken 5 to the left of YY' and 4 
below X'X. 

This process might be continued indefinitely, 
both for poritive and negative values of z. We 
might also use fractional values of x, ta x = i, 
Z = i, « = 2i, etc, and, GndiDg the corresponding 
▼alaes of y, locate poluta between those found by 
taking integral values. 

Finally, joining the points t, d, e, 6, a,f, g, ft, i, X 
i, we have the line MN, which Is represented by 
the equation g = 2iX + B. Tills line does not stop 
at M and N, o( course, since We might produce 
it indefinitely either way, by continuing to take 
larger and larger values of z (numerically). In 
this case it is easy to see that tlie line is an indefl- 
nite straight line. 

2. What line is repreBented by the eqna- ^^- *■ 

Hon y = 3a! - 6 ? (See Fi'f/. 3.) 

SOG'e.— First compute a table of corresponding values of * and y, as in the 
pieceding example ; and then locate the points thus designated. 
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S. Whafc line is represented by the equation y = — 2ir+4? (See 

222. Definitions.— The assumed fixed 
lines X'X and YY' are called the Axes of 
Reference^ or simply the Aoces. A is 
called the Origin. X'X is the Axis ofAh^ 
scissasy and YY' the Axis of Ordintxtes. 
The distance of a point from the axis of ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measured to the right from the axis of ordinates are +> 
and those to the left — . Ordinates measured above the axis of 
abscissas are +, and those below — . 

4 to 13. Draw as above the lines represented by the following equa- 
tions: y=a; + 5; ^=.1;— 6; y= — a:4-5; y= — a;— 5; y=4a;+C; 

y=4:r— 6; y= --4a: + 6; y= —4a:— 6; 




2x-3t,=-5p^ =2. 



' Suo. — Put such equations as the last two into the same form as the others 
before proceeding with the solution as above. 



223. DEF.^The line which is represented by an equation is 
called the Locus of the equation ; .and drawing the line in the 
manner indicated, is CfjiWedi Constructing tlie Locns of the equation. 

OS 

14. Construct the locus of the equation y = , ^ . 








\ 


y* t !■■•; 








Fie. «. 




Solution.— For x = 0. 


y = o. 


For a? - - i. 


y=-l. 


" x = h 


y = A, 


" a;=-l, 


p=-i. 


" x = h 


y = f. 


" iT = - 2. 


V=-h 


" x = U 


y = h 


" .r = — 3, 


y= -A. 


" aj = a. 


y = f. 


" a; = - 4, 


y= -A. 


" a? = 8, 


y = Y\i. 


etc. 


etc. 


« x = 4, 


y = A. 






etc. 


etc. 
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- Now, laying off on the axis of abscisaas to tbe right distances e(|ual to i, i, 
1, 2, 8, and 4, on some conTenieut scale, and at these points erecting ordinates 
equal respectivelj to tV. f » i. h A» and iV of the same scale, we find the points a, 
b^ e, d, e, and /of the locus. We also see that if we continued to give x greater 
and greater values, y would continually grow less, but would only become when 

iT = OD, for then we should have y •=. 



l-h«» 






In like manner laying off the negative values of x^ and the corresponding 
▼allies of y, we find the points a\ h', c' , d\ e\ and/', and also find that y dimin- 
ishes nuTMricaUy 9A x increases numerically, and that for x negative y is 
always negi&tive, and only becomes when aj= — oo. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
origin. 

A line sketched through the pointi found represents the locus sought. 





15 to 18. Gonstrnct the loci of the following equations: y=a;* 
-fa;--6t (see ^^.6); y=3+a:— Ja:* (see Fig, 7); y=a;*— 4a;+4 
(see Fig:^) ; y=a:'-3a;+5 (see Fig. 9). 





* Droppiog the flnftc quantity 1, aa pitxlncin*:: no effect when added to the infinite 7^. 

t In determining points in the locas, it it« often neceFc>ary to attribntc fractional va1nc» to x. 
ThuB, in thit* case, to sketch the curve from a to c', we need an lutcrTO«d,iat«i\xi>V^i. \^ vVs(swi.\k 
any donht about the cbnrMcter of the carve between two ^\)&\»^\^^c\\^\9^<(^^iV0kCJV.\\\>^^ ^%:^. 
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, CoDStrnct tlie loci of tbe fblloving eqnattona: t/=3? 
-i«'+ar+S (see Fig. 10) ; y=a!*-ftr» 
+ 13a!-10(8ee/lE5f. U); y=(r»— fct— 5 (se& 
Fig. 13); ^=^"(5-3;) (see F^. 13); and 
y=af-63? + nx-6 (see Mg. 14). 
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34 to 38. ConBlrnot the loci of the following i-qnattons: y=-'^ 
— 5a:»+4 (see Fig. 15); y=^+i^~'Ai?~ix+i (wc Fig.' \S)i 
y=a^— 9a:'+4a:+ia (see /1^. 17); g=ii*--i3?-l3?-^+U (see 
Fig. 18) ; and y=it'+a^+ic'+a:+l (see Fig. 19). 




j 



. Constrnot the locnaof the eqnation y=,'E'+4a:*— lia;'— 17a;— 6. 



Sitq'b. — In attempting to constnict tliid 
locna, it is necessaiy to giva x thIuch from 
—3 to -t-2. including tliesti valnes, and alito 
to Dbaerve tlie ch»racter of the loc.na beyond 
tliese limits. But it irill be found that for 
nnne values of x between tbeee lliuitB,y in in-, 
couvenieutlf large. Id sketcliing the figure, 
fre may use oue acale for lajiug off values of 
X, and anutber for laying- off values of y. 
Tims in the figure given, tlie unit used for x 
is times as great as that need for y. This 
is equivalent to constructiDg the locus 6jr=f " 
+ 4t'- lii'-. 17* - 6, or y = ii' + ^x'^W 
— 'J-x—l. This locus has all the peculiar- 
ities of the one required (tliat ia.all tlie turns, 
I flemres, or bends), but is not of the same pro- 
portions. Tlie portion represented is G times 
as wide in relation to itn length as the re- 
quired locus would have been. - 

30 to 41. Construct the loci of the 
following equations, ueiag a anialler 
acalt; for ^ than for x, as explained in 
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Since any greater value of s makes ^ > 118, these are all tlie values of x and p 
which fulfill the conditions. 

4. Find the positive, integral values of x and y whicli satisfy the 
following : 

(a) 5x + Uy = 254; (b) Ix + 13y = 71; 

(c) 9a; 4- 13y = 2000; (rf) 17a; = 542 - lly; 

{e) 11a; + 35y = 500; (/) 19a; - 117y = 11; 

{g) 117a; - 128y = 95; {h) 39a; + 29y = 050; 

(i) bx ± Qy = 40 ; (k) 5x ± 9y = 37. 



Applications. 

1. In how many ways can I pay a debt of 12 with 3-cent and 
5-cent pieces ? 

Sue's. — Let x = the number of 8-cent pieces and y = the number of f^-ceni 
pieces required. Then we are to determine in how many ways the equation 
3if +5^=200 can be satisfied for positive, integral values of x and p. 



We find it to be in 13 ways, as follows : 
z = 05l60 



7 10 J 18 16 


10 


22 


25 28 


55 50 145 40 


35 


80 


25 20 



31 1 84 I 37 
15 I 10 I 5 



This tteans that 1 5-cent piece and 65 8-cent pieces will pay the deht, or 4 
5-cent and 60 8-cent, or 7 S-cent and 55 8-cent, etc. 

2. A man hands his grocer $6 and tells him to put up the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £50 be discharged with guineas 
and 3-shiliing pieces ? Aiis., Not at alL 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so mske change with me that I can pay iiim £50 ? Gun I pay him 
£201 ? In how many different ways ? What is the least number of 
guineas and 3-shilling pieces? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How it 
I have crowns and my creditor pounds ? 

5. In how many ways can a debt of £1000 be paid in crowns and 
guineas ? 

Suo. — Having obtained a few of the possible values of x and y, the law will 
become evident. 
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219. Indeterminate Equations between Three Quantities. 

1. What are the positive integral values of ar, y, and z which 
Siitisfy 3i;-|-5jy 4-7zi=100 ? 

Solution. — We have x = -^ — ; whence as 1 is the least value tliat y 

or z can have, x cannot be greater than 29. Also y = ^ ; whence y 

cannot be greater than 18. Also z= ^ ; whence z cannot bo greater 

than 14* 

Write X = m=K-JE =33-y-&+ ^-=^ . Hence ^"^f' must be «, 

l-r2y — 9 ■ 1 — z — f/i 
integer. Put ^ =i» ; whence y = — *» -| 5 . From this we see 

that m is negative. 

Let us now proceed to examine in succession for 2=1, 2=2, e= 3, etc. 

FOB «==!. — For this Value of z, a?=81— y— -J-, and y= — w — — . From the 

latter we see that m must be an even negative number ; and from the former, 
that y must be a multiple of 3. Hence the following computation : 

For m = 0, y = 0, whidi is inadmissible. 

For m= — 2, y= 3, and :i; = 26. 

For i» = — 4, y =- 6, and x = 21. 

For w =r — 6, y = 9, and a = 16. 

For w = — 8, y = 12, and x = 11. 

For «» = — 10, y = 15, and a: = 6. 

For w = — 12, y = 18, and x= I, 

Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of a*, we have all the values of y and x whidi correspond to 
f = l. 

Fob z = 2.— For this value of «, a? = 28 — y 4- 7" , and y = — f» 

o 

1 -+- fn 
^ — . From the latter we ise^ that m must be a negative odd number ; 

and from the former, that y must bo 1, or a unit more than a multiple of 3. 
Hence the following computation : 

For m= — 1, y = 1, and x = 27. 

For m = — 3, y = 4, and x = 22. 

For w = — 5, y = 7, and a? = 17. 

For w = — 7, y = 10, and x = 12. 

For m = — 9, y = 13, and « = 7. 

For w = — 11, y = 16, and aj = 2. 

Henco, these are all the values of y and x which correspond to 2 = 2. 



* Of oourte the qoantities need not come up to ^ipee li^t«. 
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The other values are as follows : 



i ar=9 

-1. i y=J 



5 


1 8 


11 


14 


18 113 


8 


3 


4 


7 


10 




15 


10 


5 


> 



6 


9 


7 


2 


5 




4 


» 






4 
1 



«-4 jy= ^ . 

*""*U=19|14 



■=■» { izl 



61 9 
9 



5 


8 


11 


6 


4 


7 


8 


3 



12 
4 

11 
1 



2. Wliat positive, integral values of x, if, and z satisfy 17a; + 19f 
+ 21;? = 400? 

SuG. — Tliere are 10 sets of values. 

. 3. What positive, integral values of x, y^ and z satisfy 5a: + 7jf 
+ llz = 224 ? 

4. What positive, integral values of x, y^ and % satisfy Co; + 8j|i 
+ 5^ = 12? Also 2:c + 3y + 5;? = 41 ? 



220. If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indetennuuite, and in general 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be eflfeeted t\a above. Thus^ 
if there are two equations and three unknown quantities, one of 
ihc unknown quantities can be eliminated and the resulting equation 
solved as heretofore. In like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved; or if four unknown quantities and but two equa- 
tions, a single equation between three unknown quantities may be 
found and solved. 

Examples. 

1. Given 2x + 5y + dz = 51, and 10a: + 3y + 2^ = 120, to find all 
the positive, integral values of rr, y, and z, 

2. Given dx + 6ij -{- 7z =z 560, and 9a: + 25y + ^9z = 2920, to find 
all the positive, integral values of x, y, and z. 

3. Given 2a: + lly — Sz= 10, and 3a: — 2y + 3« = 30, to find all 
the positive, in^tegral values of x, y, and z. 
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Applications, 

1. I wish to expend $100 in the purchase of three grades of sheep, 
worth respectively $3, 17, and $17 per head. How many of each kind 
can I buy ? In how many different ways can I make the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

^ 2. A merchant has three kinds of goods. The value of 20 yaixls 
of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
What is the price i)er yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes ? What is the least number of $20 notes that I can use? 
0f $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
lelative number of each must he take and sell them at the uniform 
riftte-vf $12, without gain pr loss ? If he is to sell only 15 animals, 
how must lie select them ? 

5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
fir ^4400. Each pig cost $4i^, each goat $3^, and each sheep $1^^. 
How many were thei*e of each kind ? 

*'**^^X^6cer h^ an order for 150 pounds of tea at 90 cents per pound, 
Iplt living none at that price, he would mix some at 75 cents, some 
iifc^j^M^ute, aad some at $1.00 per pound. How much of each sort 
must he take ? 

SlK3r9,--*^'thh nature of the 4tli and 5th problems restricts their solutions to 
positive int^^rs. The 6th is, however, onlj restricted by its nature to positive 
numbers ;'they may be fractional as well as integral. 

[See OQifPLSTB School Ai^sbra, subject Alligation,] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
pound, must be mixed together to fill a cask containing 150 pounds, 
and to b6 worth 19 cents a pound ? 

8. Awheel in 36 revolutions passes over 29 yards; and in a; of 
these, revolutions it describes z yds., y ft., and 5 in. What are the 
values of x, y, and z? 
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OHAFTEB n. 

LOCI OF BQCATIOIfS. 

[Note. — Tliis aubject, though properlj' geometriol.is introduced Lere (or Hut 
purpose of tbe elegant and dear Uluatrations which it afloTds at the abstract 
princfplea of the subject ot Hig-her Equatioiu. It is thoaght that the aid whidi 
it vill aSord the pupil in comprehending the prindplee of the sncceeding chapter 
will more than compensate for tbe time required to master this. Moreover, the 
subject of Lod of Equations la of prime importance in a mathematical coarse, 
and 1b alwajfl puraned with pleeaare by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
Btndght lines.] 

221t Pr^p. — Every equation bettceen two variables,* having 
real roote,^ may be interpreted as representing some line either 
itraiffhi or curved. 

Thia proposition will be made aufflclently evident for our present puritoee, if 
we show how such equations can be made to represent lines. This we shall dO 
li; means of particular examples. 

EXAUPLES. 
1. Draw the line represented by the eqita* 
tion y = 3a; + 6. 

SoLimoN. — Firat, in all cases, draw two stnJght 
lines, as X'X and YY' ,at right angles to each other, 
as In tlie figure. Then, in the eqnatkiit y = 2x + S, 
assign values (arbitrarily) to x, and find the owre- 
Bpondlng values of y. Thus, 

If x=0, u= 0, AlM,if x=-l, y= 4, 



31 -^ 



«=1. y= 8. 
«=a, y=10, 



x=-2. y= 



Having computed a few correaponding values 
of X and y In this way, we proceed with tbe figure, 
as follows : Measure off a distance Alto the right 



• Thl» masii* tlmplj, " bmylnj tif o v»^iBblB^ lind onljtwo, In It." 

t The genmetrlcal IntwlimMloB of Imsglnsiy tod daei not coma wUtalo o 
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o( A, of M>ine eoaTenient leupli, and call it the unit of diatuices. Dnw b I 

At I, petpendlcuUr to AX, and ma.fc« it 8 unita long (t. e., B times u long as A 1) 

Now, A is tit a distance 1 to the rig-ht of the line YY', and 8 aioee the line X'X 

and is hence a point in the lino which our equation represents. In like jDaiiner 

find the point «, 2 to the right of YY', and 10 above 

X'X ; and e is another point in the line represented 

bj our equation. Agun, when x = 8, y = H. 

Hence, lay oS three units to the light, as to 3 in the 

figure, and dnw dS perpendicnlar to X'X and 13 in 

length. Then Is d another point in the line we 

seek. When x = <|r= 14. Hence « is a point In 

the Une ; since it is 4 from YY', and 14 from X'X 

When X =: 0, y =: 8 ; whence a is a point in the 

line, aa it 1b distance from YY', and « from X'X. 

For uqctitive values of z, we have, when x = — 1, 
jr = 4. Now, laying off negative values of z to the 
1;/T from A, nnoe we laid oS podtive ndaei t 
right, we measure from A to ~-l, the nnlt's distance, 
take /I equal to 1 units, and thus find the point /. 
When z = — 2, jr = 3, and g is the corresponding 
print. WI>en x = — S, y = ; whence A is a point 
b the line, as it is 3 to the left of YY' and above 
X'X. Whenx^-4, y = -3. As this value of y 
is negative, we lay it of£ belaie X'X. Thus, taking 
from Ato —4, a distance of 4 units, and from —4 to e, a distance of 2 units, t' li 
a point in the line. Thus atiw £ is a point in the line, since when x = — 
y = - 4, and k is taken 5 to the left of YY' and 4 
bekiw X'X 

This process might be continued indefinitely, 
botli for positive and negative values of x. We 
might also nee fraiAional values of x, ae x = i, 
n^i, z — 2^, etc., and, fludlug the corresponding 
values of y, locate points between those found by 
taking integral values. 

Finally, jinning the points e, d, e, 6, a,f, g, ft, (, JT 
t, we have the line MN, which is represented by 
the equation y = 2z + 6. This line does not stop 
at M and N, of course, rince We might produce 
it indefinitely either way, by conUnuing to take 
larger and larger valaee of x (numerically). In 
this otse it is easy to see that the line is an indefi- 
nite straight line. 

2. What line is represented by the equa- ^"^ '■ 

Uonij-Zx~G? (See Fu/. 3.) 

Soa'e.— First compute a table of corresponding values of x and y, s 
preceding example ; and then locate the points thus designated. 
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S. What line is represented by the equation y = — 2a: +4? (See 

Fig.^.) 

222. Definitions.— The assumed j&xed 
lines X'X and YY' are called the Axes of 
Meference, or simply the Axes. A is 
called the Origin. X'X is the Axis ofAb^ 
sciss€i8, and YY' the Axis of Ordinates. 
The distance of a point from the axis of ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measured to the right from the axis of ordinates are +, 
and those to the left — . Ordinates measured above the axis of 
abscissas are +, and those below — . 

4 to 13. Draw as above the lines represented by the following equa- 
tions: y=:x-\-5; y=.T— 5; y= — ar+5; y= —a:— 5; y=4a:+G; 

y=^x—6; y= — 4a;+6; y= —4a:— 6; 




2a;-3y=-6;^=2. 



Sue. — Put such equations as the last two into the same form as the others 
before proceeding with the solution as above. 



223. DEF.-^The line which is represented by an equation is 
called the Locus of the equation ; .and drawing the line in the 
manner indicated, is called Constructing the Locns of the equation. 

14. Construct the locus of the equation y = ^ . 








.\^ . vr 


■ . 






Fie. 0W 


, 


Solution.— For a; = 0, 


y = o. 


For a; = - i. 


v=-i. 


" « = i 


y = A, 


" a;=-l, 


y=-t. 


" x = i, 


y = i. 


" x= -2, 


y=-i. 


" aj = l, 


y = i. 


" X- — 3, 


y= -A. 


" a; = 2, 


y = i. 


« a; = - 4, 


y= — liV. 


" a; = 8, 


y = A, 


etc. 


et& 


" aj = 4. 


y = A. 






etc. 


etc. 
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■ Now, lajing off on the axis of abscissas to the right distances equal to i, i* 
1, 2, 8, and 4, on some conTenieut scale, and at these points erecting ordinates 
equal respectively to -fr, i, i, i, ^, and iV of the same scale, we find the points a, 
bf e, d, e, and /of the locus. We also see that if we continued to give x greater 
•nd greater in^laes, p would continually grow less, but would only become when 

«; = OD, for then we should have y = 



l-HiC* a^ X CD 



In like manner lajdng off the negative values of x^ and the corresponding 
valifes of ff, we find the points a\ V, e\ d, e\ and/', and also find that y dimin- 
ishes numkricaUy as x increases numerically, and that for x negative y is 
always negjfttive, and only becomes when xzn — od. Hence, the curve ap- 
proaches the axis of absdssas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
orig^ 

A line sketched through the pointa found represents the locus sought. 




7^^ 




15 to 18. Construct the loci of the following equations: y=.t:* 
-fa;— 6t (see Fig.^)\ y=3+a;— Ja:» (see Fig. 7); y=a:*— 4a;+4 
(see Fi9:2) ; y=a:»— 3a;+6 (see Fig. 9). 





* Dropping the flnftc quantity 1, as prcxiticlnf; no effect wlien added to the infinite sr^ 

t In determining points in the locus, it U often necessary to attribnte fractionHl valncs to x. 
Thus, in thix case, to sketch the carve from a to c\ we need an Uvtcnn«dl|iat«\AAtvl. \1 v\i^x^\% 
any doubt about the cburacter of the corvu between two poVa\»^ i^^oVv^ W^a ^q^oXA-Vcv >X\^ ^9^%^^ 
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Constrnct the kci of tbe fbllowing eqitations: ^=2* 
-3x*+a«+S (see Fig. 10); y=a^-6«' 
+ 13*— 10 (see J^. 11); y=3*--2x—& (sea 
Fiff. 12); y=a^(5-^) (see Fig. 13); aud 
y=a:'-6a:' + lla:— 6 (Bee Fig. U). 




n 




r\ 




LOOI OF EqUATIONB. 
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34 to 38. Constraot the loci of the following equations: i/=x* 
— 5a*f4r (see Ftg. 16); y=ai'+2a;'-3a;'-43;+4 (k-c Fig. 16); 
y=3!'-93*+4x+li (see F^. 17) ; ff=3*~-23^-1xf-8x+16 (seo 
JV- 18) J ""i^ y=a!'+a!'+a?+a:+l (see Fig. 19). 



f 



29. Construct the lociiBof the cqnation y=.r' + 4a:*— 14a;'— 17x— 6. 

Suo's. — In attempting to ronstruct tlits 
locaa, it Is aecessajy to gir« z ndueD from 
—3 to +2, Inclnding tlieae values, aiid aim 
to observe tbe cluimcter of tlie lorns bejond 
lliese limits. But it frill be loaad that for 
somenlues of le between these limits, y is in- 
convenientlT large. In sketcblng (lie figure, 
we may use one scale for Ufing off values ot 
a, and anotber for laying oS vtlaes of ]f. 
Thus in the figure given, the unit used for x 
b 6 tiiues as great m that used for g. This 
ifl equivalent to constructing the locun 6^=1" 
+ 4x' - 14*'- 17* - 6, or y = i*" + Jj'' -W 
— '/z — I. This locus Iiaa all the peculiar- 
ities of tbe one required (tiiat is, all tiie turns, 
1 fieiuree, or )>«idB), but ia not of the Bame pro- 
portions. The portion repreHeniiid ia times 
as wide in relation to its length as the re- 
quired locus would have been. ■ 

30 to 41. Construct the loci of the 
following equations, using a smuller 
scale for y than for z, as explained m 
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the suggestions above, when more convenient : y = a^— 2a; — 15 ; 
y = a;»+ 2ii;-f 2; y = a;»-lto+25; y = a:* — 3a:» — 8x — 10^ 
y = 2a:»— 12a^ + 13a? — 15 ; y — ^ — «*— 8a: + 12; y = a;» — 2a^ 
-25a; + 50; y = a:*— 2a;»+ 8a; — 16 ; .y=a^+ 2a;»— Sa:*- 4a; + 4; 
y = Tf" 6a;» + 5a^ + 2a; — 10; y=^af -^^ 5a?*+ a;»— IGa;*-. 20a;— 16 ; 
and y = 5a:' — 4a^ 4- 3a;»— 3a;»+ 4a; — 5. 



X' 



224:. Frobm — To construct the real roots of an equation contain- 
ing only one unknown quantity. 

Solution. — Put the equation in the fonn /(a;) = 0, then write ]f=zf(x). 
ConBtruct this equation, and the abscissas of the points where the locus cuts the 
axis of abscissas are the roots of the equation f(x) = 0. This is evident, since 
for these i>oints, and for these only, y = 0, and we have f(x) = 0. 

Examples. 
1. Construct the real roots of the equation a:'— 3a: — 2 = 0. 

Solution. — We will first write y = a;*— 8aj — 2. Now, for a; = 0, y = — 2 ; 

for a; = 1, y = — 4 ; for aj = 2, y = — 4 ; 
for a; = 3, y = — 2 ; and for a? = 4, y=2. 
Hence we see that the locus of the equa- 
tion y = a;*— 3a; — 2, cuts the axis of ab- 
scissas between a; = 3, and a; = 4, since it 
passes from below the axis of abscissas 
~~X (where y is — ) to above this axis (where 
y is +). There is therefore a root of x* 
— 3aj — 2 = between 3 and 4. To con- 
struct this root, we slLetch the curve be^ 
tween a; -= 3 and a; = 4, by finding the 
values of y for a few intermediate values 
of X, and then sketcliing the curve. Thus 
for X = 3}, y = tj. Sketching the <iurve wrt through 
these points, we find by measurement A^ = 3.56, as an approximate value of x 
in the equation a;* — 3a; — 2 = 0. (Verify by solving the equation.) To construct 
the other root, we notice that for x = 0, y = ~ 2, and the curve cuts the axis of 
abscissas again at the left of the origin (probably, as it certainly does not cut it 
again at the right). Now, for a; = — 1, y = 2 ; whence wo see that the locus 
cuts the axis between a; = 0, and a; = — 1. For aj=— i, y=: — i; and for 
a; = — }, y = IJ. Sketching the curve through these points, we have m'n' ; 
and measuring A a', we find the other value of a; to be —.56. 

Suo. — ^For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its intersection with 
the axis, we can use a much larger scale than would otherwise be practicable, 
and thus obtain a nearer approximation. With good insfcmmeiits-and ftome cire, 





Pro. 81. 
for a; = 3i, y = — 1 ; 



mmSBICAL HIGHER EQUATIONS. 203 

we can usnallj oonstruct the root with tolerable accuracy tohondredths. When 
the locos cuts the axis quite obliquely, the approximation cannot be made as 
accurate. 

2 to 7. As above, construct the real roots of the following: 
a^-'Sx=U; a^— 12a;* + 36a; — 7 = 0; a:* —a;*- 10a; + 6 = 0; 
jc*— 7a;+7 = 0; a^- 12a;» + 50a:* - 84a; + 49 = 0; and 

2aJ» _ 7;c» + lOa; = 9. 

22S, ScH. — This method of approximating the roots of cqaations geo- 
metrically is not given as a good practical method ; bat simply to ussist tho 
learner in comprehending some subsequent processes, and for its geometrical 
importance. 



m9^ 
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SECT/ON I. 

SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING COMMEN- 

SURABLE (OR RATIONAL) ROOTS .♦ 

22Q. Equations of higher degrees than the second are called 
Higher Equations {G-lOf or same in Complete School Algebra). 
No general, practicable method of resolving such equations is known. 
Theoretical solntioi^s of equations of the third and fourth degrees 
(cnbics and biquadratics) are known; but these solutions are 
attended with practical difficulties in many cases, Avhich render 
them nearly or quite useless. We are, however, able to obtain the 
real roots of Numerical Higher Equations, in all cases, either exactly, 
or to any required degree of approximate accuracy. 

227. The Realy Cdmmensttrable Roots of numerical equations are 
usually found with little difficulty by the methods given in this 
section. 

* A comneimnrable root (or nnmb«>.r) \» one which can bo exaaly ezprcracd in the decimal 
notation, either in an integral, fractional, or mixed form. Thns, 4, V* y^t etc, are com* 

meamnbla. Bat V^2l, rl7, etc., areincomncDstinble. 



204 ADYANGED COUIUSE IN ALGEBBA. 

228m Prop* — J^vtry equation teith wte tatknowti quantUfj 
having real cmd rational coefficients^ can be iransfomied ifito an 
equation ofihefomx 

x"+ Ax"-'+ Bx»-*+ Cx»-' . - - - L=0, 

in which the exponents are all positive hitegers^ ttie coefficient of x^ is 
1, and the coefficients of the other termSy A, B^ C, etc., and also the 
absolute temi L, are integers. 

Dem.— Iflt. If the unknown quantity oocon in any of the denomiuatora in tlie 
given equation, remove it to tbe nnmerat<nr by clearing of fractions. If tlieie 
are then any negative exponents, multiply each term by the unknown quantity 
with a positive exponent equal to the numerically largest negative exponent. 
Then unite the terms with reference to the unknown quantity, and write them 
in order with the tem^ containing the highest exponent, at the left, and so that 
the exponents shall diminish toward the right, transposing all the terms to the 
first member. The most complicated form which can then occur is 

IN r 

Jy•-^^y• -n^y* . . . . i = o, (i) 

m r 
in which any or all of the exponents may be fractions ; and — > - > t, etc. 

n s 

is supposed. 

2d. To free the equation of fractional exponents, substitute for the unknown 
quantity a new unknown quantity with an exponent equal to the least common 
multiple of the denominators of the exponents in the equation. Thua, in (1) 

m r 

put y = 2**, whence y* = sf", y'=:z^*, and y* = 2«^. Tliese values substituted 
in the equation, will evidently give an equation of the form 

^r* 4- 3 «•-»+>«"-« - - - - 1 = 0, (2) 

d J 

in whidi all that is essential concerning the exponents is that they should be 

all positive integers, decreasing in yUlue from left to right, since in (1) 

m r 

— > - > t, etc. 

n s 

3d. Now divide by the coefficient of e", and let the resulting equation be 

represented by 

c' e' 

a f 

Finally, put 2 = -r- , and substitute in (3), thus obtaining 

ki+Y^^^-fi^ ■ ■ ■ ■ ^=^- (*> 

Multiplying (4) by A:", and representing the absolute term by L, we hAve 

^■+-«-^~* + -7r^ - - - - X=o. . ■ * 

(» J. - • ■ - . - J. t ' . 
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If now kheeo taken that these nnmeratora will be dlTisible bj the denomiiia- 
ton, and the quotienta represented by A,B, C, etc., we hare 

a--h^!r-^-i-B!r-*+0»-» .... X=0, 
the form required. 



Examples. 

1, Transform - + |a;-» + |a;* = 2x^ + ^z* + -j — 2, into a form 

having positiye integral exponents and coefficients, and having the 
coefficient of the liighest power 1. 

Solution. — ^Mnltipljing by x*, we have 

ar-hi«-3+ta;*=2a?'H-iaj"*-h8-2»«. (1) 

Multiplying (1) by «*, we have 

«*-hiH-S{r^=2«'^-t.Jjr*-h&r»-2«». (2) 

Putting it=y*, there results 

Arranging with reference to the highest power of jf, 

finally, put y = t » whence 

*»* 12ifc" *»• 2ife^* "^ 2ifc» "*" 4A;" 'S^ ' ^' 

Now, if A; be made 12, this equation will be of the required form * 

Notice that aa « = y*, and y^r^.x^ tj5^ ' *^ *^*' M ^^® value of f could 
be found, the value of x would be known by implication. 

2. Show as above how to transform the following: 

(«) Zy-^ + |y-i + ^ _ ^y-i = i + 4y' - i„r*i 
(b) ? - 3ar + ia;^ -1 = 1 ; 

,__i__jMi_u__M _■ ■ I I i-i ^mr\ ^ ■ ■■n I I ■ J .1 ■■ ■■■ ij_ii ■_ -M-,! III - -T -- -ir- ----- - -^ — r 

* This saVtItntion ironM be tedfons, and as It Is oor present purpose simply to show the 
potfiMlifff of the transformation, and the method of making tt, the enbstltnfloB It anncec^sary. 
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)SJ)SJt9.— "Since every equal ion witli one unknown quantitvy and real 
and rational coefficients, can be transformed into one of the form 

af + ^la.*-* + i)V-*+6'a;--» //=0, (1) 

this will be taken as the typical numerical equation whose solution 
we sliall seek in this and the succeeding sections; and Ave shall 
frequently represent it by/(a;)=0, read " function x equals 0." The 
notation/(a;) signifies in general, as has been before explained, simply 
any expression involving z. Here we use it for this particular form 
of expression. We shall also use f\x) as the symbol for the first 
differential coefficient of this function. 



230. Pvopn — When an erjuation is reduced to the for^n x" 
+ Ax°"* + Bx"~* + Cx'~' - - - - L = 0, <A^ rootSy with their signs 
changed^ are factors of the absolute [known) term, L. 

Dem. — 1st. The equation being in this form, if a is a root, the function is 
diviailile by .r—a. For, Bupjiose uix)n trial ar— a goes into the polynomial ar« 
+ ^l.c"-* + , etc., Q times with a remainder IL (Q representa any serieH of t^nns 
wl^ich may arise from such a division, and R any remainder.) Now, since the 
quotient multiplied by the divisor + the remainder, equals the dividend, we 

have (x—a) Q + /J=«" + -4.i;»-» + Bx^-^ + CaJ"-' L, But this polynomial ;= 0. 

Hence (x— a) Q+R-=0. Now, by hypothesis a is a root, and consequently a— a 
=0. Whence i2=0, or there is no remainder. 

2d. If now x—a exactly divides a*" + ^4.c"-' + Pa;'*-*+CiC"~' X, a must 

exactly divide L, as readily appears from considering the process of division. 
Hence —a is a factor of L, a being a root of the equation. Q. E. D. 

• 231. Cor. 1. — Jfo, is a root o/f(x)=0, f(x) is divisible by x— a/ 
and, converseli/, (/* f(x) is divisible ^y x— a, a w a root of f(x)=0. 

Dem. — The first statement is demonstrated in the proposition, and Uie second 
is evident, since asy(*) is divisible by ar— a, let the quotient be tp{x); whence 
(.r— rt) <^.t)=0. Now xz=a will satisfy this equation, since it renders jc— re=0, 
and does not render <p{.v) infinity, since by hypothesis « does not occur in the 
denominator.* 



232. Prop. — :Tf the coefficients and absolute tenn in x" + Ax" '' 
+ Bx"~'-i-Cx*"' - - - - L=0, are all integers, the equation can have 
no fractional root, 

* Conid thcrube a term of the form in <p(7),a;=(iwoa1drcBderlt od, mad (a^-a)^(ar) would 

x-a 

bo X », which is iiuleterminatc, Biiicc x oo sOx ia»3» 
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s $ 
Dem. — Suppose in this equation jr = —, - being a simple fraction in its lowest 

I t 

terms. Substituting tliis value of .r, we have 

«• 4**"* r,*""* ,,«"■* r ^ 

iS+^ii-, +^iSr7 + ^^i;rT ^=0. 

Multiplying by <*"' we obtain 

Kow, by hypothesis, all the terms except the first are integral, and the first is a 
simple fraction in its lowest terms, as by hypothesis » and t are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in- 
tegers cannot be 0. Therefore x cannot equal — , a fraction. 

233. Sen. — This pro^iosition docs not preclude the possibility of trnrd 
roots in this form of eqaation. These arc possible. 



234. Prop.— An equation f (x) = {239) of the nth degree, 
Jias 11 roots {if it has any *), and no more, 

Dek. — Let a be a root of f{x) = 0, which is of the nth degree. Dividing 
f{x) by a? — rt (231), we have <p(ir) = 0, an equation of the («— l)th degree. 

Let ft be a root of (p(x) = 0,and divide ^.t) by x—h (231), Call the quotient 
€p'(x)t whence <p' {x) =0, an equation of the (/i— 2)tli degree. In this way the 
degree of the equation can be diminished by division until, after n—X divisions, 
there results ^ (x) \ of the first degree, and the equation is .t— /=0. Therefore, 

f(x) = (x — a) €p{x) = (x^a) (x — h) q/ (.r) = Oc — a) (x - 6) (a; — c) <p" (x) 
= (x — n)(x — h)(x — c) (a* — ;) = ; 

i. e,f f(x) is resolvable into n factors, of the form x ^m. 



* Wo 9han ameme that every eqnation ha» a root real or iinas;inary ; i. «.. that there is some 
formofezprceeion which e>nb«titutc(l for the unknown quantity will eatirfy the equation. It 
is shown in works treating more largely upon the theory of equations, that the «;eneral form of 

a root in a-^ff y^l. When /Sz=0, the root Is real. The general demonstration of this propo- 
sition is loo abstruse for an elementary treatise. That every equation of the form a"'+ Ax*~i 
+ Ab*»~«+ Cx*""« - - - - X = (299) has a real root when n is an odd number, and also 
when n fs an even number If Zi be negative, is very simple. Thus if n is odd, and L +, when x 
is made - ao the value of the first member is - ; and when x i^* 0. the value is -*■ . Hence while 
a; passes fW>m -oo toO, the function changes sign, and hence must pa«s through 0: i. «., for 
some value of x between - oo and 0, the equation is satisfiefl. In like manner, if L is -, when 
V= 0, the IhQCtion is -, and when ar = -> oo the (linctiou is + . Hence some value of x between 
-Oand + 00, satisfies the etpiation. It follows from this that in an equation of an odd degree, 
if the absolute term is +, there is at least one real, negative root ; and if the absolute term is -, 
there is at least one real, positive root. 

If n is even and Z -, a? = makes the function - , and a; = ±«> makes it +. Hence while x 
passes from - oo toO, the function changes sign from ^- to -, and there is at least one real, 
negative root; also, while x passes from to + oo, the function changes sign from - to + , and 
there i-* at least one real, positive root. Therefore every equation of an even degree in which 
the absolute term is -, has at least two real roots, one negjitive, and one positive. 

The difllcnlty occurs in proving that an equation of an even degree has a root when X is -». . 
The roots of such an equation may be all imaginary. 

t This is read ^ the nth qf (huction of s.** 
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Now, 9ks x = a, OP a: = 6, or ;r — any one of the qaantities /i, &, c - - - - A 
will render /(a:) equal to 0, each one of tliewe will satisfy the eqaation /(jr)=0. 
Therefore tliis equation has u roots. 

Again, since it is evident that we have resolved f{x) into its prime factors 
with respect to x, there can be no othtir factor of the form .r— m in /{j"), hence 
no other root of f(x)=tO» and this whether m is equal to one or more of the roots 
a,b,C'-''n, or not. Therefort? /(.r) = lias only n roots. 

2f3S. Cor. 1.— 7%6i>o/ym>m/t^/ x»+ Ax»-'+ Bx»-'+ Cx'-'--- ^ 
L, or f (x), = (x — u) (x — b) (x — c) - - - - (x •— 1), in which 
a, b, c - - - - 1 are the mots of f (x) = 0. 

23(i. Cor. 2. — The equation f (x) =0 tnai/ have 2, 3, or even n 
equal roots, as there is no inconsistency in stqyjwmiy a = b, a = b 
= c, ora=b=c= ---- ], in the above demonstration, 

237m Cor. 3. — Imaginary roots enter into equations having only 
real coefficients, hi conjugate pairs (223, Part I.) / that /<», */'f(x)=0 

has only real coefficients^ if it has one root of the form a + /^V— 1, 

it has another of the form a — fiV — 1 ; or^ if it has one of the form 

y^V— Ij it has another of the form — y^V — 1. 

Tliis is evident, since only thus can /(aj)=(aj—rt) (a;— 6) (.T—c) - - - - (a?— »); 

that is, if one root, a for example, is a—flV—l, there must be another of the 

form «+/? V—l, in order that the product of these two factors shall not involve 

an imaginary. Thus, [x-(a-^fl V^)] x [a;-(a-/J V'^)]=x* -2ax-\-{a* -\- fl% 

a real quantity. So also (x — yS V—1) {x -f /5 V— 1) = x*-f fl*, a real quantity. 
But if the assumed imaginary roots be not in conjugate pairs, the product of the 
factors (x — a) {x —6) (x — c) - - - - (-^ •— ^tll involve inmginaries. 

238* Cor. 4. — Hence an equation of an odd degree must have eU 
least one real root ; but an equation of an even degree does not neees* 
sarily have any real root, 

m 

239* Cor. 5. — J^ an equation has a jyair of imaginary roots, the 
Jenoion quantities entering into the equation may be so varied that the 
two imaginary roots shaU first give 2>lace to two equal roots, and then 
these to two real and unequal roots 

As shown above, imaginary roots arise from rt^al quadratic factors in f{x\ 
Let «*— 2a.r + 6 be such a quadratic factor, whence .i*— 2<M? + d = satisfiej 

/•(.?) = 0, and a ± Va* — b are the corresponding roots of f(x) = 0. Now, if 
b> n*t these roots are imaginary. If, however, b dhninishes or a increases {<dr 
both change thus together), when b = a* the two imaginary: roots diani^poar and 
we have in their place two real roots, edoh a. If the same diange in # and b 
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OQ&tinnes, so that a* becomes greater than b, the two real, equal roots in turn 
giTB pfaM)e to two real, unecfual roots. Now us a and b are functions of the known 
quantities of the equation /(ar) = 0, such changes are evidently possible. 

240* Sen. 1. — That an equation has a number of roots equal to its 
degree, is illustrated geometrically by the fact, that, if Ave write y = /(*) and 
construct the locus, we shall always find that a straight line can be drawn 
so as to cut the locus in 1 point and only 1, if /(;r) is of the 1st degree 
(Ex's. 1-13, Chap. II.) ; in 2 and only 2 points, if f{x) is of the 2d degree 
(Ex's. 15-18, Chap. II.) ; in 3 and only 3 [Munts, if /(x) is of the 3d degree 
(Ex's. 19-23, Chap. II.) ; in 4 and only 4 iM)ints, if /(^) is of the 4th degree 
(Ex's. 24-28, Chap. II.), and specially illustrated by the line X/ X„ {Fig, 20), 
etc. 

241. ScH. 2. — Tlie fact that imaginary roots enter real equations in 
pairs is also beautifully illustrated by the loci of equations. Thus the equa- 
tion jc*— 3a;+5=0 has two imaginary roots, and no real roots. Now, by ref- 
'crence to Fig. 9 of the preceding chapter, we see that the locus of y=jr*— 3ar 
+ 5 does not cut the axis of al>scissas at all ; i. «., that no real value of x will 
giyef{x)=0. But, if the equation were so modified as to make each ordinate 
only -y- less than it now is, L ^., if y=a;*— 3a?+5, we should 
have the same locus, but changed in i)osition so aa just to 
touch the axis of x, as in c, thus giving f{x)^0 two real and 
eqtud roots. If, again, we wrote y=a:*— 3ar— 3, we should have 
the locus referred to the axis A"X", and /(ar)=0 would have 
two real and unequal roots. Thus we see, convei-sely, how 
two real, unequal roots can pass into two real and equal roots 
1>y a proper change in the equation, and how by a further 
change ivfo eqw^l real roots disappear at a time, passing ii^to two 
imaginary roots as the equation changes form. All that is 
necessary in this change in the form of the equation is a pn>- 
per change in the absolute term. 

Again, consider Fig, 14, and the corresponding equation 
y=a!*— 6a:*+ll«— 6. First we observe that as this locus cuts the axis of x 
three times, there are three real roots. Now change the absolute term —6 
by allowing it to increase gradually, becoming —5 J, — 5i, —5, etc. We shall 
find that the axis of x moves down, and the two roots A d and A/ approach 
equality, first becoming equal when the axis just touches the lowest x)oint e 
of the curve, and then hoth becoming imaginary together. 

Or, in conclusion, this matter is illustrated by the fact that whatever the 
degree of the equation /(ar)=0, if we construct the locus of y=fix), w^e shall 
find that we can draw a straight line which will cut the curve in a number 
of points equal to the degree of the equation, and that if the line gradually 
movesjfrom this position so as to cut the curve in any less number of points, 
itiHfiilalwiiy9.b6 found first to nm two intersections together, corresponding^ 
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to a change of two unequal roots into two equal roots, and then drop out 
both these intersections, corresponding to the introduction of two imaginary 
roots at a time. 



242. Prop. — If tlie equation f(x) =0 has equal roots^ the highest, 
common divisor of f(x) and its differential coefficient^* f (x), being 
jmt equal to 0, co?istitutes an equatioji which has for its roots tltese 
equal roots^ and no othe'^ roots,\ 

Dem. — ^Let a be one of the m equal roots of f(x)=zO, and let the other roots be 

b,e I; i\ienf(x)={x-aY'{x-b){x^c) - - - . (;j;- l)(23S). Differentiating 

(132) and dividing by dx, we have 

f'(x)=m(x-a)r-^(x-b) {^-c) - - - - {x- /) + (.?-«)"• (x-e) («— Q + - - 

. . . - + {x—a)r (x—b) (x—c) - . . - -h etc. 

Now («—«>•-* is evidently the highest common divisor of /(:r) and /'(s), and 
{x—a)r^^ =0 is an equation having a for its root, and having no other. 

In a similar manner, if f(x)z=^0 has two sets of equal roots, so that 

f{x)=zix-'a)"*{x-hy{x-'C){x-d) («-?), 

differentiating and dividing by dx, we liave 

f\x)=m{x-a)'^-^x-by{x-'C)(x-d) («- 1) +(«-«)« r(a?—6y-»(«—«)(«-<0 

- - - - (aj— 
-!-(«— a)"»(aj— J)' (aj-(f) - - - - (a;—n) -+•(«--«)• («—6y(a»—<j) - - - - (a;—|)-f -- 
.... ^-(i^— a)"»(a?— 6)^(0:— c)(a?— d>- - - - + etc. 

Now the highest common divisor of /(a?) and/'(aj) is evidently («— a)*-' (a?— 6)'-*. 
Putting this equal to 0, we have (a;— «)"•-*(«;— 6)'-*=0, an equation which is sat- 
isfied by x=a and a;=5, and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 

243. ScH. — In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that /(ar)=0 has m roots each equal to a, and r roots each 
equal to b. Then the highest common divisor of /(a*) and f'(x) is of the form 
^x^aT'^ix—bY'^; whence (x—a)'^~^{x—by~^=0 is an equation having the 
equal roots sought. Therefore we can find the highest common divisor of 
{X'-ay*~^(x—bY~'^f and its differential coefficient which will be of the form 
(af--ra)"*~*(a;--6)*'"*, and write (a?— a)"'"*(a?--6)''"'=0, as an equation containing 
the roots sought. This process continued will cause one of the factors (a;— a) 
or (x—b) to disappear and leave (a;— a)*-' =0, when m> r ; (x—by"* = 0, 
when r> m ; or (ar— a)(a^— 6)=0, when m-=r. From any one of these forms 
we can readily determine a root. 

* The differential coefficient of a function ie eometimcs called its first derived polynomial. 

t The student must not suppose that the roots o(f{x)=0, and its first differential coefficient 
/'(a')=0, are necessarily alike. f(x)=B, series of (emu some of which may be + and some - , and 
which may destroy each other, so as to render/'(x)=0, for other valnea of x than snch as render 
/(x)=0, and not necessarily for any which do render y(«)3sO, except th« tqnal roof* of the latter. 
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, 244. JPvoi>. — In an equation f(x)=0, f(x) will change sign when 
X passe9 through any real rooty if there in but one such rooty or if there 
is an odd number of such roots ; but if there is an evbk number of 
such roots, f(x) will not change sign. 

Let a, b, c - ' - - e be the roots of /(ir)=0, so tliat/(./)=(.f— a)(.r— &)(.r— c) 
- - - - (j?— «)=0 (235). Conceive x to start with some value less than the least 
root, and continuously increase till it becomes greater than the greatest root. 
As long as x is less than the least root, all the factors .r— a, x—h, etc., are nega. 
live ; but when x passes the value of the least root, the sign of the factor con- 
taining that root will become +,* and if thete is no other equal root, this factor 
will be tlie only one which will change sign. Hence the product of the factors 
will change sign. But if there is an even number of roots, each equal to this, 
an even number of factors will change sign ; whence there will be no change in 
the dign of the function. If, however, there is an odd number of equal roots, 
the pUssage of x through the value of this root will cause a change of sign in an 
odd numbed of factors, and hence will change the sign of the function. 

Finally, as it is evident that the signs of the factors, and hence of the function, 
will remain the same while x passes from one root to another, and in all cases 
changes or does not change as above when x passes through a root, the proposi- 
tion is established. 

24f^. ScH. — This pro]K)sition is illustrated by jmtting y=f(i) and con- 
stmctingthe locus, as in the preceding chapter. Thus, Ex. 15, FUj. 0. In 
this case y=f{x)=x*-\-x—^. The least nwt is —3. When x is less than —3, 
as —1, or — 3i {anythin/j less than —3), y, or /(a*), is -f. When .r is —3, y, 
or/(.i')=0, and the equation /(j'j=0 is satisfied, and —3 is a root of the equa- 
tion. When X becomes greater than —3, as —3, y, or /(ar), becomes nega- 
tive, changing sign when x passes through the value of the root —3. As x 
increases, jr, ^^/(ir)^ remains — , till x reaches +2, at which value of a-, 
jr=/{a?)=9, and tjie equation /{j')=0 is satisfied. When x passes this value, 
becoming anything greater than 3, y, or f(x\ becomes -4-, i, €., changes sign 
as X passes through the root 2. The same thing is illustrated by the loci 
in Figs, 7, 11, 12, 14, 15, and 18, with their corresponding equations. 

' That /(a*) does not change sign up(m .t*s passing through the value of one 
of two equal roots of /(j)=0, is illustrated in Fig, 8 and its corrcsinrnding 
equation, Ex. 17. In this case y=/(T)=4;*--4rr4-4, and the equation 
«*— 4a?+4=0 has two roots each equal to 2. Now when x is anything less 
than 2, y, *. e, /(a;), is -f ; when a:=2, y, or/(.r), is 0, and the equation /(ar)=0 
is satisfied. But when x passes the value 2, f{x) does not change sign ; it 
remains +. The same truth is illustrated by the loci in Figs, 10, 13, 16, 
and 17, and their corresponding equations. Fig, 16 illustrates the case in 
which there are two pairs of equal roots. 

♦ BQppo§ec bo the loast root, ainl tlwit c' in the next state of x greater than c; then c*- <? ia +. 
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Ex. 29 will be foand yeiy instractive. The locus in Fig. 20 illuBtrates the 
ease of 3 equal roots. Here y =/(a;) = ar*-h 4**— 14«*— 17« — 6. The least 
root is — 8, When a? < — 3, f(x) is — ; when a? = — 3,/(a;) =r ; whena; passes 
— 3, increasing, f(x) changes from — to +, and remains + till a; = — 1, when it 
becomes 0, and changes sign as x passes — 1, notwUhHanding there a/re equal 
roots. But there is an odd number of such roots, viz., three. 

Thus, if X,' X, were to revolve about c until it took the position X'X, the 
intersections b' and d would run into c\ the three intersections becoming one. 



246. JProp. — Changing the signs of the terms of an equation 
containing the odd powers of tfie unknoum qtmntity changes the signs 
of the roots. 

Dbm. — If aj = a satisfies the equation a?®— Az^-\- Bx^— C5c 4* 2) = 0, we have 
a* —Aa* + Ba* —Ca-^ D = 0. Now changing the signs of the terms containing 
the odd powers of x, we have x^ — Ax*— Bx* -f Clr -h 2) = 0. This is satisfied 
by a? = — a, if the former is by x = a. For, substituting — a for a*, we have 
a*— Aa*-\- Ba^— Ca -^ D = 0, the same as in the first instance. 

24:7* Cor. — Changing the signs of the terms containing the even 
potoers will answer equally weU, since it amounts to the same thing; 
and if toe are careful to put the equatio7i in the complete form, 
changing the signs of the alternate terms toiU accomplish the 2yufj90se, 

III. — The negative roots of a?'— 7a; 4- 6 = 0, are the positive roots of — «' 
-f 7aj -I- 6 = 0, or of a;'— 7jj — 6 = (0 being considered an even exponent) ; or, 
writing the equation x^ ± Ox* — 7a; + 6 = 0, changing the signs of alternate 
terms, and then dropping the term with its coefficient 0, we obtain the same 
result. 

Again, the negative roots of a;**— 7a;"— 5aj*4- 8a;=»— 182a?»4- WSa;— 240 = 0, 
are the positive roots of x^ + 7a;'* — 5a?* — 8a;»— 182a?* -^ 506a! — 240 = 0, or of 
- a}«- 7a;» + 5a;*-f 8a;=»-i- 132a;«+ 508a; + 240 = 0. 



248, JProb. — To evcUuate * f{x)for any particidar value of x, 
a« X = a, more expeditioitsly than by direct substitution. 

Solution.— As f{x) is of the form «• -f Aa?"-^ -h Bx^"^ -h Ca?»-» - - - - Z, 
let it l)e required to evaluate x*-\- Ax^-{- Bx*-k- Cx -\- D tor x = a. Write the 
detached coefficients as below, with a at the right in the form of a divisor : thus 

1 -tA -hB -hC -hi) 

a a*+Aa a^-\-Aa*-\-Ba a*-\-Aa*-hBa* + Ca 



a-hA a^+Aa-hB a*-hAa*+Ba-hC a*-hAa^-hBa*-\^Ca-\-D 



* This means to find the valae of. Thns, Bnppose we want to find the value of x^-5x^ 
+ *e* - te* + te* - Of - !», for a; = S. We might rab^titute 5 Ibr x, of course, and accompnsh the 
end. Bal there is a more expeditious way, as the solution of this problem 'will show. 
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^▼ing written the detached coefficients, and the quantity a for which f{x) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, giving n-\- A, Multiply this sum by a, write 
the product under the third coefficient B, and add, giving a* + Aa + B. In like 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of x^) have been used, and we obtain a* + Aa^ + Ba* + Ca -f D, 
which is the value of f{x) for a; = a. 

Illubtbation.— To evaluate a?* — 5a:* + 3** — to^ -f (Ir* — ar — 12, for « = 5 « 

1 -5 -f2 -3 +6 -1 -12 [5 

5 10 35 2a5 1020 



2 7 41 204 1008 

Now 1008 is the value of x^— 5a;" -i- 2a;<— 3a;'+ Or*— a; — 12, for a; = 5; and it 
is easy to see that much labor is saved by this process. 

We are now prepared for the solntion of the following important 
practical problem : 

249* JPvob* — To find the commeaauraMe roots of numerical 
higher equations. 

The solution of this problem we will illustrate by practical examples. 

Examples. 

1. Find the commensurable roots of ar^— 2a^— 15.r'+ 8rc'+ 68a5 
-f 48 = 0, if it has any. 

Solution. — By (232), if this equation has any commensurable roots they 
are integ^l : — it can have no fractional roots. 

Again, by (230), the roots of this equation with their signs changed are fac- 
tors of 48. Now, the integral factors of 48 are 1, 2, 3, 4, 0, 8, 12, 16, 24, 48. 
Hence, If the equation has commensurable roots, they are some of these num- 
bers, with either the 4- or — sign. We will, therefore, proceed to evaluate 
f(x) (i, e., in this case aj* — 2a;*— 15a;^+ 8a;*+ 68ar + 48), for a? = -f 1, a; = — 1, 
a? = + 2, « = — 2, etc., by (248), as follows : 

1-2 -15 +8 +68 . +48 1 +1 

1 ». 1 -16 - 8 60 



-1 -16 - 8 60 108 

Hence we see that for a? = + 1, f(x) = 108, and +1 is not a root of f(x) = 0. 
Trying a; = — 1, we have 

1 -2 -15 +8 +68 +48 I -1 

-1 3 12 -20 -48 " 



-8 -12 20 48 

Thus we see that for a; =: — l,f(x) = 0, and hence tliat — 1 is a root of our equa* 
tion. 



214 ABTAIiCKD OOraSE IN AliflHtllRA. 

We might now divide /(a?) by x-hl (2S1) ftnd reduce the degree of the equm-^ 
tion by unity. But it will be more expeditious to proceed with our triaL Let 
U8 therefore evaluate /(ar) for 2;=: +2. Thus : 

1 _2 -15 +8 +08 +48 I +2 

2 -30 -44 +48 



-15 -22 24 96 

Hence for «= +2, /(a;)=r96, and +2 is not a root. Trying «=— 2, we have 

1 -2 -15 +8 +08 +48 I -2 

-2 8 14 -44 -48 



-4-7 22 24 

Hence for ar=— 2,/(a?)=0, and —2 is a root. Trying ar=+3, we have 

1 -2 -15 +8 +68 +48 I +8 

8 3-36 -84 -48 



1 -12 -28 -16 

Hence for a? = +3, /(j;)=0, and +3 is a root. Trying ar=— 3, we have 

1-2 -15 +8 +68 +48 | -8 

-8 15 -24 -132 



-5 8 44 - 84 

Hence for a;x»-- 8,/(x)=— 84, and —8 is not a root. Trying a;=:4, we have 

1 _2 -15 +8 +68 +48 [ 4* 

4 8-28 -80 -48 



2 - 7 -20 -12 

Hence for ar=4,/(a;)=0, and 4 is a root. 

We have now found four of the roots, viz., —1, —2, 8, and 4. Their product 
with tlieir signs changed is 24. Hence, by {230) 48-4-24=2 is the otlier root 
with its sign clianged, t. e, tliere are two roots —2. 

Tliat our equation liad equal roots could liave been ascertained by the princi- 
ple in (242) ; but as the process of finding the H. C. D. is tedious, H is generally 
heBt to avoid it in practice. 



2 to 12. Find the roots of the following : 

{%.) x^-a?- 39x* + 24x + 180 = ; 

(3.) ar* + ar' - 9a; - 45 = ; 

(4.) a:* + 2a:* - 23.r - 60 = ; 

(5.) ai* - Sa^ - Ujf + 48a; - 32 = ; 

(6.) a;* - 8a;' + 13ar - G = ; 



* Of coarse it i» not necttmary to retain the + ngn, as wc have done in the preceding opera- 
//om: it bM$ been done simply for emphasis. 
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(7.) a?* - 11«» + 18a; - 8 = ;♦ 

(8.) a^-da^ + Gx'-'Sa* — 3x + 2 = 0; 

(9.) a:* ^ 13a^ + 67a^ - 171ar^ + 21Ga; - 108 = ; 
(10.) a,^ - 45a;» - 40a; + 84 = ; 
(11.) if* - 3a;* - 9ar» + 21a;» - 10a; + 24 = ; 
(12.) a;* - 7ar^ + lla^ - 7;r' + 14;ir» - 28a; -h 40 = 0. 

13 to 20. Apply the process for finding equal roots {242 , 243) to 
the following : 

(13.) a.-' + 8ar' + 20a; + 16 = ; 

(14.) a.^ - ai*- 8a; + 12 = ; 

(15.) ar' - 5a;» - 8a; + 48 = ; 

(16.) a;*-lla;«+ 18a;-8 = 0-, 

(17.) x^ + 13ar» + 33a;' + 31a; + 10 = ; 

(18.) x' - 13a^ + 67ar» - 171a;» + 216a; - 108 = ; 

(19.) a;^ + 3a,-» — 6a;* — ea;* + 9a;'* -h 3a; - 4 = ; 

(20.) a;'+ 5a;*+ 60;*- 6a;*- Ibx"- 3a;* -h 8x + 4 = 0. (See 243.) 

21 to 27. Having found all but two of the roots of each of the fol- 
lowing by (248)f reduce the equation to a quadratic by {231), and 
from this quadratic find the remaining roots : 

(21.) a,-' - 6a;» + 10a; - 8 = ; 

(22.) a,^ - 4a;» - 8a; -h 32 = ; 

(23.) a;'-3a;» + a; + 2 = 0; 

(24.) a;* - 6a,'» 4- 24a; - 16 = f 

(25.) a;* - 12a;' + 50a;* - 84a; + 49 = ; f 

(26.) a;* - 9af^ + 17a;* + 27a; - 60 = ; 

(27.) a,-* - 4a;* - 16ar» + 112a,'* - 208a; + 128 = 0. 

28 to 34. Apply the processes of {228) to reduce the following to 

the form af + Aaf^^ 4- Bx*~^ + Ca;*"' L = 0, before searchmg 

for roots : 

(28.) 20^-^ 3a;» + 2a; - 3 = ; t 

* 

* In order toApply tho pffOCO»8 of evaluation, the coelBcients of the mieslng powers mort be 
snpiilicd. Thus we have 1+0 -11 +18 -8. 

f Apply tho method for finding cqnal roots. The method of trial based upon {930) as applied 
hjr (848) is lllcoTy to lead to mach unnecessary worlc wticn there are several equal roots, and ail 
the others incommensorable. 

tWehavcaj»-ja:«+ar-^=0. Puta?=5|, whence |;j-gplf« + j^y-j|=0,or|f 3- jy* +4:*y 

Ski 
- -^ = p. If now k=%, we have y« -3y«44y-12=0, which can be solved as before, for one valu^ 

of y, and the equation then reduced to a quadratic and solved for the other values. Pinaiiy« 
rciiilHalwriiiKthttss ~y, we have the vakiet of a; reqiurvd. 
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(29.) 3a:» -.2a:* - 6x + 4 = 0; 

(30.) 8a:» - 26a^ + ILr + 10 = 0; 

(31.) 3^ — ix -h ^ = 0; (Look ont for eqaal roots.) 

(32.) ai* - 6a:» + 9Ja:* — 3^; + 4^ = ; 

(33.) x = 19a:-' + j/l - ^ - 403a:-'; 



(34. 



j/^-'^^ + 22-^- = 2(a: + l)i 



^50. By means of the property exhibited in {23S) prodnce the 
equations whose roots are given in the following examples : 



1. Roots 1, —3, 4. 

2. Boots ^2, — V2, -1, 3. 

3. Boots 1, 2, 2, —3, 4. 

4. Boots -3, 2 + V^y 2_>/Zri. 

5. Boots 3, —2, —2, —2, 1. 

6. Boots i, f — |. 

7. Boots 1±V^, 2±\/^. 



8. Boots 1^, 2, V3, — V^. 

9. Boots V^ - V^ V«, 

10. Boots 10, -13, 1, 1. 

11. Boots 3-2V3, 3+2\/3i 

2-3V^, 2+3a/^, J^ 
-1. 



SECTION II. 

SOLUTION OP NUMERICAL HIGHER EQUATIONS HAVING REAL, 
INCOMMENSURABLE, OR IRRATIONAL ROOTS. 



2S1* As all equations having real roots have real coefficients* 
(237), and as all such can be reduced to the form a:" + A^'^ 
+ J5af-* + Caf- * - - - - i = 0, which we represent by f{x) = 
{229)y we shall consider this as the typical fonn. Moreover, since, 
if an equation of this character has equal roots, they can be deter>- 
mined by {242, 243), and the degree of the equation depressed 
by {231), we need only to consider the case in which /(a:) = has 
no equal roots. 



• This Is evident from the fact that f{x)={x-a) (ar-6) (z-e) (jf~ii)«0. In which if 

a, 6, c, - - • • M are real, no imaginary quantity will be fonndin ttke product itt tin- 
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2S2b The best gfc;neral method of approximating the real, incom- 
mensurable roots of such equations, is: 

1st To tind ithe number and situation of such roots by Sturm's 
Theorem and the method based on it 

2d. Having found the first figure or figures of such a root by 
Storm's method, to .carry forward the approximation to any re- 
quired degvee of aceuracy by Horner's method of approxima- 
tion. 

Th€^ methods we pill now proceed to develop. 



Sturm's Theorem and Method. 

SmSm JStun^^s Xhearem is a theorem by means of which we 
are enabled to find the number and situation of the real roots of any 
numerical equation with a single unknown quantity, real and 
xational eoefiSQients,4iud without equal roots.* 

y tOiU-^hva, H -we hay«'the equation «'— Tar-f 7 = 0, Sturm's Theorem 
enables us to determine that it has three real roots, t. e., that all its roots are 
real. It also enables us to ascertain that one root lies between 1.3 and 1.4, 
another between 1.6 and 1.7, and the third between —3 and —4. Hence it shows 
iu that the roots are 1.3+, 1.G+, and —3. with a decimal fraction. 

JiS^m ScH. — Of course it follows from the above that if the equation has 
commensurable {227) roots, Sturm's Theorem will enable us to find them, 
or eren when the roots are not commensurable, it will enable us to find any 
number of initial figures. Thus in the equation a?*— 7a? + 7 = 0, we might 
by Sturm's Theorem find that the first root is 1.35689 -h; but it would be 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We use this theorem only to find one or two of the initial figures, or, 
enough of the figures to enable us to distinguish between (separate) the roots. 
Thus, if w^c had an equation /(a*) = O^of which two roots were 2.356873+ and 
2.8I!^9564, we might use Sturm's Theorem to find tlie first five figures of each 
root, i. e,, to distinguish between (separate) the roots; but this is not the 
best practical method, as wiU api)ear hereafter. 



Xhe SiwnHian Functions of f{z) = (whieh has 
no equal roots) are functions obtained by treating f{x) and its first 
idiffei«ntial coefficient /'(x), as in the process of finding their H. G. 
R, except that in the process we must not multiply or divide by a 
negative quantity, and the signs of the several remainders must be 

,. $ Jl .tUfi eqnaUo;! which we m\$h4o,»o\ve ha» eqiuil rootii, {hay faf) Imb fliscprfMr^ l)| 
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changed before they are used as diyiaors. These remainders wUh 
their sigtis changed are the Sturmian Functions.* • 

III.— Let the equation f{x) = be a;^ — 4c* — a? + 4 = 0. The first differential 
coefficient of «' — 4r* — a; -i- 4 is 3a;* — 8j; — 1. Dividing a:' — 4a;* — ar + 4 by 
Sa;*— 8^ — 1, first multiplying the former by 3 to avmd fractions,! exactly as in 
the process of finding the H. C. D., we find the first remainder of lower degree 
than our divisor to be — 19a; + 16. Hence 19x — 16 is the first Siurtnian Fune- 
Uon of a;' — 4j;* — a; + 4. Again, dividing 3a;*-- 8jc 4- 1 by Iftc — 16 (introdadng 
such constant factors as necessary), we find the next remainder to be — 2025. 
Hence 2025 is the second Sturmian FSinetion of a;^— 4a;'— a; + 4. 

256» Notation. — As the function which constitutes the first 
member of our equation is represented by f{x\ and its first differ- 
ential coefficient by f'{x), we shall represent the Sturmian Func- 
tio7i8 by fi{x), f^{x), fz(x), etc, read "/sub 1 function of a:," "/sub 
^ function of x" eta, ot pimply " function sub 1,^ " function sub 2/* 
etc 



2S7. In any series of quantities distinguished as + and — , a 
succession of two like signs is called a Permanence of signs, and a 
succession of two unlike signs a Variation. 

III. — In the function x^ — Sx" — 2x* -\- x'* -f a;' -i- 5j; — 4, the signs of the terms 
are 

+ -- + + + -. 

Tlie first and second constitute a variation ; the second and third a perma- 
nence ; the third and fourth a variation ; the fourth and fifth a permanence ; the 
fifth and sixth a permanence ; and the sixth and seventh a variation. Thus, in 
this case, there are three permanences and three variations of signs. 

So also if we have 

/(a;) = a;«- 7a;*+ 13a;3+ a;«- IQx + 4, 
f\x) = 5a;* - 28a;'»4- 39a;«4- 2a; - 16, 
fj(x) = 11a;' - 4ae« -f 51a; + 2, 
/,{a;) = 3a;*-8a; + 4, 
/3(a;>= a; - 2, 
f4{x) = 0. 

For a; = 0, /(a;)= +4, or f{x) is + ; f'{x) is -« ; /i(a?)is + ; /,(a;)is +; 
/^(.ir) is — ; and /^(x) being 0, its sign is not consider^. Hence the series of 
signs of these functions, for a; =: 0, is + — + -f — ; and has three variations 
and one permanence. 

■ — « 

* I have thonghtit best not toinclnde /(x) and /^(x) ander the term Stanaian Functions. 
There seems to be no propriety in including thum, inasmuch as they are not pecvliar to. 
Stnrm*s method ; and by excluding them an Important distinction Is marked. 

t We introduce or reject constant factors. Just as in finding the H. C. D., only we may not 
introduce or Tei<Hitnegaiiffe factors, since the Hans are an ef«seiitial thinir in these functions, and 
to multiply or divide by a negative number would change the signs of the foncUons. 
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For a? = 1, we find f(x\ - ; f'{x\ + ; /,(ar), -h ; ft(x\ - ; and /,(ar), - ; the 
veries of signs being — + H . This gives two yariations and two per- 
manences. 



258. Frop.— In the series of /imcHo7is f(x), f'(x), f,(x), f;(x), 

fa(x), f4(x), f4(x) fn(x), when f (x) = has no equal roots^ if 

x he conceived to pass through aU possible real values^ thai, iSy to vary 
cantinuouslyy from —go to +oo , there will be no change in the number 
of variations and permanences in the signs of the functions, except 
when X passes through a root of f{x) = ; and wheti it does pass 
through such a root, there wiU be a loss of one varicUion, and only 
one,* 

Dbx. — Ist. Any change in x which does not canse some one of the functions 
to vanish, cannot canse any change in the signs of the functions ; for no function 
can change its sign without passing through or oo , and from the form of the 
functions which we are considering, tliej cannot be oo for any finite value of x, 
(These functions are all of the form Ax* + Bx*-^ + Ca? -* L.) 

2d. yb two consecutive functions c/in winish, i. e., become 0, for the same value 
o/x. For, in the process of producing the Sturmian functions from /(a;) and 
.f(x), let the several quotients be represented by y, q\ q", g'", q^, etc ; whence. 
hj the principles of division, we have 

n^)=r(^)q -Aix), (1) 

r{x)=f,(x)q' ^f,(x\ (2) 

A(x)=f,(x)q" -f,(x), (3) 

f,(x) =A{x)q'"-f,(x), (4) 

fAx)=A{x)q^^'-A(x), (5) 
etc., etc., etc. 

Now, if possible, suppose that some value ot x,hax=za, renders two consecutive 
functions, as ft(^) and /sC^) each ; that is, that they vanish simultaneously. 
Then, since from (4) we have f^(x) =fi(x)q'"—ft(x), f^ix) = 0. So, also, from 
(5), fsix) =f4{x)q^^—fz(x)y and /«(«) = 0. Thus, as a consequence of the simul- 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, f(x) and f'(x) have no couimon 
divisor containing x, the last remainder found by the process of finding the 
H. C* D. cannot contain x, and hence cannot vanish for any value ot x. It is 
therefore impossible that any two consecutive functions of the series should 
vanish for the same value of x (t. 6., simultaneously). 

8d. Whe?i any one of the functions, except f (x), vanishes for a particular value 



* This is the sahstance, ihtmgh not the exact form, of the celebrated theorem discovered by 
M. Srcmif in 1889, and for which he received the mathematical prize of the French Academy of 
Sciences in 1S34. It Is certainly one of the most elegant discoveries in ulgebraic analysis made 
in modern times. It is a masterpiece of logic, and a monument to the sagacity of Its dii^coverer. 
The original memoir containing this theorem is fotmd in the *'M6moires prdscnt^ par divera 
fuvants k TAcad^mie des Sciences," Tom. VI., 1835. 
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of K, Uu adjacent funUUms have opposite »gn9 for this value. Thns^ if fjps) is 
for « = 6, we iiiive,from (4),/,(a') = —f4(x), i. e„ the adjacent fonctionBy neither 
of which can Tanish for this value (2d), liave opposite signs. 

4th. Wlien any value of x, as t = c, causes any function except f (x) to vanish, 
the number of variations and permanences of the signs of tlie functions is the same 
for itie preceding and the succeeding values of x, i. e,,for x = c — h and x = c + h, 
h being an infinitesimal. Thus, let a; = render /aC^) = ; then, since the adja- 
cent functions have opposite signs for this value of x, we have either +ft(x), 0, 
— /4(if)» or -/«(*)» 0, +/»(»), i-e,, +, 0, — , or — , 0, + (3d). Again, aa neither 
of these adjacent functions vanishes for x = c (2d), neither of them can cliange 
sign as x passes through e (1st). But fsix) maj or maj not cliange sign as x 
passes through e (24L4:) ; hence its signs may be 4^, =, ± , or 7 , the upper sign 
fepresenting the sign oif^{x) just l)efore x reaches e, and the lower Its sign just 
after it passes, t. e., for x^e-^h, and x = e + hy respectively. Hence all the 
changes in signs which can occur are represented thus: +:(:—,+ = —> 
4- ± — , -I- T —,— + +,-=+,— ± +, and — T -h. These taken in 
any way give simply one permanence and one variation. Hence there can be mo 
change in the number of variations and permanences of the signs of the funeHonSt 
consequent upon the vanishing of any intekmediate function, 

5th. We are now to examine what changes, if any, are produced in the num^ 
her of variations and permanences by the vanishing of an extreme function. 
And in the first place wo repeat that the last function cannot vanish for any 
value of X, as it does not contain x. We have then to examine only the case in 
which f{x) vanishes, i. «., when x passes through any root of f(x^ = 0. For this 
purpose let us develop f(x + h) by Taylor's Formula, considering h an infinitesi- 
mal. Thus, 

fix + h) =:f(x) +f\x)h H-/"(.ir)y + f'ix) ~ + etc 

Now, let r be any root of f{x) = 0, and substitute in this development r for x\ 
whence 

fir -4- h) =f(r) +r{r)h ^r'(r) ^ + /"W ~ H- etc. 

As r is a root of f(x) = 0, f{r) = ; and as h is an infinitesimal, the terms con- 
taining its higher powers may be dropped {15 If and foot-note). Thun we liave 
f{r 4- ^) = f\r)h. Hence, as A is -f-, we see that f{r + A), that is the function 
just after x passes a root, has the same sign as /'(r), i. e, f'{x) when « is at a 
root. But as /'(.r) does not vanish when xz=r (2d), f'(r — h), f\r), and 
/'(r + h) have the same signs.* Again, since, by hypothesis, /(«) = lias no 
equal roots, it changes sign when x passes through a root (2^4f\ t. e„ f(r — h) 
and /(r + h) have different signs. Thus, as f(x) and /'(r) have like signs just 
after x has passed n root, and /(.r) changes sign in passing, while f'{x) does not, 
these functions have unlike signs just before x reaches a root,f and what was a 
variation in signs becomes a permanence ; that is, a variation is lost. 

* That is, the first dlflbrential coefficient of f{x) docs not change sign when x passes throagh 
a root of f{x)=0. 

t From this we see that the roots of f'(x)=:0 aie intermediate between those of f{x)^Qt 
ttince if a, ft, and c are roots of f{x)—\ in tlie order of their magnitudes, Just before x reaehes a 
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Finally^ fts we hare before ekown that as x paraes tUrough all valuea from 

— 00 to +00, there can be no change in any of the functions except f{x) which 
will affect the nomber of variations and permanences in tlie signs of the func- 
tions, there is only one Tariation lost when x passes through any root of f(x)=0. 

259 • Cor. 1. — To ascertain the number of real roots of the egtia- 
tion f (x) = 0, we substitute in f (x), f '(x), f,(x), f^{x) .... fn(x^),* 

— 00 for X, and note the number of variations of signs. Tfien sub- 
stitute + 00 for X, and note the number of variations. The excess 
of the nmnber of variations in tJie former case over that in the latter 
indicates the number of real roots of the equation. 

This is a direct consequence of the proposition, since as x increases from — oo , 
there is no change in the number of variations of the signs of the functions ex- 
ce)>t when x passes through a root ; and every time that it does pass through a 
root one variation is lost, and only one. But in passing from ~ oo to -h ^d , x 
])a86es through all real values. Hence the excess of the number of variations 
for :z; = — 00 over the number for a; =: + oo is equal to the total number of 
real roots. 

260 • Cor. 2. — To ascertain how many real roots of f (x) = lie 
between any two numbers as a and b, substitute the less of the two 
numbers in f(x), f'(x), A(x), f2(x), etCy and note the number ofvari- 
cUUms of signs. Then suhstUute the greater and note the number of 
variations. The excess of the number of variations in the former 
case over that in the latter vulicates the number of real roots between 
the numbers a and b. 

This appears from the proposition in the same manner as CoR. 1. 

201. ScH. — Since the total number of roots of an equation corresponds 
to the degree of the equation (234), if we ascertain as above the number of 
real roots in any given equation, the number of imaginary roots is known by 
implication. 

202* JProbm — To compute the numerical values of f (x), f '(x), 
f,(x), f2(x), etc.^ i.e., of any function of x for any particular value 
of X, when the function is of the form Ax" + Bx""' + Cx""' 
+ Dx-' P. 

Solution. — Of course this can be done by merely substituting the proposed 
value of X in the function. But there is a more elegant and expeditious way, 
which we proceed to exhibit. 

root a, f(x) and fix) have different eign», and just qfttr, they have like sign?. But just before 
X reaches 6, /(x) and f'(x) have unlike signs, and as /(x) cannot have chanored sign, the sign 
of /'(a?) mast have changed ; i. «., x mast have passed throagh a root of /'(a;)=0, in passing 
from a to b. In like manner it may be shown that a root of fix) lies between each two con- 
secotiye roots of /(a?)=0. This makes /'{x)=0 have one root less than /(a?)=0, as it should. 

♦ By this notation |P meant the wth or last of the Stnrmian functions, in which x does not 
appear ; or, what Is the same tbin^, that In which the cxponeiit ol xU ^. 
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Thus, let It be required to evaluate Ax'^ -^ Bx* -Jh Cif^ -h l>x* -h Ez + F for 
z = a. Multiply A by a and add the product to P. Multiply this eum by a 
and add the product to C. Multiply this sum by a and add the product to 2). 
Continue this operation till all the coefficients have been involved and the abso- 
lute term added. The last sum is the value of the function when a is substi- 
tuted for X, as will appear from considering the following : 



A 








a 








Aa 


^B 

a 






Aa* 


-\- Ba 


-i- ./ 
a 




Aa' 


+ Ba* 


4-CV»4-i> 








a 


Aa* 


+ Ba^ 


-¥ Ca* 


+ na + E 
a 



Aa'' + Ba* -{- Ca* + Da* -{- Ea -h F. 
This is evidently the value of the function when a is substituted for a;. 

N. B. — 1. If the function is not complete, i.e,, if it lacks any of the succes- 
sive powers of x, care must be taken to supply the lacking coefficients with 0*s. 
Thus the coefficients of a;* — 2** -+- 5 are to be considered as 1, 0, — 2, 0, and 
5 (which may be called the coefficient of a:"). 

2. When the numbers involved are small the operation can be performed 
mentally. 

Ex. 1. Evaluate 257a^ - SUx' + 1553a; - 6247865 for x = 342. , 

9 

OPERATION. 
257 

342 

514 
1028 
771_ 

87894 
- 312 

87582 
3^ 

175164 
850328 
262746 

29053044 
1553 

20054507 
3^ 

50900104 
1 10818:588 
80863701 



10244472174 
- 5247865 



10230224300 The value required. 
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Ex. 2. Evaluate af* — 3a:* + 6a; — 20 for a; = 2, performing the 
operation mentally. 

Examples of the Use of Sturm's Method. 

1. Find the number and situation of the real roots of a:;* — 4a;* 
— 6a; + 8 = 0. 

Sug's. — If the student lias attended carefullj to what precedes, he will hare 
no difficulty in detennining that 

/,(aj) = 17aj-12; 
and /,(aj°) = 1467. 

Now, for ar = — 00 , we have /(a:) — , f\x) +, /,(aj) —, and ft(x^) +; i. e., the 
signs of the functions are 1 h. There are therefore three variations. 

Again, when « = -h oo , the signs are -i- -f + -f, giving no variations. Hence 
tlie numl>er of real roots is 3 — = 8 ; t. «., they are all real. 

To find tht situation of tfiese rooUt we observe that for x = 0, the signs of tlie 

functions are -i h> giving two variations, or one less than — o^ gives. 

Hence there is one root between — oo and ; i. e., one negative root. The other 
two must of course be positive. We will first seek the situation of this negative 
root. Evaluate by (262). 

For £ =;0, the signs of the functions are H h. 

" «=—2, " " " " " 1 h.» 

Hence, as one variation is lost when z passes from — 2 to — 1, there is one root 
between — 1 and — 2 ; i. e., the negative root is — 1 and a fraction. 

In like manner seeking the situation of the positive roots, evaluating the 
functions by {2^2), we have 

For a; = 0, the signs -f h, 2 variations. 

" aj = l, " " + +, 1 

" a; = 2, " " + -f, 1 

" a? = 3. " " + +, 1 " 

" a? = 4, " « - + 4- -I-, 1 

" ar = 5, " " + 4_ ^- ^-, 



♦ The evalaatioii of those functinns is most elegantly and expeditiously effected by (262), 
Thus for ar= -2 wc have 

1 -4 -fi + 8 1^ 3 - 8 -6 |_-^ 

-2 12-1-2 - 6 28 

-6 6 - i=f{x) -14 22=/'(ar) 

When the valnc of x for which we nre cvnhiatincr is small, and the coi^fHcients also small, this 
process can be carried on mentally without writing, and should be so done. 
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Therefore, as ono Tariation is lost when a? panea tmstt O^to^l, theve is one root 
between and 1, t. e,, an inoommensarable decimal. Again^ ^kie Taimti<m is loii- 
when X passes from 4 to 5 ; hence the other root lies betn^een 4 and 5, or is 4 
and an incommensurable decimal. 

263. ScH. 2. — It is usually unnecessary to find /,(a?") (the last of tlie 
Sturmian functions), since its sign, which is all that is important, can be 
determined by inspection from the next to the last function and the pre- 
ceding divisor. Thus, if we were to divide 3a;'+22a; — 102 by 122a; — 303, 
first multiplying the former by 122, it would be clear that the remainder 

would be — , without going through the operation. Hence fm{x°) would 
be +. 

2 to 7. Find the number and situation of the real roots of the 
following : 




264» ScH. 3. — In case the equation has equal roots^ we^aU detect them 
in the process of producing the Sturmian functioiitej' since in such a case the 
division will become exact at some stage of the process, itndP the last Stor- 
mian function will be 0. Having thus discovered that the equation has 
equal roots, we might divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots; But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have tlie same variations of signs in either case for any 
particular value of x. This" arises from tlie fact t^at th^ common divisor of 
f(x) and f\x)y which contains the equal roots, is a factor of each x>f the 
Sturmian functions, and hence its presence or absence will not aJffect their 
signs for any particular value of x if the common factor is + for thia value^ 
and will change the signs of all if it is — ; but in either case the variations 
of signs will not be affected. 

8. Find the number and situation of the nmequai real roots of 
ic* — 6a^ -h Ta:' + 23a;' — 60a; -f 40 = 0, without depressing the equa- 
tion. 

Suo'b. — Forming the required functions, we have 

f{x) = «» - Gjj^ -{- 7x^ -h 22jj« - 6(te -h 40; 
fix) = 5ar* - 24i;* 4- 21ar« + 44iJ- 60; 
f,(x) = S7x^ - 228ic* + 468a; - 320 ; 
f,(x) = a?* — 4i? -H 4 ; 

/8(*) = 0. 

Now ft{x) is a factor of /(«),/'(«), and /i(«), and removing it from oft, we 
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flbAll Imve the foUowing fnnetSmM, which may be vlboA instead of the Starmian 
iiuictioiifi derived from the depreMed equation : 

f(x) = x^ - 2x* — lix + 10; 

/,(«) = 37«-80; 

/.W = 1. 
Hence, since the signs of these two sets of functions evaluated for anj parUcviar 
value of z will be the same, eithec set majr be used at pleasure. 

. Thus either set gives 

For a;= — QD, — n -f; 

and for a: = -f QD , +4.4.+, 

Therefore there are two unequal real roots of f(x) = ; and from the existence 
of the factor (x —2)* in /(a?) and/'(«), we know that there are three equod roots, 
each 2. 

The situation of the unequal roots can now be found as before. 

9 to 12. Find the number and situation of the real roots of the 
following : 

(9,) fr» - 7a^ + l^a^ + lla:" - 66a? -f 72 = 0; 

(10.) a*-^ ISa^ - 28a:' + 24a; + 48 = 0; 

(11.) a^ — 4»» + a:» + 20a; + 13 = 0; 

(12.) a^ - 10a:» + 6a: + 1 = 0. 

26/!h Scir, 4.— Elegiurt as the method of Sturm is, and perfectly as it 
accomplishes itsr object, the labor of producing the functions required and 
evaluating them, especially when the roots are large mid widely separated, 
is so great as to deter us from its use when less laborious methods will serve 
tim purpose. In « great mti^ority of practical cases tn which there are vo equal 
roots, the principle that f(x) changes sign when x passes through a ivot of f(x) = 
wU, enaMe us to determine the situation of the roots with far leatf lalfor than Sturm* s 
Theorem. Often a simple inspection of the equation will dctcnuine the near 
value of a root. Methods are usually given for ascertaining the limits (as 
they are improperly called) of the root« of an equation, from the coefficients. 
But Uiese aris of little practical value.* 



* For oxsmple, tbe t^vo following, which arc mo^t fhsqueotly gtren : 

I. In any equation (he greatest nerfaiiw oneffidmt *f¥h tttt Hf/n changed and increased bf unity 
Ui a suPEnioR LIMIT Q^ the roots. 

S. In any equation unity added to that root of the greatest negative coefficient with its sign 
changed^ wkow index i» equal toths d{fflerenoe cf the earponfnis qf the first tenn^ and the first nega- 
tive term is a superior limit. 

Now consider the equation x* + a-^ -500=0. By the fir<t rule the enpcrior limit of a root Is 

601, and by the iiecond v^500+ ]« or 23 + . Now the fact is, the grentest root is 7.6 + . Again, by 
t, tbs superior limit < f the roots of a:* -3ie*-4ftv-72^0 it 78 ; and by t it is the same. But the 
gfcatsfft - root -to 9. 
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13. Find by inspection, and uIbo by Sturm's method, the situation 
of the roots of the equation 2^ -\- a^ — 500 = 0. 

Su6*8. — liet the student apply Stumi's method. The foUowing is a solatioc 
by inspection : 

Since x = i^500 — x*, there is a + root lees than V500, or less than 8. Now, 
trying T, we have 

1+10 -500 LI 
7 56 S92 



8 66 -108, ».«., f{x) is-. 

Trying 8, 1+10 -500 LI 

8 72 576 

'^ 72 "^, i.^, /(«)i8+. 
There is therefore a root between 7 and 8. 

3, 



Also from the elation x = r 500~.e', or from the operations above, we see 
tluit theite is no other positive root ; since f(x) evaluated. for any positive quan- 
tity less than 7 would certainly be — , and for anything greater than 8, r|-. 



Finally, that there can be no negative root is evident, since r 500— «* cannot 

be negative until a;* > 500, but tben r 500— »* < V—x*, and r — a?* is always 

<x. Hence for x negative we can never have x = r500 — oj*. Therefore 
our equation has one real and two imaginary roots. 

Note. — ^The advantage of this method of inspection over Sturm's method, in 
this case, will not be fully seen unless the student observes that all this can be 
done mentally, without writing a single figure. 

14. Find by inspection, and also by Sturm's method, the humber 
and situation of the real roots of a:* + a;' + a; — 100 = 0. 

Suo's. — A mere glance should show that there can be but one i>ositive root, 
and that that is less than 5. In like manner writing x^ —x* -\-x-\- 100 = 0, or 
a; * + a? + 100 = a;*, we see tliat no positive value of x can satisfy the equation; 
for when x is less than 1, of course the first member is greater than the second, 
and when x is greater than 1, a;** itself is greater than x*, 

15. Find, by inspecting the changes of sign of f(x) for varying 
values of X, the situation of the roots of a;* — 3a? — 1 = 0, and also 
by Stunn's method. 

16. Find by inspection the situation of the roota of a;* — 22a; 
- 24 = 0. 

SuG's. — Writing x{x* — 22) = 24, we see that any jKJsitivo value of x which 
satisfies this must make x^ > 22, that is, must be greater than 4 But 5 makes 
a<«< — 22) = 15, and 6 makes it 84. Moteover, it is evident that viioniuiiber 
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greater tban 6 will satisfy the equation. Seeking for negative roots, we write 
«»— 2ftr + 24 =: 0; and then ir(.c'- 32) = - 24. To satisfy this, «« mast be less 
than 22, or « < 5. For a? = 0, /(«) is +; for a? = 1, f(x) is +; for a; = 2, f{pc) 
ia — . Hence a root of the given equation between — 1 and — 2. Finally, for 
* = 3, f{x) is — ; but for a? = 4, /(a?) = 0. Hence a root of the given equation 
is —4. 

17. Determine the situation of the roots oiof— 10a^+ 6a: + 1 = 0, 
by examining the changes of sign of f{x), 

SuG's.— For a? = 0, f(x) is -f; for a?= 1, f(x) is -; for « = 2, f{x) is — ; for 
« = 3» /(«)i8 — ; for ar = 4, f(x) is -f; and will evidently remain +-, as x ad- 
vances beyond 4. This is seen from the following : 

1 -10 +6 H-1 I 4 
4 16 24 +96 408 



4 6 24 102 409 

Now any positive number greater than 4 would destroy the —10 in this pio- 
cesfl, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 3 is substituted, we have 

1 -10 +6 H-1 |_3^ 

3 9-3 -9-9 



3 _ 1 _3 _3 _8 

Now 8 is not large enough to destroy the —10; but every number larger than 
4 will destroy it. 

To examine for negative roots we write a;'— lOc'-f- 6a; — 1 = 0. In this, lor 
a; = 0, fix) is — ; for a; = 1, f{x) is — ; for a; = 2, f(x) is — ; for ar = 3, f(x) is 
— ; but for a? = 4, and all numbers greater than 4, /(a*) is H-. 

We have now found that there are certainly three roots between — 4 and 
+ 4, and none beyond these limits either way. But it is iu>t safe to conclude that 
the other two roots are imaginary. The fact is, they are not. How, then, are we 
to find them ? Sturm's method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to find the ctltuation 
of aU the real roots with infallible certainty. And certainly it does do this ; but 
let ns see If we cannot do it, in this instance at least, as readily without that 
method. It will be observed that we know only that — 8 is the initial figure 
of one root, and + 8 of another. The initial digit of the root between 
and -H 1 we have not found. Let us seek it. For aj = 0, f(x) is +; and 
by trying aj = .1, aj = .2, we should at once see that /(a;) changes very slowly, 
and as when a; = 1, f(x) is only — 2, we should be led to try numbers near 1. 
Trying x =.8, we would find that f{x) is -h, and for x =.9, /(a?) is — . Hence 3 
is the initial figure of the root lying between and + 1. 

We now know the initial figures of three of the roots. Bat where are the 
other two roots ? If they are real we know that they lie between — 4 and -f- 4. 
as we have seen above that no root can lie beyond these limits. Moreover, as 
the function changes value rapidly beyond 1, and slowly between — 1 and 1, i* 
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would natamlly bo noggested that tUcre maj be two changeii of «igtt Itotittdifctf 9" 
and + 1, oy and — 1. Evaluating f{x) = «« — IOjj* + to -h 1 foi' .1, J8, .8; ete.. 
we soon see that it will not change sign for values of iB between and + 1. 
Evaluating f(x} = x* -- lOcr^ + te - 1 for .1, ^, ,9, etc., we find- lAiat the other 
roots are lietween and — 1, and that their initial digits are ^.1 irnd -^.0. 

18 to 23. Find by inspection, by the change in sign of /(»), or by 
Sturm's method, the number and sitnatiottc^ tb^imi lO^tarof the 
following : 

(18.) a:»-3a:'~4.T + 11 =0; 

(19.)a:»-2a;-5 = 0; 

(20.) ii;* - 4a:» - 3x + 23 = 0; 

(21.) .r' + llx* - 102.t + 181 = 0> 

(22.) a:* - 1 7a:* + oAx = 350 ; 

(23.) of" + 2a;* + 3ar - 13089030 = 0.* 

26€. ScH. 5.— If we have, an eqnaticni ift whidf, Wl^sff^ ^imm^ #f frae- 
tions, the coefficient of the highest power of a kr BO^ tiitftjr, Sf nkk]^ be tl«itt- 
formed by {22S) into one having such coefficient. Bid ihit ig ^otHeoemtif^ 
in order to the application of Sturm's method^ as it is not required hy anything in 
the demonstration of that theorem that the coefficients should be integral, 



24 to 31. Find by Sturm's method the number and situation of 
the real roots of the following : 

(24.) 2a;' + 3a;«- 4a; - 10 =: ; (28.) 3a.^- 4a;* + 2a; - 1000 ~ ; 

(25.) a;*- IS^a; + 29^^ = ; f (29.) 7a;*- 83a; + 187 = ; 

(26.) 8a;'- 36a;* + 46a; - 15 = ; (30.) a;*- Ifa,-*- ifr = 440 j 

(27.) 4a;»- 12a;* + 1 la; - 3 = ; <31.) a;*- fa;*- \c = 312, 



Horner's Method of Solution.^ 

^67. Horner's method of solving numerical equations is a method 
of finding the incommensurable roots of such equations to any re- 

* Observe that neglecting the terni9 3a;' + 8a;, which, since x H lai*go, are small as compared 
with X*, we have a;>= 13089080, or x lies between SOO and 800 probaibfy, 

+ Clear of fractions first. 

X Among the many methods dif>covcred, and donbtlcfs to be dfseoveretf, f&f thl» ^^[^m i €, -l»> 
is scarcely posifible tliat HomerV shonid be saper^eded, since the soldtloB of soch an eqfnatioa 
will certainly require the extraction of a root corresponding to the degree of the eqiiatloii ; imd 
the labor required by Homer's method is not greater thnii that required to eztruct tliit> root. 
Nor is this merely a method of approximation, except ai> ntiy method for incmrnnehumttfile roots 
is necessarily a method of approximation. If the root can licoxpreMied exaetly In th«<ledmal 
notation, or by means of a repeat Ini; decimal, this process effects it. The method was first 
published by W. O. Homer, Ei<q., of Bath, England, in 1819, about fifteetf yesnl bafi^ iMt^^'i 
Theorem w is- ptibttthed. 
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qtiired degree of iqiprDximate accttracy. It is Based apon the iwo 
foUowiug problems and proposition : 

2fi8» JPTob» — 2h trans/arm an equation^ as f (x) =i 0, into another 
ioho^e roots shall be a less than those of the given equation, 

SofLunoK. — Let «=a-ha?,, whence t^ =af— a, Aiidtre Ii*t« /(a?)=/(it-hir,)=0, 
or 0=:/(a + fl;iV ]>eyekpping Hie latter by Taylor's Formula, we have 

0=/(a + aH) = /(a)4-/'(«>r, 4^/»^ H- /'"(^O^ -V /'^(<*)^ + etc., or 

=/(«) -h/'(a>r, +/"(«)^ -^--f "'^*)^ + -^^(^^ ^ , etc., a» the required equa- 
tion. 

2^9. Sen. — The meaning of this may be stated thus : The fil«olate term 
of the transformed equation is the value of /(a?) When a is substituted for 
«; the cociHcient of the first power of the unknown quantity, a;,, in the 
Bew eqnatidH is Hie first diffeiential doeffident of /(a;), when a it substituted for 
z vtL this coefficient ; the coeffideni fA the second power ofx\ is (j| the second dif 
f^rmtial cocffident of /(^), when a is substituted for x ; etc. 

Ex. — From fo*— 12;i;' + 3ic*+4?r + 5 = deduce »new equation 
whose roots shall be each less by ^ than the roots of ttais; 

SOLtPflOK. 

/''(*) = «(U« - T3j? + 6 =103 =/"a. /. i/"(/») = 51. 
/"'(«) = 13to - 73 =1(18 =/"'W. .-. A f"\ff) = 3A 
f^.ir) = 130 = 130 =/'^(^/}. /. fi- /»^«) = 5. 

Hence 0=:l^H-33PT + 51;U,*H-3air,»+5j?,*, or 5r,*-h2aifi'-H51«i*H-83iri+9 = 0, 
is an equation who8o .roots are % less than the roots of the given equation, 
since a?| » aj — 3. 

27O0 Prob. — To comptfte the numerical tfalues of f (a), f '(a), 
if "(a)> li-f '"(a), ii-f"'(a), etc., from f(x), vshen f(x) has the form 

Ax»+ Bx"-' + Cx"-'+ Dx"-^ .... p. 

SoLUTMDi.— Let f{x) = Ax^+ Bx^-¥ CJc'H- Da? 4- E; whence, lOm^ /'(»> 
/"(*)* f"{^)t and /»^(a:), and substituting a ier «, we hare 



^Th«*«Mniln^of (1ti»]ioUtl<m i« ibata^W UMd»«<pa^ to 3 ia tbe fnacKAo w l i e » — tw<rttg 
the fnllowtikg vatafCr 
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Aa* + Ba^ + Gi* + Da + ^j 
4^o» + SBa* +2Ca-^ D; 
6Aa* + SBa + C7; 
4^a + B; 

A. 



Kow^ we may compute theae aa follows : 
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Examples. 

1. Transform 3a^— 4a:* + 7a:* + 8a;— 12=0 into another eqtiation 
each of whose roots shall be 3 leas than the roots of this. 

SoLirriOK. — Arranging the coefficients and proceecUng as in the above solu 
tion. we ha j the following : 
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OPERATION. 








+ 7 


+ 8 




-12 


3 


15 


66 




222 




22 


74 




210: 


= /(3) 


42 


192 








64 


266 = 


= /(3) 




69 










133 = 


i/"(8) 









231 



S -4 

6 
_9 

14 

28 
_9 

32 = ii/"'(3). 

Hence the transformed equation is 

3a?,*+82a?,» + 13ac,«+266sr, +210 = 0. 

2. Transform 3a?* — 13a^ + 7a:* — 8a; — 9 = into another equation 
w]iose roots shall be less by 3 than the roots of this. 

The new equation is 3a;* + 23a;» + 52a;' + 7a:— 78=0.* 

3. Transform xf ■{•2a^ — 6x^ — lOz + 8 = into another equation 
whose roots shall be 2 less than the roots of this. 





FKOCESS. 
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-6 


-10 


+ 8 
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12 


12 


4 


2 
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2 


12 


2 


8 


28 


68 




4 


14 


34 


70 




2 


12 


52 






6 


26 


86 






2 


16 








8 


42 








2 











.'. Tlie equation is a?* + 10a;* + 42aj» + 86a?* + 70aj + 12=0. 

4. Tiansform a:» - Gar* + 7.4a;» + 7.92a;« - 17.872a;~. 79232 = into 
another equation whose roots shall be each less by 1.2 than the roots 
of this. 

6. TransfoiTii «'—2a;' + 3a: 4-4=0 into another equation whose roots 
shall be 1.7 less than the roots of this. 

6. Transform a:^+ 11a:'— 102a:+ 181=0 into another equation whose 
roots shall be 3 less than the roots of this equation : transform the 

- - - - I _i I - , _ ■ - - - I — I—— ■ ■■■—Mf -| I ■ ■! ■ IM il ■ 

* For convenience In reading and writing, it is cuiKtoroary to omit ttie eubscripts which die* 
Ungolsh the unknown Quantity in the transformed eqnation from that in the giron equation. 
But it thould be borne in mind that the unknown qnantitlea ofe different 
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resulting equation into another irhoae roots sliaU be .2 less than the 
roots of the last: transform this equation inta another ivhose roots 
shall be .01 less than those of the last : transform this into another 
whose roots shall be .003 less than its roots. 

OnOlATIONv 

1 +11 -102 +181 I 3 

A ^ -180 

14 -60 1* 1^ 

3 51 



17 -9* .0«t 1^ 

20* -4.9a .001364 \ .003 

.2 4.06 - .001217403 

20.2 -.88t .000043597:§ 

.2 .2061 



00.4 --.mm 

.2 



20.633 
.003 

20.636 
.003 



zrZi — ^677t * These, together with the first, 

* J nfllftftft ^^ ^^® coefficients of the equation 

— ^ — * -whose roots are 3 less than those 

^•^^ —.405801 of the given equation. Theequa- 

•Q^ -^^^^ tion written out is a;*+20iB*— ftu 

20.62 -.343893§ +1=0. M). But, instead of re- 

.01 writing these coefficients for the 

20.631 second transformation, we operate upon tliem just as 

.003 ^l^ey stand. 

f Theses togetlier with the first, are the coefficients 
of the equation whcwe roots Are .2 less than those of 
(A), and consequently 3.2 less than those of the given 
equation. This equation written out is «* + 20.6»*'^ 
.881; + .008=0. {B). But instetfdof rewriting these co- 
20.639§ efficients we effect the next transformation upon them 
just as they stand. 
X These, togetlrer with the first (whidi remains the samd in all), are the co- 
efficients of tlie equation whose roots are .01 less than the roots^ of {B), .til less 
tlian tlie roots of {A)t and 3.21 less than the roots of tlie given equation. This 
equation is « » +20.63J:* -.4677ir + .001261=0. ((7). 

§ These are the coeffieients of the equaUon whose rootis are .003 losff than 
those of (0> 013 less than those of (B), »213 less than those of (A), and 3J3t3 
less than those of the given equation. The last transformed equation is 
«»+ 20.63|b^ .343893* + .000043597=0. 

7. Transform, as above, tlie equation a,**— iaa^+ 1^—3=0, snc- 
eessivelt, into equations whose roots shall be 2 less-, 3.8 less, and 2.85 
less than the root« of the given eqiwUiou. 

i 



/ 
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23S.. 





ofrrahok. 


« 


•12 
4 


+ 12 
-16 


-8 \$m 

-8 


-8 
8 


-4 



-11* 
8.0856 



12 


-4« 

15.232 


-3.0144t 
1.71040625 


12» 
7.04 


11.232 
21.376 


-.20490875^ 


10.04 
7.68 


8r.698t 
li780135 




26.72 
8.32 


84.888125 
1.608875 




85.04t 
JS625 


;:6.11K>500t 




35J8025 
.5650 






C6.1675 
,5675 







36.7850t 



2 
_2 

4 
_2 

6 
_2 

8* 
8.8 

9.6 

_S 

10.4 

.8 

11.2t 
.05 

11J85 
.05 

11.30 
.05 

11.85 
.05 

, 11.40t 

Heiioe ^e sacoeiRiiiw eqaatioos are. 

The Priittkivie, or* —12a?* + 12i9-^8cf0 ; 

One wliose roots aro 2 less than those of {A), 

a?*+8i?*+12aj»-4u-ll=0; 

One whose roots are .8 less than those of {B), or 2.8 tiian those of (A), 

ir* + 11 Air» + 36.04i;*+32.608aj- 2.0144=0; {€). 

One whose roots are .05 less than those of {C), .85 less than those of {B), or 
2.85 less than those of {A), 

X* + 11.4*3 + 36.735a;« + 36.1965a:- .20499375=0. 

8. Transform^ as above, the equation a;*— 7a: +7—0, successive] j, 
into equations whose roots shall be 1 less, 1.3 less, 1^5 less, and 1.356 
less than tlie roots of the given equation. 

271m Prop. — Tfa-^-Xi is a root of f{xy=s:Oy andxi.i8m/0cuntl^ 
$nuiU with reference to a, a?, = — '^^L approximatdy. 



(A). 
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Dkm. — If o+aJi is » root of /(a;)=0, /(a+»i )=0. Developing this by Taylor'i 
Fbrmola, we have 

/(a+«,)=/(a)+/'(a)aj, ^f"{a)^-\.f"'(a)^+ etc=0. 

Now, to determine Xi approximately , which is all the proposition proposes, when 
Xx is quite small with reference to a, all the terms in the development involving 
higher powers of Xy than the first may be neglected ; whence we have f{a) + 

/'(a)a?i=tO,ora?, = --^|. 

Ex. — Knowing that 4.+ some decimal f^raction which we will call 
Xx is a root of a:* + a;* + a?— 100=0, required the approximate value of 
the decimal fmction x,. 

Solution. — Finding /(a), «. «., In this case/ (4)* in the ordinary way, we have 

1+1 +1 -100 |J_ 

_4 _^ _84 

5 21 -10=/(a),or/(4)» 

4 J6 

9 57 =/'(a), or/'(4)» 

__4 •• 

13 

Hence — ^^— = — - =.28+ \r approximately the decimal part of the root. 

In fa/cty 2 19 the tenths figure of the decimal part of the root, the root being 
(as we shall find hereafter) 4.2644+. 

We thus have «!*+ \%x^-k- 57«| —16=0, an equation whose roots are 4 less 
than the roots of the given equation. We will now transform this into another 
equation whose roots shall be .2 less than the roots of this equation, or 4.2 less 
than the roots of the giten equation. Thus 



+ 18 
.2 


+ 57 
2.64 




-16 .2 
11.928 


18.2 
.2 


59.64 

2.68 




-4.072 =/(4J8)t 


13.4 
2 


02.32 = 


=/'(4.2)t 





13.6 
and the transformed equation is 

a*,' + 13.6:r,« + 62.82a?, -4.072=0, 

« This notation means, the value of/ (a;) wlien 4 is siibstitated for x therein. 

t That these are the valaes of /(a;) (the first member of the given equation) and /'(«), when 
4.9 is substituted for a;, will be evident if it is considered that they are the rame results as 
would have been obtained by transforming the given equation immediately (by one procees) . 
into another whose roots are 4.3 less. 
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wliick IB an eqaation whose looto are 4.2 Iohs than thoee of the given equation, 

—4072 
Hence by the propoiition aSf = — »n >m =»065 approximately. In fact, it will 

be Been that 6 is the hundredths figure of the root. 

Writing both portions of the above work together, it stands thus : 



+1 

4 


+ 1 
20 


-100 
84 


|4.2 


5 

4 


21 
86 


-16» 
11.928 


• .-. -16=/(«).or/(4) 


9 

4 


67* 
2.64 


-4.072+ 


♦ .-. 57=/'(a), or/(4) 


18* 
.2 


59.64 
2.66 




t /. -4.072=/(4.2) 


18.2 • 
.2 


• 62.82t 




f/. 62.32=/'(43) 


13.4 
.2 









13.Ct 



Horner's Bulb. 
272m RULE. — ^1. Put the equation in the form 

ik which the coefficients a, b, c - - - - l, iv not integral, 
are expressed exactly in decimal fractions. 

2. Find the number and situation of the positive real 
ROOTS BY Sturm's Theorem, determining one or more (usually 
two) of the initial figures. (See Sen. 1.) 

3. Write the coefficients in order with their propel 
signs, being careful to supply with O's the places of co- 
efficients OF missing terms, if the equation is not complete. 
Taking the initial figures of one of these roots as thus 
found, operate on these coefficients so as to obtain the co- 
efficients OF THE TRANSFORMED EQUATION WHOSE ROOTS SHALL 

BE LESS BY THE PORTION OF THIS ROOT ALREADY FOUND. 

4 Having found these coefficients, if the coefficient of 
xhb first power of the unknown quantity in this trans- 
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FORMED EQUATION AND THE ABSOLUTE TEKM, /'(a) AND /(a), HATE 
UNLIKE SIGNS, DIVIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT WILL BB (APPROXIMATELY). THE NEXT 
FIGURE OF THE ROOT. (See SCH. 2.) If THESE FUNCTIONS HAVE 
LIKE SIGNS, MORE FIGURES OF THE ROOT MUST BB FOUND BY StURM'S 

Theorem or by trial, before proceeding to apply this pro- 
cess OF transformation. 

5. Having found a figure of the root by dividing f{a) by 
/'(a), annex it to the root and operate on the coefficients 
of the last (transformed) equation as they stand, to pro- 
duce the coefficients of the next transformed equation, i «., 
the one whose roots shall be less than those of the last, 
by the last figure of the root, and bess than those of the 
given equation bt tht entire portion 0» the rolml now found. 
Having found these coefficients, divide the absolute term 
by the coefficient of the first power of the unknown 
quantity, if theih signs are unlike, and the first figure 
of this quotient will be (approximately) the next figure 

OF THE ROOT. If THESE SIGNS ARE ALIKE, THE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 

(SeeScH. 3.) 

G. PrOCEBD IN THIS MANNER UNTIL T»B ROOT IS OBTAINED; 
OR, IF THE ROOT IS INCOMMENSURABLE, UNTIL AS MANY FIGURES 
OF THE DECIMAL FRACTION ARE OBTAINED AS ARE DESIRED. (See 
SCH. 4.) 

7. In LIKE MANNER ALL THE POSITIVE REAL ROOTS, OR THEIR AP- 
PROXIMATE VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OP ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS ; OR, IF THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OF THIS EQUATION 
AS BEFORE. THE VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THE NEGATIVE BOOTS {24€). 

This rule is based upon previously demouBtraited principletf^ and needs no 
special demonstration. 

^7S. ScH. 1. — ^By meant of {244, 24/f)'we can usually Und tlie initial 
figure or figures of the roots with less labf>r thaotby SJituni^ - Tkeorom; 
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274. Sen. 3.— Since by (271) «, = - -^., if both /(a) and /'(a) have 

the dauie sign at any time^ tliis quotient will be — , and hence the value 
thus found for x^ will not be the amount to be added (annexed) to the |)or< 
tion of the root already found, for the assuuiption is that this portion is le¥% 
than the root of the equation which we arc seeking. 

275* ScH. 3. — That the figure of the root found by dividing /(<'0 by/'(r/) 
is liable to be too large is readily seen when we consider that instead of 
/'(tf)j?,= — /(a) (in Dbm. of 27 1\ ^'c should have, if no terms were 
omitted, 

/'(«)a?, + i/"(a)a?,» + 4/"'(«>u, • + etc.= -/(a). 

Now a value of x^ which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider ;i?* + 10a;* + &r— 2fi00=0. Neglect- 
ing a;' and lOi^, we have 5a;=MiO, or;r=52(K But this will by no means 
satisfy the equation when x^ and IQ2;* are not neglected. 

Again, the figure found by dividing/(a) byf\a) may be too small. Thus, 
if wc have aj*--12j;* +12aj— 3=0, and neglect jj\ and — 12.1:*, we have 12.r— 3 
=0, or x=\. But this is too small a value to satisfy the equation, since for 
x=i, —12*' will be nmnerically much larger than x*, and hence retaining 
these terms will diminish the function, thus making \ too small to satisfy 
the equation. 

270m ScHE. 4. — ^From Sch. 2 it appears that /(«) cannot change sign in 
the process unless f'(a) also changes sign. But when f{a) changes sign, we 
know by (244) that we have passed a root of the equation ; if, however, /'(«) 
also changes at-tlic same time, our work may still be right. In such a case 
there are two roots having tlicir initial figure or figures alike, e. g., one may 
be 23.564-, and ^he otlier, 23.50 + . To obtain the less of the two roots, take 
the largest figure which will not cause eitlier f(a) or /'(«) to change sign; 
and for the lar^rcr of the two roots take the smallest figure which will cause 
both f{a) and f'(n) to change sign. 

[Note. — ^Tliesc f^dioliums, as also the rule, will be better ande»tood in con- 
nection with their applications in the following exaQiples. But in review, after 
the solution of tho examples, they should bo coref uUy learned.] 



Examples. 
1. Sequired the roots of ar^— 4a:'— Ca; + 8=0. 

Solution. — ^By Sturm's method we find that there are 3 real roots, one ncga- 
tive, and two positive (see Ex. 1, page 223), and also that the negative root is 
—I. and an incommensurable decimal, tliat one positive root is an incommen- 
B«mble docimal, and that the other positive root is 4. + an incommensurable 
dedmaL We will seek the latter first. 
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Ui'JfiKATlOl^ 


1 • 


-4 


-6 


+ 8 1 4.892-h 


4 





-24 





-6 . 


-16..-' 


4 


16 


13.632 


4 


10.. 


-2.368. . • 


4 


7.04 


2.309769 


8.8 


17.04 


-.058231... 


.8 


7.68 


.053275288 


9.6 


24.72.. 


-.004955712 


.8 


.y44X 




10.49 


25.6641 




.09 


.9522 




10.58 


00.0163.. 




.00 


.021344 




10.6'^3 


20.637644 




.002 


.021348 




10.674 


26.658992 




.002 







10.676 

Remarks. — The j^eneral features of the process, being the same as heretofore 
given {270 f Example , need no further explanation than they have already re- 
ceived. Each decimal figure of the root is added the first time in the first 
column simply by annexing it. 

In finding the second figure of the root, we have — ~ -J = — -rrr- = 1.0. But 

f yp) 10 

tliis cannot be the proper addition, since we know that the root lies hetioeen 4 
and 5 ; hence this trial fails to give tlie second figure in the root. (See 27^*) 
But as we know that this figure cannot be greater than 9, we tiy 9, and find 
that it makes the absolute term change sign so that /(a)*and/'(a) have the 
same sign, and consequently .9 is too much to add. (See 276, and also consider 
that f{x) would thus be shown to change sign as x passed from 4 to 4.9, and 
hence that a root lies between 4 and 4.9, 244.) We therefore try .8, and find 
that it is the correct addition. We know that .8 is right, since we know that 
as X passes from 4.8 to 4.9, f(x) changes sign. 

In finding the third figure we have for trial — 'r^rr^ = ^/.^ = .09, Trv- 

* ® f'(a) 24.72 

ing as the third figure of the root, we find that the absolute term does not 

change sign, and hence we know that 9 is the next figure, «. e., we know that a 

root lies between 4.89 and 4.9. 

The process may be thus continued indefinitely, and as many figures found -as 
we may desire. 

277* ^' B. — It will be observed that this process is simply one of substitu- 
tion in f{x) of values for x which come nearer and nearer to making f{x) = Ol 
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Thus in this example 4, substitnted in ar' — 4r* — ftr -f- 8, gives a?' — 4flJ* — ftu 
H- 8 = — 16 ; 4.8 substituted for «, gives a;'»-4fl;* — 6aj-!-8 = — 2.868; 4.89 
gives «» - 4u« - 6a;+8= -.058331 ; 4.893 gives a?»-4a;*-6a;+8= -.004955713. 
Thus we are coming nearer and nearer to tlie number which substituted for x 
would make «' — 4aj* — 6a; + 8 = 0, or would satisfy the equation. 

3. To FIND THE ROOT WHICH LIES BETWEEN —1 AND —3, we take the equa- 
tion a?^ -f- 4c' — 6a; — 8 = (changing the signs of the terms containing the even 
powers of x), and find the root of this equation which lies between 1 and 3 

{246). 

OPERATION. 

1.8004+ 



+4 


-6 


-8 


1 


5 


-1 


5 


-1 


—9 ... 


1 

6 
1 


6 


8.903 


0. • . 
6.34 


.007349504064 


7.8 


11.34 


-.000750495936 


.8 


6.88 




8.6 


18.13 




.8 


.00376016 
18.13376016 




0.4004 V 




.0004 


.00376083 




0.4003 


18.13753048 




.0001 







9.4013 

3. To FIND THE ROOT WHICH LIES BETWEEN AND 1. We first find the 

initial figure either by evaluating /(«) successively for.l, .3, .3, etc., and no- 
ticing when it changes sign {244) ; or by Sturm's method. The former is much 
the less laborious, and is to be preferred {203), In fact, to use Sturm's nieth(xl 
involves eraetly the same toork as the former method ,yr\i\\ considerable additional 
woiTk. Moreover, the former method can be applied mentally till the proper 
initial figure is determined, and no other writing will need to be involved than 
just what Horner's method requires. No figures will need to be written but 
those in the following 

OPERATION. 



-4.. 


-6... 
-3.79 


+8...» 
-7.911 


.9083H 


.9 




-3.1 
.9 


-8.79 
-1.98 


.089 

-086343688 




-3.3 
.9 


10.77.... 
.010336 


.003757313 




-1.8.. 
.008 


-10.780336 







-1.393 
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It id HO evident that the last figure is 2, that the operation for yerifying it is 
annecoaaary. 

8. Fiud the roots of a:" — 13a?* + bSx" — 49a:* — 110a; + 150 = 0, 
extending the decimals to the 5tli place. 

Sue. — ^Appl/ Storm's method. If there arc equal roots, depress the equa- 
tion. 

3 to 5. Find all the real roots of the following, extending the 
decimals to 4 or 5 places : 

(3.) x" + lO-r* + 5a; - 200 = 0; 
(4.) a:»+ 3a;*ihoar = ir8; 
(5.) a:» + 2a;» = 23a; + TO. 

Tiie cubic equations on pages 223, 224, 226, 228, will afford fnrther 

exercise. 

G. Find the roots of the equation of — 80a;' + 1998a;* — 14937^; 
+5000 = 0. 

Suo'&. — Of course we may always find the number and cdtuatioo of the real 
roots by Sturm's method. But ad the kibor of substituting in aU the functions 
used in this method is frequently greati we avoid it when we can.. Hotoever, it 
is generally best to free Vie eqwUion from equal roots, and find the kumbbb of 
positive, and the number of negatice roots by Sturm's methods But the situation 
of the roots is almost always more readily found by inspection based mainly on 
the change in sign of f(x) (^^^). We will solve this example in this way. 

1. By Sturm-s method :iie find .dnt our equation baa no equal xoota, and that 
it lias 4 positive roots, and no negative root (see 2^4). 

2. We now proceed to find the least root. Observing that for x=0, 
f{x) is +> and for x^\, f(x) is — , we know that at loast one real root lies 
between these limits. To find it we have the following (see next pttg6) : 
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-80 
.1 


+1908 
- 7.99 


-14937 
199.001 


+5000 

-1478.7999 


.1 
.8 


-79.0 

.1 


1990.01 
- 7.98 


-14737.999 
19a303 


3586.3001* 
-3839.6330 


.3 
.08 


-79.8 
.1 


1983.03 
- 7.97 


- 14539. 796» 
391.636 


696.5681-*««t 
- 874.483a5434 


.08 
.01 


-79.7 
.1 


1974.06* 
- 18.88 


-14148.160 
388.468 


433.144345761 
- 378.88640340 


.35 


-79.e» 
.8 


1958.18 
- 15.84 


-13759.698«««t 
38.499388 


149.357843d6§ 
- 135.86783711 




-79.4 
.8 


1948.84 
- 15.80 


-13781.198718 
38.467784 


ia890000851 




-79.8 
.8 


1986.54- t 
- 1.5756 


-13688. 784938t 
3a 404808 






-79.0 
.8 


19849644 
- 1.5758 


-13644.330130 
88.878886 






-78.8^- 
.08 


1988.8896 
- 1.5748 


-13605.946784$ 
19.168078 






-7a78 
.08 


1981.814it 
- 1.5740 


-18586.788711 
19.155811 






'^7a7* 

.08 


199O.840i 
- 1.5786 


-13567.6885001 






-78.74 
.08 


1918.6668 
- 1.5788 








-78.7«i: 
.08 


1917.09868 
- .7868 








—78.70 
.08 


1916.8078 

.7868 








-78^68 
.08 


1915.5311 
.7861 




• 




-78.66 
.08 


1914.78501 








-78.64§ 
.01 










-78.63 
.01 










-78.68 
.01 










-78.61 
.01 











-78.60 



%i2 ADVA:;C£I> OOUIXSE IN ALQEBRA. 

Rem AUKS. — This work iu given to show how we may pioceed to find the first 
tw.) figured of the root tiy euccessive simple approximations. If the student is 
familiar with the principles heretofore developed and applied, he will have no 
difficulty in seeing the reasons for the operations above. We are simply adding 
to the value of x substituted in f{x), so as steadily to diminish the absolute 
term, being careful not to add so great an amount to :z; as to make this term 
change its sign; and when we can add no more of one order (as of tenths), we 
pass to the next lower order (hundreths) and proceed in the same manner. On 
this process we make two remarks, viz.: . 

{a.) JR it not sure to succeed. Thus, if there were ttoo roots between .34 and 
.35, for example, the absolute term would not change sign when we passed from 
.34 to .35, although we would have passed both roots ; and it might occur that 
no root lay beyond .35, in which case our method would be fruitless. But such 
cases are rare. It is in such cases, and in such only, that Sturm's method is 
well-nigh indispensable for finding the situation of roots. 

(b.) In most cases the exact figure of any order can be told without such an 
approximation as the above ; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on till 
the right figure is found. In this particular case, the first figure in the root being 
a small fraction, the higher powers of x might be neglected (and more especially 
a3 they differ in signs), and — 14937a; 4- 5000 = would give the first figuro 

in the root at once. Thus x = .^^ =.3 H-. Bo, in this case, for the second 

f f(fi) 696.5681 ^^ , 1 . I. . ♦!. * « * *v 

figure — y7T^ = - _^3759 692 ~-^ "•"» which gives the next figure of the 

root. 

3. To FIND THE NEXT GREATER ROOT. 6y Substituting 1, we find, as on the 
next page,/(ar) = — 8018 ; and when 1 is added to this, f(x) = —17506. Now it 
is evident that any slight addition, as of 2, 3, or 4, to the value of x, will only 
make f(x) increase negatively. This is seen by inspecting the coefficients 1, 
—72, +1542, -7878, —17506. We therefore make a considerably larger addi- 
tion to x, as 10. From this explanation the student should* be able to sec the 
significance of the following (see next page :) 
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SlfiCOND OPKRATION. 
t -1 



-80 

1 


+1998 
- 79 


-14937 
1919 


+ 5000 
-13018 


1 
1 


-79 
1 


1919 
- 78 


-13018 
1841 


- 8018 

- 9488 


10 
12.7 


-78 

1 

-77 


1841 

- 77 

1764 


-11177 
1689 

- 9488 


-17503 
l;^70 

- 403G.... 




1 


- 75 


1615 


3787.3441 




-76 

1 


1689 

- 74 


- 7873 
9220 


- 298.6559 




-75 
1 


1615 
- 73 


1347 
4020 






-74 


1542 


5367... 






1 


- 620 


- 27.937 






-78 

1 


922 
- 520 


5339.063 
- 42.931 






-72 
10 


402 
- 420 


6296.132 






-62 


- 18 •• 








10 


- 21.91 








^52 
10 


- 89.91 

- 21.42 








-42 
10 


- 61.83 

- 20.93 








-82. 


82.20 








.7 










-81.3 

.7 










-30.C 

.7 










-29.9 

.7 


1 









-29.3 

Ab now f(a) and / '(a) have opposite signs, and the remainder of the root ia 
quite small as compared with that already found, the approximation can be 

...... m,. 1 /(«) -298.6559 ^_ . 

earned on m the ordinary way. Thus we have — "l, = B9QQ igg —-OQ+j 

and the next figure of the root is 5. 

4. To FIND THE NEXT GREATER ROOT we resume the coefficients after the 
roots had beer, diminished by 12. Then adding 1 to the value of x, we find that 



2U 
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for X = 13, f(x) = ld82, having changed sign, as it shoold. Now as f{x), i, », 
5239, and/(«) are both poeitiye, and tiie other coefficients, thoa^ negative, are 
comparatively small, it will take considerable increase in a; to change the sin 
of f(x). We therefore add 10. Now f'{x) has changed sign, and by inspecting 
the coefficients, 1, +12, —348, -1321, and 24872, it is evident that x cannot in< 
crease another 10 withoat chan^ng the sign of f(x). Hence we try 5. For 
a similar reason we add 4 next. 



THIRD OPI»lATION. 



Now 



-32 


- 18 


1 


- 31 


-31 


- 49 


1 


- 30 


-30 


- 79 


1 


- 29 


-29 


-108* 


1 


-180 


-28* 


-288 


10 


-80 


-18 


-368 


10 


20 


- 8 


-a48t 


10 


85 


2 


-263 


10 


no 


12t 


-153 


5 


135 


17 


- 18t 


5 


144 


22 


126 


5 


160 


27 


286 


5 


176 


32t 


462§ 


4 




36 




4 




40 




4 




44 




4 




48§ 




/(«)^ 


104 


/'(^) " 


-1758" 



+5367 
- 49 


- 4036 
5318 


12 

1 


5318 
- 79 


1282* 
23590 


10 
5 


5239* 


24872t 
-13180 


4 


-2880 


32.+ 


2359 
-3680 


11692t 
-11588 




-1321t 
-1315 


104§ 




-2686 
- 7(85 






-3401t 
504 






-2897 
1144 







-1753§ 



= — _^y^ =.05+. But AS the coefflcSents preceding —1753 ar« 



\ 
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all +, thej will diminlBh it somewhrnt in tbe operation, and henee it ia piobable 
tliat .06 ia the proper addition to make to the root. The proeeeB can now be 
continued to any extent desired. 

5. To FIND THE NEXT 6BBATS8T (in this case the greateet) BOOT, we baye the 
following operation, which we leave the stndent to traoe: 



FOUBTH OFKBATION. 



+48 


+462 


-1753 


+ 104 


1 


1 


49 
511 


511 
-1242 


-12^ 
-1188* 


1 


49 


84.8^ 


1 


50 


561 


16 




50 


561 


- 681* 


-1154..... 




1 


51 


665 


1086.8416 




51 


612* 


- 16 


- 67.1584 




1 


53 


719 






52* 


665 


703.... 






1 


54 


655.552 






53 


719 


1858.552 






1 


55 
774. • • 


692.416 






54 


2050.968 




1 


45.44 








55 


819.44 








1 


46.08 








56.8 


865.52 








.8 


46.73 








57.6 


912.24 








.8 










58.4 


% 








.8 











59.2 
The student should extend these solutions 2 or 6 figures fturthei: 



7 to 12. Solve the following: 



(7. 
(8. 

(9. 

(10. 

(11. 

(12. 

(13. 

(14. 



a^ + 60a;» - S00x= mm. 
ic» + 2a^ + 3a:» + 4ic* -f . 5a; = 
a^ + ia:* — 4«* — 11a; + 4 = 
a^ _ 273;* + ir)2a;» + 356a; = 
a;» - 3a;» = 48654231721. 
a;* + 2a;* + 3a;= 13089030. 
of - lOa.-* + 6a; = 1. 
a^ + 173a; = 14760G38046. 



5432L 
0. 
1200. 
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(15.) of - 7035a:» + 15262764a; = 10000730880. 

(16.) V + 12a; = 35.4025. (Solve by Homer's method.) 

(17.) a;* + 4a;» - 9a; = 57.623625. 

(18.) 2a^ 4- 5a;»4- 4a;»4- 3a: = 8002. (Observe that it is not neces- 
sary to make the first coefficient unity. See examples in the firsu 
part of the section.) 

(19.) 3a;* - 4a;» + 2a; = 1000. 

(20.) bs? - 3.2a; = 41278.216. 

Note. — The roots of seTeral of the above are commensurable ; and their eola- 
tion shows that Horner's method is adapted to such cases. 



21 to 25. Extract the roots of the following numbers by Homer's 
method : 

(21.) The cube root of 119736852154. 

(22.) The square root of 5126485. 

(23.) The fifth root of 2. 

(24.) The foiii-th root of 35718271002667691. 

(25.) The cube root of 3. 

Suo's.— To solve the 21st, write x^ ^ 119736852154, and solve as usual, being 
careful to remember that the coefficients are 1, 0, 0, —119736852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following exliibits the first steps of the process : 









-119736852154 


|4» 


4 


16 


64 




4 


16 


- 5578G 




4 


32 


53649 




8 


48* • 


- 2087852 




4 


1161 






129 


5961 






9 


1242 






188 


7208 






9 








147 









26 to 29. Solve the following by first eliminating, and then soWing 
the resulting equation by Horner's method: 

(26.) 2ir« — 5a: + 3y = 2a:// - 4^* + 12, and 4y' — 3a; = 2y + 5. 
(27.) 2/ - ^xy 4- 2a;* -*3/^ - 2a;-8 = 0, and 4y* + 4a;* =11. 
(28.) 2y' - Axy + 2a;' — 3// — 2a; =8,andy2 x 2y+a;»— 6a;=— 6. 
(29.) 2y - 4a;y + 2a;«--3y -- 2a; = 8, and y*4-6y4-a;'-4a; + 9=0. 



HOBN£R*S RULE. 
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Sug'8.— From the 2d of (26) we have y = J ± iv^3«4- V- Subetituting thia 

in the 1st, we obtain 6jj* — V-a? — V = (jr-f) V8aj + V* whence 86a;* — 69a;* 
- 101a;« + H^ + H*=0. And dividing by 36, we have x* - 1.917a?« - 2.806a;* 
+ 3.687a; + 8.188 = 0, carrying the fractions to three places. 

278, S€H. — ^There are varioas methods by which Homer's process may 
be abridged, especially when a large number of decimals is required ; but 
we have thought it better to exhibit fully and clearly the principles essentia 
to the process, than to spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are : (a) the omission 
of the decimal point ; (b) the writing of the gums only in the several working 
columns, performing the various multiplications and additions mentally; 
(e) after several decimals have been obtained, instead of annexing 0' t 
(or ••• 's) to the working columns, dropping off ^gurea from the right ui 
each new operation, as one from next to the last right-hand column, two from 
the next to the left, three from the next to the left, etc. ; {(I) and, finally, 
when all the working columns but the last two have disappeared, continu- 
ing the operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a to the 
dividend. We condense an example from Todhunter as an illustration. 



Ex. — ^To compute to 16 decimal places the root of a:* + 3a;* — 2r:? 
— 5 = 0, which lies between 1 and 3. 



-h3 



5 

GO 

G3 

G6 

690 

093 

696 

699000 

6990a'> 

699010 

699015 



OFKRATION. 


2 


-5 j 1.3300587395679821 


2 


-3000 


700 


-333000 


889 


-663000000000 


108700 


-98647524875 


110779 


-8347885443 


112867000000 


-446624425 


112870495025 


-107998801 


112873990075 


-6411112 


11287454920 


-767351 


11287510850 


-90100 


1128751574 


-11087 


1128752063 


-929 


112875208 


-27 


112875210 


-4 
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SECTION TIL 

GENERAL SOLUTION OF CUBIC AND BIQUAI>RATiC EQTTA<nONS. 



Cabdak's Solution of Oubio SQUAtroirs. 

279m Prob^ — To rewdve the geiMral cubic equation X* '•Hpt' 
4- qx + r = 0. 

BoiAJnos, — ^ThiB Bolation oonsurtB of three steps: 1. To transform the equa- 
tion into one of the fonn y^ + my + ?» = 0, that is, an incomplete cubic laddng 
the square of the unknown quantity. To effect this, we put x=zy -i-g, and 
substituting, have 

y3 -+■ Sy*z + Syz* -h «* +l?y* + 2pt/z +pz* + gy 4- g« + r = 0, 
or, y'-+-(8«+p)y* + (3** +2p»+?)y + «*-»-l>»*4-g»4-r = 0. (1) 

Now as we have only one condition expressed between y and z, tiz., y^i^'=.x, 
we are at liberty to impose another. Let us put 9z-^p=0, whence e = — ^. 
Then will this yalue of z substituted in (i) give 

y' + (« - ii>*)y + (Ap* - iW + r) =i: 0. (d) 

2. Since the above transformation can always be effected, a solution of 

y' + wy + » = (3) 

will include the solution of all cubic equations. Our second step is to trans- 
form this equation into one which can be solved as a qtMdratic To do this we 
put y = u-k-v, which gives (3) the form 

u^ -h Su*v -+- 8wo* -+-!>•-♦- m{u 4- 1>) H- n = 0, 
or, u* + Suv(u + «) + tj' -h ni{u + tj) 4- n =s= 0, 
or, t*' + «* -+- (Suv 4- wXw 4- 1>) 4- n = 0. (4) 

Now, as we have but one condition expressed between u and v, viz., u^v=y, 
we are at liberty to impose another. Let us put Zuv 4- m = 0, whence v = 

— --; and (4) becomes t** 4- «' 4- » = 0, 

0r by substituting the value of v, 

whence we have u^ -h nu^ = -^rm*, (5) 

3. Solving this quadratic we obtain 



i«» = — 1« ± ^iffn^ 4-i?t*, oTu=: a/ —in ± Vi^' 4- i»*; 
and as «• = — («' 4- »), « = 1/'-^ T ViVwi* 4- i^*. 
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FinaHj, taking the square root as + lor the Talne of «, aii4 — for tii^ tmhn 
of V, Binoe these are corresponding valaeB, we limve 

» = y^ - in + ViV^' + i^* + y^ - in - Vi^m* 4- 4n*. (6) 



w?6^0« Prop* — 1. In the equation y* + my + n = 0, when m it 
positive^ and when m m negative and -^m* < ^n*, ike equatum has 
otie real and tW0 imaginari/ roots, and Cardans formiUa ^6) ffives 
a satisfactory solutio9u 

2. When m is negative and ^m' = ^n*, two of the roots are vfucU^ 
and Cardqn^s met/iod is satisfa^ory,* 

8. But, fjoheh m is negative, and ^m' > Jn', (M the roots are read 
and unequal, tffhile Uardan^s method makes them apparently imagi- 
fiary, and the solution is wtsatisfctctory. 

Dex. — A cubic equation must liave at least one real root {238). Let tliis be 
a. Now conceive the equation reduced to a quadratic by dividing/(:F) by x—a, 

and let h + y^ and 5 — '\/ e be the roots of this quadratic, these being the 
general forms of the roots of a quadratic, in which if e is + the roots are real, 
if e is — they are imaginary, and if « is these two roots are equal. 

Now, a, b-\- ^~c, and h — -y/c being the roots of the equation, we have 
hj(23il) 

(x-a) (iu-p+yc]) («-[&- V'c])=a?»-{a-|-26)a;«+{2a64-ft*-c>i!-<i(ft*-c)=0. 

. To tnuisform this into the form y' + «n^ + n z= 0, we must put a 4- 2& =: 0; 
whence a = — 2&, and we have 

y' -(»« -h c)y + 2b(b* --C) a:0. 
Comparing this with Cardan's formula, we see that 



Hence we see that if c is +, that is, if all the roots of a cubic equation are 
recU and unequal, Cardan's method gives a result apparently imaginary. But if c is 
— , that is, if two of the roots are imaginary, Cardan's method gives a.real fonu. 
Also when c = 0, that is, when the nx>t8 are a, 6, and 6, the form is recU^ since 

^i^m^ + W = (ft* - ic) V-^c, is then 0. 



Now by inspecting the quantity \/ -t\nt* + in* we see that it is real when 
m is positive ; and also when m is negative if jVW < in*. Hence in these 



*UaU the r«>ot8 are equal, the cqttatton tnkvn thr form (x - c)> = a!» - 8ar« ^- Sa'op - «» = 0, 
a being the value of one of the iHiiwl ro/'ts (J?3.5). In this case the trannformatJon which mtkes 
the term in «• diaappeAr glvea y* « 0, ainco » = y-Jp = |r + a, and y = a; - a = 0. 
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cases there are one real and two imaginary roots, and Cardan's method, ^ving 
a real form, enables us to determine one of them, and hence to solve the 
equation. 

2d. We have also seen above that when c = 0, that is, when two of the roots 

are equal (and not all three), ^-^m^ 4- \n* = 0, in which case m must be nega- 
tive and iftn^ = in*. 

8d It has also appeared above that when all the roots are real and uneqwd, Car- 
dan's method gives an apjmrently imaginary reiiult. But this can only be the case 
when vn is negative, and -^m^ > in*, 

28 1. ScH. — Cardan^s method would seem to give a cubic equation nine 
roots instead of three, since as there are three cube roots of any number, 

a/ — i» + ^ifin^ + \n* would have three values, and i/^J*- V^"*^" ^" i^* 

would have three other values. Now combining each of the former, in 
turn, with each of the latter, wc should have nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, as of a*. To do this we have but to solve the equation x^ =a'. 
Thus «' — a' = (a? — a) («* 4- aa? + a*) = 0. Whence aj — a = Oj and «*+flwH-a* 

=0. From these we have aj = a, — Ja(l 4- \/ — 3), and — ia(l — y'— B). 
Now let the roots of i/ — i» H- y7r5»*+^n* be r, — ir(lH- y^ — 8), and 

— ir(l — -y/ — 3) ; and the roots of i/ — l/i — V A^^'* + 1^* ^® f* "" ^^ 
(1 + \/ — 3), and — \r' (1 — ^/ — Z). It will be remembered that we assumed 

t^t) = — -^ ; that is, the products of the admissible roots must be retd, 
o 



Therefore we can use for the parts of the root r and r', — ir(l + ^/ — *6) and 

- }r'(l - V^^), and - \r{\ - \/~-^) and - ir'{l + >v/-^)' an^l we* can 
use these parts in no other combination, as any other would not give a real 

quantity. Thus we cannot have y — t* + tj = r - ir (1 + V--3), since «« 

would then be — r[|r(l + \/^)], which is an fanag^iy quantity, and hence 

not equal to — ~, as it should bfc. 

We will give a few examples to which . the student may apply Cardan's pro 
cess. 

Examples. 

Solve the following, finding one of the roots by Cardan's process, 
and then depressing the equation by division, solve the resulting 
quadratic ■■■.-:■.. 



DESGARTES'S SOLUTION OF BIQUADRATICS. Wl 

1. a;* - 9ar 4- 28 = a* 

2. a:* — 3a;* 4- 4 = 0. (See first step in general solution.) 

3. a:* — 6ar + 4 = 0. 

4. a:* + 6ic — 2 = 0. 

5. a: + d 4- 3 Vabx = a. 

6. a? + Sa^ + 9a: - 13 = 0. 

7. a:* — 9a;» + 6a; — 2 = 0. 

S. s^ — es? -i' 13a; - 10 = 0. 
9. a;* — 48a; = 128. 

10. a;* + 2a; = 12. 

11. ;?• - 3;^* - 22* - 8 = 0.t 

12. y» - 6y* + 13y = 12. 

13. 2a;» - 12a;* 4- 3% = 44. 

-. Va 4- a; , Va 4- a; V^ 

14. H = • 

axe 
3.5. a;» — 8a;* 4- 15a; - 12 r= 0. 

Sno. — ^An attempt to hoIto tlie last by Cardan's process will give roots 
mpparenUy imaginary, altliough it is easj to see tliat tlie roots are all real, and 
commensurable. 



Descartes's Solution of Biquadratics. 

282. Proh. — To resolve the general biquadratic equation x* 4- 
ax» 4- bx* 4- dx 4- e = 0. 

Solution. — The first step in the process is to transform the equation into one 
wanting the 3d power of the unknown quantity. This is done in the usual way 
(see Cardan's method of resolving cubics) ; t. «., by putting a:=r.y + «, substituting, 
collecting the coefficients with reference to y, and, putting the coefficient of y ' 
equal to 0, finding the value of z. This value of z substituted in the given 
equation will g^ve the form 

y* + my* + ny + r = 0. 
2. Assume y* + my* + ny •\- r = (y* + cy '\- f) {y* •\- ey -^ g\ and deter- 



♦ It is better for the c>tudent to use Cardan*8 jrrocessW^Kn. to substitnte In the formnla. Tlinf 
for x* - Oar + 28 = 0, we have, by putting « = y + «, y* + «• + (3y2 - 9) (« + y) + 2s = ; 

q 97 ft 

and making: 3y2 - 9 = 0, or « = -, y« + -j + 28=0. Whence y = - 1, and - 3, and 2 = - = - 3, and 

W 9 J 

- 1. .*. ar = y + « = - 4. Then (ar» - 9ar + 28) -♦- (ar+4) = a:« - 4a? + 7 = ; whence ar=:± ^^. 

t An equation of the form a^ + clx^ ^ ix**^ -^ c ~ can be reduced to a cubic of the form 
y»+my+n»0, by putting a:»»ssy-^dr. 
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mine the quantities e, e, f, and ff, fo that they will fulfill the fequMrvd .C!oadHion& 
Thup, expanding we have 

y*+ wy*+»y + r=y*+c y*+/ y*+<f If-^/ffi 

+ e 



y'+/ 


y'+<r 


+« 


+ ^ff 


+ ff 





whence, as the members are identical, 

e -^ 6 = 0, f-\-ce-\-ff = m, ef -k-eg — n, and fff^f. 

r 
t 

From the first we see that c— —e. Substitutinir thia value, We liave 
(1) /-e'+i7 = m; (2)«(/-^)=n; and (8) /|y = r. 

From (1) and (2) we have ^= \\6* + wj, and/= i/c* + - + f»\; 

which Fubstitnted in (3) gfive ( e* + - + m\ \4^ — - + m) «= «* 4- %mt* 

fit 
; + f»* = 4r, or 

«» + 2w«^ + (m« - 4r)tf« - n» = 0. (4) 

Now (4) can be reduced to a cubic in terms tA 6\ \rf inttiing ^sx t\--\m (see 
foot-note on preceding page). This cubic equation will have at leaat on^ real 
root {238), and this will give real values to 0|,afid heoee to e,ti/,mmd g. 
Wherefore, tf Cardan's inet/iod gvnes a pracUeal %oMion of (4), w« eaa r«Mdve the 
biquadratic. 

283. ScH. — ^It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to the difficulty atteml- 
ing the irreducible case of cubics. We will give a eiuj^lo cxfiiH))le, to which 
the student can apply the process of Descartes. 

Ex,— Find by Descartes's method the roots of a?* -J- 10«?— Mx — la 
= 0. 



Recurring Equatioks. 

284» A Itecurring MquaMon is an equation such that the 
coefficients equidistant fh)m the first and last aro nuiBeric&Hy equals 
when the equation is in the complete form JaJ*+ J5af^*+ Caf^^ - . i. - 
£ = ; and the signs of the corresponding terms are either aQ alike, 
or all unlike; L e., the coefficients of the first half reeor in an inrersa 
order in the second half of the function. 

III. 12aj* + JaJ* — 5*' — 5aJ* + 3a? + 12 = Is a ^ecuiring. eqoAtton. 
Ajc* + JBaj"-' + Cfc»»~' * . - - Cx* + Bx + A =-.0 \a the type of suck equations. 

28S» Prop* !• — T/te roots of a recttrring equaUo^ are rec^o^ 

caU of each other; i. e., if tk is a rooff -is aiiOyMnd %6qfeacfi 

a 

qfeAe roofs. 
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Dem. — If a satialleB the equation 

Air + -Rr^* -I- C7^-« ' (2r' + Bp + ji 3 0, 

- will alfio (satisfy it, for the former when rahstltiited gireft 

Aa^ + jBfar»-> + Co^* C5»* + Ba + -4 = 6; 

and the latler gives 

A B C B \ 

whidi, by mnltipJ^fl^ bj a" becooMd 

^ + ;Ba + Cto* - - - - Or^ -f Ar-> ^ ^•^ « 0, 
a resalt identical with that obtained when a is rabRtitnted. 

2W» 3cH. — ^From this rdation among the roots of vecnrring eqtiatioii% 
they are often called Heeiproeal Equatimu. 

287 • Con. 1* — If the degree of the equation is ODD the correspond- 
ing coefficients mag all have like, or all unlike^ signs / bttt, if tJie 
degree is even they must have like signs unless the middle term is 
foantlnff^ in which case they fnag have unlike signs, and the roots 
still be reciprocal. 

That the signs may be nnlike in the cases specified is evident since, if in sach 

cases a. IS a root, and we substitute - instead of a, clear of fractions, and cliange 

all the signs, we shall have the same result as If o had been substituted. Thus, 

if substituting a gives Aa^ + Ba^- Ca* + Ca* —Ba—A =0, substituting - will 

a 

A Ti f* C B 
give -4 + -4 i + ;5 -4 = 0; whence clearing of fraetions and changing 

all the signs we have — A — Ba -^^ Ca'^ — Ca^ -¥ Ba* -^ At^ *: 0, * result iden- 
tical with the former. The fact concerning the equation of an even degree is 
shown In a similar manner. Notice tliat aJl tlie corresponding eoeficients must 
have like signs or n^ unlike signs. 

2SS. Cor* 2. — A recurring equation may always he reduced to a 
form having the co^ficieni of the highest power of the unknotcn 
quantity, and the absolute term each 1, since by definition these are 
nftnuricttUy equal. 



289 • Prop. 2* — A recurring equation of an odd degree has one 
of its roots —1 if the signs of the corresponding terms are alikCj and 
-^■1 if they are unlike. 

D£M.^Having ««±u4i?«-' ± B3f-'^± C^-' - - - - ± Ci?"* ± Bx^ ±Ax±l^(S* 

* Tbe ttfrn of t^taxi slwsys be made t. The Miibignoat eigns are to bo taken •*• (»r -, So* 
eoidlnj to the hypotbcsit. 
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taking the mgns of the corresponding terms alike we caa write 

(«" + 1) ± Az{t^-* + 1) ± -BiP*(«'^ + 1) ± CSi;»(«»-« + 1) + etc = 0, 
which is divisible hy x + 1 (Pabt I., 119), wherefore -- 1 is a to(j^{231). 

Taking the signs of the corresponding terms nnlike, we can write 
(af- 1) ± ^(«^»- 1) ± Ba;'(«— ♦- 1) ± ac«(a!»-«- 1) + etc = 0, 
which is divisible by « — 1 (Part I., 119), wherefore + 1 is a root {231). 



290. JPrap. 3. — A recurring equation of cm e^en degree^ whotte 
corresponding tertju have opposite signSy has otic root + 1, and one 
root —1. 

Dem.— Having x^ ± At^'^ ± Ba^-^ ± Ge*»-» - - - . :f Cfe' T Bx* T Ax 
— 1 = 0, taking the signs of the corresponding terms nnlike, and remembering 
that the middle term, which would have no corresponding term, is wanting 
{287), we can write 

(«»» -1) ±Ax (a*»-* - 1) ± Bx*(x^-* - 1) ± €&?»(«*»-• - 1) + etc. == 0, 

which is divisible by «* — 1 (Part I., 119); wherefore «* — 1 = 0, and 
jr = + 1 and — 1. 



29 1. Prop* 4. — A recurring equation of an even degree above 
t/ie second, mat/ be reduced to an equation of half that degree, when 
the signs of the corresponding terms are alike, 

Dkm.— Having a^"±^j'*—>±^a:*'—»±C?a^—» - . - - ±Jfa?» - . - ±C3c^±Ba^±Ax 
+ 1=0, taking the signs of the corresponding terms alike, we can write 

(**» + i) ± A{x^-^ + x)± B{7^* + X*) ± C{2^'^ + »») + etc. = 0; 
whence, dividing by af*, we have 

(a,^l,)±A(2^-^^^)±B(^--^^^,)±c(:^^ 

... - l(x + ^ ±ir=o. 

Now putting 05 + - = y, we can write (* + -) = «* + 2 4- -5 = y', 

X \ X/ X 

Whence «« + ^ = y« - 2. (« + -j =a?»+aif« - + ^c^ + -, = * "*" 5^ 
+ Six +-) = y'*, whence «« + — . = y' - 3y. 

(x* + -,V= «* + 2 + -, = (y« - 2)«, whence «<+-.= ty« - 2)« - 2. 
V a;*/ ic* X* 

(x + iV =»• + 5j?* i + lOu'-. + lac* i + 5x\ + i =a;» + 1 
\ ar/ X flj* aj* a:* a?" a;* 

+ 5 (a;« + p) + 10 (x + j) = y*» whence a?« + ^ = y* - 5(y* - 8y) - %. 
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(«» 4- ly = «• + 3 + ^ =(y'--%)», whence «• -I- ^, = (y»-?r)'-3. 

Whence we eee that any term of the form «* 4- — may he expreaeed in tenna 

of y, and will inrolre no higher power than y". Therefore the original equa- 
tion, which ifl of the Snth degree, can by this substitution be transformed into 
an equation in jf, ot the 7ith degree. 

Examples. 

Solve the following recurring equations by applying the foregoing 
principles : 

1. a;* — 5a;» -I- 6a:* — 6a; + 1 = 0. 

2. a*- Uaf 4- Vx" + 17.t^ - 11a: + 1 = 0. 

3. 6a^ - llti^ - 33a:» + 33ii;» + Ha; - 6 = a 

4. l+a*=a(l+ir)». 

5. a:' — 2a:* + ar* 4- a:* — 2a:* + 1 = 0. 

6. Ss* - 16a:* - 25a:* - 16a^ -I- 8 = 0. 

7. 43* - 24ar^ + 57a:* -- 733:* 4- 57a:* - 24a; + 4 = 0. 

8. a:* 4- 4fla:» — lOa'a:* + 4a»a: + a* = 0, 

9. a:*4-a;'4-a:' + a:4-l = 0. 
10. 1 + a:* = J(l 4- xy. 

Binomial Equations and the Roots of Unity. 

292. A Binomial Equation is one of the form x*:±:n = 0. 
Snch equations may be considered as recurring equations and solved 
accordingly. 

lLL.^Having a^ ± a = 0, put x»-= ai^i whence ay« ± a = 0, or y" ± 1 = 0, 
which is recurring. 

Examples. 

1. ar'±5 = 0. 3. ar^±2 = 6. a:" ±11=0. 

2, a:*±3 = 0. 4. a:»=fc7 = 0. 6. a:' d: 1 = 0. 

7. What are the two square roots of 1? The three cube roots of 
1 ? The four fourth-roots of 1 ? The five fifth-roots of 1 ? The 
six sixth-roots of 1 ? 

SuG. — The solution of these questions consists in resolving «* — 1 = 0, 
^» — 1 = 0, JU* — 1 = 0, etc. The five fifth-roots of 1 are 

1, j(V5-.liV-10-2V5), and-i( V54l ±V-10 + 2 f 5 ). 

993* ScH.^^It will be observed that the form ;i;^ ± 1 = is omitted 
above. Kow ;e^ — 1 = has one root 1. The equation can therefore be 
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depressed to a recarring equation of the dth degree, having all its signs + . 
This can be reduced to a cubic by (291), ' a?^ + 1 = has one root a? = — 1, 
and can be reduced to a recurring eqoatien of the 6th degree having its 
signs alternately + and — . Tliis can be resolved into one of the 8*rd degree 
by (292). Hence the complete resolution of i** ± 1 =: depends on the 
resolution of a cubic. 

ar' ± a = can be resolved by putting «*= y, whence we have y' ± a = 0. 
Solving this for y we have 8 rootd. (Ml them a^, at, a^. Hence to com- 
plete the solution we have to resolve the three cubics x*±ai=0, x^±at=0, 
aj' ± as = 0. 



ExpoNEin'iAL Equattons. 

294. ExponenUal Equations are eqtiAtioAs in which the 
tinknown quantity or quantities are involved in the exponents. 

III. flF + ^ = e, «* = (?, 2* = 42, a?rs2, y» = 356, «» = 100, and 
(tif — y=m are exponential equations. 

29S* Proh* 1. — To soioe an exponenticU eqtuxtion of the f6rm 
a* = m. 

Solution. — Taking the logarithms of both members we have x log a = log m 

(180 f 181) ; whence x = |-^^ — . Therefore finding the logarithms of m and 

a from a table of logarithms, and dividing the fcnrmer by the latter, we find x, 

296* JProb.2m — To solve cm esxpohential equcOion itf the fo9>m 
X* = m. 

SoLUTiOK. — Taking the logarithms of both members we have x log m = k>g m. 
Then find log m from the table, and determine x by inspection* ffom the table so 
that a; X log a; shall equal log m exactly or approximately.* 

Examples. 

1. Find th<3 value of x in the equation 3* = 2546. 

1 o 1 <^^Aa log 2546 8.405858 -^-o . 

Solution, a; log 3 = log 2546. •'• ^ = "^Sa~ ~ "i^TlSr ~ 

2 to 6. Solve the following: (24)''=18742; 2'=:*873; (11)^=2681} 
2'= 10; 5'=1; (12)«' = 1. 

7. Find the value of x in the equation af = 3561. 

- - " " ^ 

* Tho method of solving such eqnatione by Double Ponitioa Is enttrely tietitoes, since a table 
of loj^arlthmt is neceeeary for that method, and having atich a table at haodi the Approximations 
can be made to any extent likely to be desired, more readily by simpi^^l^spcction than by com- 
puting the errors by Doable Position. Moreover, tho m^hod litre iHteit -aflbrds ati 
i'zerclre in the use of the table*. 
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«OLunow.— We have or kig j; = lo^ 3961 = ^551573. Na*r looking in a tabl6 
of kgaritlmui, we soon see that x moet be near 5, sinoe 5 log 5 = 5 x .608970 
= 8.494860. Thus we see that a? > 5. Trying 5.1 we have 5.1 log 5.1=8.606607. 
/. m < 6.1. Therefore we try 6.05. 5.05 log 5.05 = 3.55161955, which coincides so 
Boarly with the lequired value of x logo;, that undoubtedly the lOOths figure is 
4. Again, for a nearer approximation try 6.049, as the value of a; is very near 
5.06. 5.049 log 5.049 = 3.550482. Hence we see that x = 5.049 + . 

8 to 15. Solve the following as above : af=100; a:'=7; of = 21; 

x^ — 402^^ =200; 3** + 3' = 100; a* - -^ = 2i; a^'* = (?; «-'*« 

a 

= c. 

16 to 21. Solve the following: af = y*, and a:* = y*; af = y*, and 
af =y ; m— » = «, and x -{- y = q; 2»3* = 600, and 2a; = 3y; 

5''- = 256 ; {a!' - 2a*b' + h*)'-' = (« - b)*' {a + b)''. 

22. Given the fundamental formulae of Geometrical Progreesion, 

vij^ I = at*~^, and 8 = _ _ , , to find tLe following : 

^ _ log I - log a ^ J , ^ ^ log [a + (r - 1) ^ ] - log a , 
log r ' log r ' 

log / - log ffi I 1 mid „_ Jog^-J<'g[^>--('--l)-?>'] , 1 
»- log(5_a)-log,(A'-0 + ^' *"*^ ''- k^T + ^- 

23. Given the two fnndamental formnls of Componnd Interest, 
vi», o = j? ( 1 + r )',* and i = a — p, to find the following : 

_ log ( ;> + i) - log /) . _ log ff- log;? . 

V- log(l + r) ' '- lQg(l + r)' Jog (1 + r) 

^ log(y + «)-1"g 7>. j^^g ^i + r) = H « - J^g -P . 

_ log « - log {a - X) . , n ,r\ - log « - ^og (g - «) 
'- log (1 + r) ' J«g(l + '-)- i • 

Note. — Many problems in Componnd Interest, Annuities, and kindred sub- 
jects are most expeditiously solv^ by means of logarithms. The student who 
has not a table of logarithms at hand may either omit the folkmiiig ^eicamples 
in this section, or content himself ^vith selecting the proper formula and telling 
how it is applied to the solution of the particular example. 

24. What is the amount of $100 at 1^ annual compound interest 

* This formula is obtained thus : letting r represent the rate for time 1, ezpreracd decimally, 

7 

i. «., if the rate Is 7 per ct., r=.07, or — , we hare tor time 1 (aa 1 year), a=p-¥pr—p(\'^v) ; 

for thne «, a=p{\ +r)+|>r(l + r)=ip{\'¥ti* ; tor timers, Q=p(X i r)t +iw(l -h r)« =sp(l + r)» ; there- 
tore for time <, a=p(l-i-r)<. 
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for 10 years? What if the interest is compounded semi-annually? 
What if quarterly ? What in each case if the rate is lOj^ ? If 6j( f 
If 3^ ? 

Suo's. — ^We have a=p(l-\- rY, whence log a = log jp 4- < log (1 + r) = log 
100 + 20 log 1.035, for interest at 7% compoanded semi-annually. 

25. In what time will a sum of money double itself at lOji^ com- 
pounded semi-annually? At 7^ compounded annually? In what 
time triple ? Quadruple ? 

loff 2 

Sua. a = 2p = p(l + rV, whence 2 = (l+rV, and t = = — ^ : . 

log(l-i-r) 

26. In what time will 110 amount to $100 at 851^ compounded 
annually ? 

27. What is the present worth of $2000 due 3 years hence, without 
interest, if money is worth 10^ compound interest? 

Suo. — ^The present worth is a sum which, put at compound interest at 10%, 
will amount to $2000 w. S years. Hence 2000 = p (1.1)^, p standing for present 
worth. Whence log p = log 2000 — 3 log (1.1). 

28. A soldier's pension of $350 per annum is 5 years in arrears. 
Allowing 5^ compound interest, what is now due him ? 

Suo*s. — ^The 5th, or last year's unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year's interest due, and hence 
amounts to 350 (1.05) . The 3d year's pension has 2 years* interest due, and hence 
amounts to 350 (1.05)*. Thus the total is found to be 350 +350 (1.05) +350 (1.05)* 
+ 350(1.05)' + 350(1.05)*, or 350 { 1 + (1.05) + (1.05)* + (1.05)f+ (1.05)* { 

29. Letting S represent the amount of an annuity a, in arrears 
for t years, compound interest being allowed, at rji, show that 

r 

30. What is the present worth of an annuity of $200 for 7 years, 
money being worth 5^ compound interest ? 

Suo. — Evidently, a sum which, put at 5^ compound interest, wiU amount to 
the same sum in 7 years, as the annuity will. 

31. Letting P be the present worth of an annuity a, for time /, at 

a (1 -h rY — 1 
r^ compound interest, show that P = - . i— - — ^— ^- — . Also, that if 

the annuity is perpetual (runs forever), P = -. 
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SuG.— When tzsco, P=:-' ,. / ., =-1--- — ^ = -, as It evidentlj 

r (1 + r)* r (1 + r) r "^ 

slioald, since snch an annoity is wortli a present sum which will jield an 

annual interest equal to the annuity. 

32. What is the present worth of a perpetual annuity of $350^ 
money being worth 7f^^ compound interest ? K money is worth 
10^ compound interest ? 

33. What is the present worth of an annual pension of tl25, 
which commences 3 years hence * (first payment to be made 4 years 
hence), and runs 10 years, money being worth 10^ compound 
interest? 

Sua. — ^Evidently, the difference between the present worth of such a pension 
for 13 years, and for 3 years. 

34. An annuity a, which comniencos T years hence, and runs / 
years at i*^ compound interest, gives 

a j (l4-rr-~l (1-hrr- l \ aS n . ,.W- (l + r)-<^-> \ 

When the annuity is perpetual after the time T, we have 

P = - (1 + r)"**. Student give proof 
r 

35. Two sons are left, one with the immediate possession of an 
estate worth $12000, and the other with a perpetual annuity of $800 
in reversion after 7 years: money being worth b^ compound iui* 
terest, which has the more valuable inheritance, and how much ? 

30. What annual payment will meet principal and interest of a 
debt of $2000 at 8^ compound interest in 5 years ? 

Suo's. — ^The amount of $2000 at 8^ compound interest for 5 years = the 
amount of the annuity a for the same rate and time. 

37. Show that if i> is a debt at compound interest at r^, b an 
annual payment, and i the number of years required to liquidate 

thedebt,^ = ^^g^"^,7(^T:-^"l 

log (1 + r) 

38. The debt of a certain State is $20,000,000, bearing annual 
interest at 4J^. A sinking fund of $2,000,000 annually is set apart 
to meet it. How long will it require to extinguish the debt ? How 
long if instead of paying the $2,000,000 annually on the debt, it is 
invested at 6^ compound interest ? 



* An aanuitjr which commences after eome tpeciflcd time is said to be in rtistrslon. 
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39. A farmer has paid (;10 per annum for newspapers, which he 
considers have increased his net annual income at least ^, For 10 
years during which his net income has been 1500 annually, money 
lias been worth 10^ compound interest. What is the total net gain 
to be credited to his investment in newspapers? 

40. A boy commenced smoking when 15 years old. For the (irat 
5 years he smoked 2 5-cent cigars each day. For the next 20 years, 
3 10-cent cigars per day. Now had he abstained from smoking and 
invested at the end of each six months the amount thus saved, at 10% 
annual compound interest, how much would he have accumulated firom 
this source at the age of 40 ? 

41. A man pays a premium of tl04 p6r annum on a life policy of 
*4200 for 20 years before his death. Money being worth lOfi com- 
pound interest, does the insurance company giun or lose^ and how 
much ? 



OHAPTEB IV. 



DISCUSSION, on IlfTEItrBETATION, OF JSQVATIONS. 



297. To DisctisSf or Interpret, an JEqtuitton or 
an Algebraic Expresnion^ is to determine its significance for 
the various values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance^ 

Such discussions may be divided in*to twa classes: Ist The dis- 
cussion of equations or expressions with reference to their constants; 
and 2d. The discussion of equations or expressions with reference to 
their variables. 

The following principles are of constant use in such discussions : * 

298 • l^rop* — A fraction^ token compared with a finite q^iantity^ 

becomes : 

* ThvHc principles, and in fact most of this chapter, hare beeii cottsidered ptetlonsly, bat 
are ooUocted here for review and connected study. 
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1. Efucd to 0, when iUnumemior is and Us denominator finiUy 
(Vid wheji Us numercUor isfinke and its denominator ao . 

2. Equal to co , when its numerator is finite and its denominator 0, 
and when its munerator is oo and its denominator finite. 

3. It assumes (m indeiermisiate form when numerator and denom- 
inaior are both 0, and when they are both oo .♦ 

Dem. — Tliese facts appear when we consider that the value of a fraction de- 
pends apon the reUvtlve magnitudes of numerator and denominator. 

1. Lei a be aiiy constant and z a yaiiable, then the fraction - diminishes as 

a 

n 
X diminishes, and becomes when x is 0. Again, the fraction - diminishes as 

X 

X hMTeases, and when x becomes oo , t. e,, greater than any assignable magni- 

a 
tude, — becomes less than any assignable magnitude or infinitesimal, and is to 

X 

be regarded as in coinpavison with finite quantities. (See 142 and ISl^ Dem., 
and foot-note.) 

X 

2. As X increases, the^fraction - increases, and hence when x becomes infinite 

a 

a 
the value of the ^taction is infinite. Also as x diminishes the value of - in- 

X 

creases ; hence: when x becomes infinitely small, or 0, the value of the fraction 
exceeds any assignable limits, and is therefore oo . 

X 

9» Finally^ if x and ^ are variables, - diminishes as x diminishes, and increa»e$ 

9 
as y diminishes. What then does it become when a; = 0, and y r= ? t. «., what is 



the value of — ? Simple arithmetic would lead us to suppose that - was abso- 

lutdf, indatenmaate, u 6;,. that it might have any value whatever assigned to it, 



for — = 5, since = 5x0 = 0: - =7, since = 7 x = 0, etc. But a closer 



inspection will enable us to see that the symbol - is not necessarily indetermi- 
nate, or rather that thtf expression which takes this fonn for particular values of 
its components; has not necessarily an indefinite number of values for these 

x 
values of its components. ^ Tims, what tile value of — will be when x and y each 

y 

diminish to will evidently depend upon the relative values of x and y at 
first, and which diminishes the faster. Suppose, for example, that y = 5j; ; 

X X 

then - = — . Now, suppose x to diminish ; the denominator will diminish 5 
y 5a; 

* northis is meant that ^ and — may have a variety of values, not tUtt they ncccBaarily 

CO 

4a have. 
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times as fadt as the numeralor, and whatever the value of z, the ralne of tlis 

fraction will he i. So if v = Tx, - = — , which iBi tta any valne of x. He^a 

when X = 0, and ■ = 0, we have - = - = — =-,or~ = - = -- = -, or 
yOSzS f Ix 7 

- =- = ttay other value depending upon the relative valaee of x and y. So, 
y 

*lBO, If I = so , and y = 00 , - =: — ; but if y = Sx, we have — = — = _ 



1 



d BO if y = lOi, wo have - 



Thusw 



lOc 10 

mere fact that numerator and denominator income 0, or become to , does not de- 
termine the value of the fraction, (. «., gives it an indeterminate form. 

299. A Reetl Ifutnber or Quantity is one which may be 
conceived as lying somewhere in the series of iiambers or qiumtitieB 
between — oo and + oo iiiclueive, 

1li»— ThuB.if 
positively and negalively 

_ 00 ... - - 4, 



3. - 



- 1, 0, +.1, +8, +8 



Now a Te<U number is one which may be eoncrived as sitoaMd ocnnewhera 
iritbin these limits ; it may be +, — , integral, fractional, commensimhle, ta 
incommenEurable. Thus + 15634 and — 15624 will evidently be found in thia 
Belies. + 'i- may be conceived as somewhere between -I- S and + 6, though tti 
txaet locality could not be fixed by the arithmetical conception of discontinnona 
number. So, olso, — V 's somewhere between -- 6 and — 6. Again + Vs ia 
somewhere between + 2 and + S, though, as above, we cannot locate It eiactlf 
by the arithmetical conception. 

TliH following Oeometriad Iliaitraiion )s more complete than the arithmetical. 
Thus let two iodeSnite lines, as CD and AB, intersect (cross) each other, aa at O, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 




+ 1, tliat at 6 will be +3, at « +8, etc. So, also, the line at n' being —1, tliatat 
6* will bo —3. at c' ~S, etc. Now conceive one of these lines to start from an 
infinite distance at llie left and move toward the right. When at an infinita 
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<|ifftance to the left of O its value would be — oo , and in pausing to O H would 
pass through aU posnble negative values. In passing O it becomes at O, 
changes sign to + as it passes, and moving on to infinity to the right, passes 
through aU passible positive values. Hence we see how aU real values are em- 
brac€Kl between — oo and + oo inclusive.* 

300. An Imdginary Numher or Quantity is one 

whicli cannot be conceived as lying anywhere between the limits of 
— 00 and -h 00 , as explained above. The algebraic fonn of such a 
quantity is an expression involving an even root of a negative quan- 
tity.t (Sec Part L, 218.) 



Examples. 

1. What are the values of x and y in the expressions x = ,y 

y = — 7- , when b^V and a and a are uneciual ? When b = b' 

'^ a — a * 

and a = a'^ When a = a' and b and b' are unequal ? What are the 
signs of x and y when b>b' and a > a\ the essential signs of a, «', 
by and V being 4- ? W!ien b> b' and a < «' ? If a' and b are essen- 
tially negative; and a = a\ and b = J', what are the values of x and 
y ? If rt' and V ai'e each ? 

2. What general relation between a and a' renders -:: , = ? 

1 + aa 

What renders it oo ? 

n' — n. 

SoLUTiOK. — To render 3 >= 0, we must have a' — a = 0, and 1 +««' 

1 + aa 

finite or infinite ; or else we must have 1 + aa' = oo , while a' — a is finite or 

(208), Now a'— a = gives a' = a; whence :; , = r- which is for 

^ ' ° 1 -H au 1 -\-a* 

any value of a finite or infinite. Hence the relation a' = a fulfills the first re- 
quirement. I^et us now see if l-\-aa'=co will also fulfill this requirement. This 
gives aa' =<x>, since subtracting 1 from oo would not make it other than oo . 

Thus we have a' = — . Hence for all finite values of a (including 0) a' is oo , 

a 



* For example, the etndont who is acquainted with the clementa of ji^ometry knowp how to 
constrnct a line which is exactly cqiial to \/5 (Gbom., Part I., 110). This line he can locate 
between +3 and + 3, and also between - 3 and - 8, since >/5 is both + and -. 

t Transcendental functions afford other forms of imaginary expression* ; for example, 

8ln~' 3, sec"' >tf, . log (-130), log (-m), etc. But our limits forbid the consideration of the in- 
ten)rcUrion of iroaginnriett, except in the most rc.-'trictt'd sense, as indicating incompatibility 
with tlic arithmetical tense of the problem. 
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fjid . = — . := - whldi can oolr be when a=s<o, Tlmvfote t&r 

l-^a^ ad a 

a' — a 
|Miffft0U^/ir valiieB a' =r oo =«=:», render :| -—^ sx ; but no ffens^/U yw^ixm 

do. 

_» __ _ 

Aeain, in order that j = co , we must have 1 -f- ««' = 0, and of -^a 

** 1 + aa 

finite or infinite ; or else we must liave a' —a = co, and 1 + aa* finite or 0. 

Nowl-Haa=OgiT«ia=-^; ^— _ = -_ = -,_^, = _ _ = oo 

a' 

for any value of a' finite or infinite. Therefore the general relation a= ; 

■-» ■- 
between a and a' renders z , =a» .f Let us now see if the relation a'— a=co 

w&l do the same, ^ow if a' — a = oo , one or the other (a' or-a) muat be oo . 

Let a'= <x>. We then have , = — ; = -, which can only be ao when a=:0. 

\ + aa iia a 

a' '—a 
Hence the particular values a'= oo and a = mnder z ; = oo , but no gen- 
eral values meet the requirement unless a = -,. 

T •— An.' 

3. WJiat general relation between a and a' renders -p = 0? 

What renders it oo ? 

4 In tlie expression y = — 2a; + 4 db ^a^ — 4a; — 5^ how many 
values has y, m general^ for any particular value of x ? For what 
value or values of x has y but one value ? For what values of a; is y 
real? For what imaginary? For what values of a; is y positive? 
For what negative ? 

Solution. — Writing the expression thus, y = — (2j; — 4) ± ^x^ — 4i? — 5, 
we see tliat the value of y is made up of two parts, viz., a rational part —i^x—A), 

and a radical part ^x* — 4flj — 5. But the radical part may be taken with 
either the + or the — sign. Hence, in general, for any particular value of x 
there are two values ofy. 2d. But if sucli a value is given to a; as to render the 
radical part 0, for this value ot x, y will have but one value, viz. » tlie rational 

part. But the condition ^x* — 4r — 5 = gives « = 5 and — 1. Thua for 

* This reduction !» made by dropping a and 1, since the subtracHon of a ftoltc from an in- 
finite, or the addition of a finite to an infinite, does not change the character of tlie infinitek 
Thus, in this case, to assume that dropping a and 1 aflTected the relatiou between numentor and 
denominator, would be to assign to a and 1 some values with respect to tiie infinite a'. But 
this if contrary to the definition of an infinite. 

t It la to be observed that the relaUon a = -—, requires that.a and a' have.diflferent eaaen- 
tial signs; while the relation a* =a requires that they have the same essential signs. 
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jr = 5, y =: — 0, bat one valae ; and far x= —\, |f = + 6. aUio bat one value. 
Sd. To ascertain for wliat values of ^, ^ is re€d, we observe that y is real when 
x^ ^ 4j! — H is positive, and imaginary when x* — 4x ^ 5 is negative. Now 
for X positive «* — (4c + 5) is + when x* > 4x+ 5; and for x negative, we 
have «* + 4jj — 5, which is positive when «' -|- 4» > 5. The former inequality 
gives «• — 4c 4- 4 > 9, or « > 5 ; and the latter gives 3:* + 4i; + 4 > 9, or a; > 1. 
Hence for positive values of x greater than 5, y is real, and for negative values 
of X namerically greater than 1, y is real. The 4th inquiry is answered by this : 
$f is imaginary for all values of x between —1 and +5. 5th. To ascertain what 



values of x render y +, and what — , we observe that — (2aj--4)± -y^a;*— 4r— 5 
can only be -f- when the + sign of the radical part is taken and when 

^x* — 4b — 5 > 2a! — 4. This gives x <2 ± -y/— 3, i, e., an imaginary 
quantity. Hence y is never + for a; +. Taking the negative sign of the 
radical we see that both parts of the value of y are ~, and consequently y is 
real and negative for all + values of x which render y real, ». e., for valued 

^reiater than 5. Finally, fbr aj ^ we have y = 3* + 4 ± ^/x* H- 4» — 5. Now 
when we take the + sign of the radical both parts are + ; hence this value of 
p is always +. When we take the — sign of the radical y is negative if 

ar -h 4 < v^«* + 4a5 — 5. But this gives x < —2 ± y'— 3. Hence y is never 
negative for any negative value of x. Therefore both values of y are positive 
and real for all negative values of x numerically greater than 1. 

5_to 22. Diecuss as above the values of y iu the following ; t. e^ 
Ist Show how many values y has m general, and whether they are 
equal or ungual ; 2d. For what particular value or values of z, y 
has but one value ; 3d. For what values of Xy y is real, and for what 
imaginary ; 4th. For what values of a:, y is -f , and for what — ; 5th. 
Also determine what values of x i-ender y infinite : 

(5.) y^ + 2a;y - 2.4-* - 4y - a; + 10 = 0; * 

(6.) y» — 2xy -f 2.*;* — 2^ -f 2a; = ; 

(7.) y* -f 2a;y + a:* — 6y -f 9 = ; 

(8.) y* + 2a;y + 3x* - 4a; = ; 

(9.) y' — 2a;y + 3.c' + 2y - 4:c - 3 :?r 0; 

(10.) y* -f 2a;^ - 3a;* - 4.r = ; 

(11.) y* — 2ary + a;' 4- 05 = ; 

(12.) y* — 2a?y + a;* — 4y + a; + 4 = 0; 

(13.) y» — 2a;y + a;* + 2i/ + 1=0; 

(14.) y* - 2a;» - 2.y + Ca; - 3 = 0; 

(15.) y* - 2a;y - 3a;* - 2/^ + 7a; - 1 = 0; 

(16.) y' — 2a;y— 2 = 0; 

(17.) / — 2a;y + 2y + 4.'C - 8 = 0; 



* In all cases solve the eqaatlon for y in \^^ f|rst placfs. In this exaiqplf 
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(18.) 4y« + 4a;» + 2y - 3a; -f 12 = 0; 

(19.) 3y« - 8a;» = 12 ; 

(20.) 12y» + 4a:« = 20 ; 

(21.) ic* + y = 16 ; 

(22.) a^-y' = 20. 

23. Discuss the equation ay^ — of + {b-^c)a^ + box = 0, as aboye, 
when i > c ; also when c > J. 



SUQ 



'8. y = ± -tV** — (6 — c) aj* — ftco:. Whence we see that y has two values 
a* 

for everj value of x, numerically equal, but with opposite signs, y is 0, when 
x^ ^iP — e)x* — hex = ; i. e,, when x = 0,x = b, and — e. Again y is real for 
X +, when «* > (ft — <;)«* + &<?«, or «* > (6 — c)« -h 6c ; which gives a? > ft. For 

0?— , we have y = ± — r\/-- «* — (6 — c) OJ* 4- l>cx, which gives y real when 

J 
x^ +(b — c)x* < hex, which gives x numerically less than 6, i. c, greater than 

— c. Hence y is imaginary for all values of x between and + h, and real for 
all values of x from -h ft to +<x> . So also y is real for all values of x from to 

— c, and imaginary for all values of x from — c to — go . 

24. Discuss us above y* = (x — (if , showing that in general 

y has two values numerically equal but with opposite signs ; that it 
is for x = a, and x=h\ is imaginary from a; = to a: = J (except 
when a; = a, J being greater than a) ; real from a: = Jtoa;=+ao, 
and real for all negative values of a?, L e., from a: = 0toa;= — oo; 
and that for a: = 0, y = =t oo , and for a;= +oo,y=d:oo; also for 
a;=— QO,y=dbQo. 

25. Show from the equation y + 7?y = a:, that y = when a; = 0, 
+ 00, and —00 ; also that y has but one value for any particular 
value of a:; that it is -f when a: is +, and — when a; is — ; and that 
y increases numerically as x passes from to ^l^and from to —1, 
but that it diminishes numerically as x passes from -f 1 td + oo, 
and also from — 1 to — oo . 

26. Discuss y'^x = 4a' (2a — x) with reference to y as a function 
of a:, as above. 

27. Show that in the equation y* — 3«a;y + a:* = 0, y has three 
real values between the limits a; = 0, and x = av^? ^-i^d only one 
real value between the limits x = a\ 4 and a; = 4- oo , and also be* 
tween the limits a: = and a: = — oo . 

Sua. — This IS done by means of Cardan's formula. (See 280») 
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301. Arithmetical Ixterpeetations of Negative and 
Imaginaky Solutions. 

1. A is 20 years old, and B 16. When will A be twice as old 
asB? 

SuG's.—We hav^ 20 + a; = 2 (16 + a-) ; whence « = — 12. The aritluaetical 
interpretation of this result is that A mU jiever be twice as old as B, but that he 
toaa twice as old 12 years ago, i. e., when he was 8 and B 4. 

2. A is a years old, and B,^. When will A be n times as old as 
B ? For n> 1 what are the possible relative values of « and h con- 
sistently with the arithmetical sense of the problem? Interpret for 
a> nb, a = nb, a <,nb when 7i > 1. Also for w = 1, a > nb, a < nb, 
and a = nb, 

3. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, the latter at rate J. They are 
at two places c miles apart at the same time. Where and when are 
they together ? 

Solution and Discussion. — Let XY represent the road which the couriers 
are traveling in the direction from X to Y, and A and B the stations which they 

immm >- 



\ A ' — — Q I 

X D^ X B 5 Y 

pass at the same time, A being at A when B is at B, and D or D' the place at 
which thev are together. Call the distance from B to the place at which they 
are together ±x, •\' x when D is beyond B, and — x when it is on the hither 
side of A and B, as at D'. Then the distance from A to the point at which they 
are together is c + (± «). Now disregarding the essential sign of x, and leaving 
it to be determined in the sequel, we have 

Distance A travels from A = « + aj. 
Distance B travels from B = x\ 

C -\- X X 

Time from passing A and B to the time they are together and -. 

Bat these are equal. Hence we are to discuss the equation 

e -k- X X be , . ae 

= -■ , or aj = T I and c + a? = 



a b a — b a — b 

The points to be noticed in the discussion are, (1) when a>b, (2) when a < b, 
(3) when a = b,c being greater than in each case but not oo . Also the like 
cases when c = 0. 

When e>ObtU not oo . 

Wo have, for a>b,x positive, which shows that the point at which, tha^ %.\* 
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together is at the right of B, t. e,, in the direction which they are traTeHng. 
The time, r I or ), is positive, whicli shows that they are together n^fter 

passing A and B. 



fte 

For a <b, x is negative, and e -h x, which equals r , is also negative. 

a — 

Tliis shows tliat they were together at a point at the left of A, that is, hefore 
they reached the stations A and B. With this the expressions for the time alsa 

agree. Thus j- becomes — =- , and is also negative, since in this case x>e, 

a 

When a = b,x=z ;- = — =oo , and c + « = r- = -;r- r=oo ; which indi. 

cates that they are never together. 

W?ien c = 0. 

he ac 
In this case x = r = 0, and <;-»-«= r = 0, for a and h unequal, indi- 

eating that they are together when they are at A and B. This is evidently cor- 

he 

rect. since A and B coincide in this case. When a = 6, a; = = - , and 

a — 6 

6 "f a; = |r, which shows that they are always together, - being a symbol of in- 

determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 

302, ScH. — The student should not understand that the symbol - 

always indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apparent^ and what the value of the expression is 
must be determined from otlier considerations. The Calculus affords the 
most elegant general methods of evaluating such expressions. But the 

\ x^ 

simple processes of Algebra will often suffice. Thus for a? = 1, -3— — = -. 

1 — aj' 1 — ic' 

But -:: = 1+ « + a;*, which, for a; = 1, is 8. Hence -^ = 3, for a;=l. 

1 —X ' ' ' 1 — a? ' 

Here the apparent indetermination arises from the fact that the particular 
assumption (that a; = 1) causes the two quantities between which we wish 
the ratio, viz., the numerator and denominator, to disappear. Let the 

\ /J.8 

student find that zj — -, 3 = 2i for aj = 1. (See also 298^ 3d part of 

x^"aj"T"aj ""X 

demonstration.) 

4. Two couriers starting at the same time from the two points 
A aiid B, c miles apart^ travel toward each other at the rates a 
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and b respectively. Discuss the problem with reference to the place 
and time of meeting. (Consider when a';> b,a<b, and a = b.) 

5. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter n times as fast. 
They are at two places c miles apart at the same time. Discuss the 
problem with reference to place and time of meeting as in Ex. 3, 
adding the considerations, w > 1, n < 1, m = 1, n = 0. 

6. Divide 10 into two parts whose product shall be 40. 

Solution and Discussion. — Let x and y be the parts, then x + jf z=iO, 

xy = 40, and a? = 5 ± -y/'— 15, jr = 5 T V— 15. These resalts we find to be 
imaginarj. This signifies that the problem in its arithmetical signification is 
impossible : this indeed is evident on the face of it. But, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal, or alge- 
braic sense. Thus the sum of 5 4- >y/— 15 and 5 — y^— 15- is 10, and the 
product 40. 

7. The sum of two numbers is required to be a, and the product 
b: what is the maximum value of b which will render the problem 
possible in the arithmetical sense? What are the parts for this 
Tulue of b ? 

8. Divide a into two parts, such that the sum of their squares 
shall be a minimum. 

Suo's. — ^Let X and a—x be the parts, and m the minimum sum. Then 

«'+(« — «)* = %x* — 2ax -h a* = m; 



whence x = ia ± i ^ 2m — a*. From this we see that if 3m < a', x is 
imaginary. Hence the least value which we can have is Zm = a', or m = ia*. 

9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 

10. Let d be the difference between two numbers : required that 
the square of the greater, divided by the less, shall be a minimum. 

11. Let a and J be two numbers of which a is the greater, to find 
a number such that if a be added to this number, and b be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be a maximum. 

Sug's. — Let n be the number, and m the required maximum quotient. Then 
by the conditions ^^ ^ = w, whence we find 



n' 



_ a — b ^a* H- 2a» 4- y — 4<i6f» 
''"■"2(l~m) "^ 2(1- w) 
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Froni this we see that the greatest value which m can have and render n real 

is m = — J-— . This gives » = — 5-^ r = =• . 

Aab 2(1 — m) a — h 

12. To find the point on a line passing throngh two lights at 
which the illumination will be the same from each light. 

Solution. — Let A and B be the two lights, and XY the line paasing through 

S 1 1 "^ "^ V 

them. Let a be the intensity of the light A at a unit's distance from it, h the 
intensity of B at a unit's distance from it, e the distance between tlie two lights, 
as AB, and x the distance of the point of equal illumination from the light A. as 
AD (or AD'). Then, as we learn from Ph jsics that the illuminating effect of a light 
varies inversely as the square of the distance from it, we have for the illumina- 
tion of the point D by light A — , and for the illumination of the same point 

by light B, ^ . But by the conditions of the problem these effects are 

(c — X) 

(H]ual ; hence we have the equation to be discussed ; vis., 

a b 



««"*(«- X)* • 
This gives ^ — ^ = - ; or 



(tf — a?)' _ b ^ ^^ g — a? __ ./b _ ± >y/& 



or 



X' ' a X fa ^^ ' 

c ^ ± \/b c \/ a ± ^/b 
1 = 5:^- ; or - = — ^ — ; 

^ ^a * ^Ja 



or, finally, X — c — — ^ — , and a? = c - 



which are the values of a; to be discussed. 

Discussion. — 1. Let c be finite and > 0. 

A/a \/a ' 

1. When a>b, x=e—-r~- — >ie, since ——^ -: > 1 for a>b. This 

is as it should be, since for a> b the point of equal illumination will evidently 

\/ a 
be nearer to B than to A. Again, the other value of x gives a? = c — =1 ^ > e, 

A^a—\/h 

\/a 
since — -=^ -j= is H- and > 1, when a>b. Hence we learn that there ia a 

point beyond B, as at D', where the illumination is the same from each light. 
If we assume ^~a=2A^, AD = 5 c, and AD' = 2e. 

2. It is evidently unnecessary to consider the case when « < ft, since this would 
only situate the points of equal illumination with reference to A us the preced- 
ing discussion does with reference to B. 
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3. When a = *,«?= c-—^^—— = Jc, since ^!— = ^^— =i. This 

is as it should be, since it is evident that in this case the point of equal illumina- 
tion is midway between tlie lights. Again, for the second value of w, we have 

a? = c — j=r- r=L = «> . This is also evidently correct ; for when the lights are 

of equal intensity there can i>e no \xnnt beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except when x = cd, for which 
the illumination is for each light. [Let the student give the reason.] 

II. Wlien c = In this case the original equation -^ = -^ becomes 

•C yc — Xf 

-E = -i , whence a=d. We then have x=6 — -^ — — = ; and x =c — -e^ =. 

e^ a 

= — = :=. = r. The former shows that there is a point of equal illuniina- 

tion where the lights are (when c := they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 
clusions are evidently correct.* 



* In discussing this problem, some have committed the error of considerins^ that, since fo 

e = and a and b aneqnal, x = c — ;= -: = 0, therefore there is a point of equal illumination 

at the point where the lights are situated ! This is evidently absurd, since the hypothesis is 
that the lights are of uneqttal intensity. The error consists in not perceiving that the 

hypothesis, e^O^ excludes the hypothesis, a and b unequaL That the hypotheses ^ ^ & nre 

excluded by the hypotheses «■= and that there is a point of equal illumination, is self-evident. 
Perhaps the student may think that these conditions are no more inconsistent than those in I. S, 
above, viz., e finite, a=6, and a point of equal illumination ; and that, if in the former case we in- 



terpret x = c ^^—- =00 tM indicating a point of equal illumination at at = oo, we should in 

this interpret x = ^ _ = a;* indicating a point of equal illumination at the place 

where the lights are situated. But the closing remark in I. 3 will clear up this difficulty. 
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SECTION L 

SERIES. 

303. A Series is a succession of related quantities each of 
whichy except the first or a certain number of the firsts depends upon 
the next preceding, or a certain number of the next preceding; 
according to a common law. Each of the quantities is culled a 
Term of the Series. 

III. — A Progression, as 1, 3, 5, 7, etc., or 3, 6, 12, 24, etc., is a series in which 
each term after the first depends upon the next preceding according to a common 
law. The numbers 1, 3, 7, 11, 21, 39, 71, 131, etc., constitute a series in which 
each term after the third is the sum of the three next preceding. The numbers 
2, 3, 5, 17, 88, 1518, etc., constitute a series in whieli each term after the first 
three is the product of tlie two next preceding + the third preceding. 

304. A Mecurring Series is a series in which each term 
after the first n is equal to the sum of the products of each of the n 
preceding terms multiplied respectively by certain quantities which 
remain the same throughout the series. These multipliers with 
their respective signs constitute the Scale of Relation. 

III. 1, Ax, 9x*t Idf', etc., is a recurring series whosci scale of relation is 
x\ -8aj', au, since (1 x a?') + (4i; x [ - 8a?*]) + (9a?« x 8*) = l(te». The next 
term after 16^' would be (4r x x^) + (9«« x [ - 8ji?*]) + (Ite* x &c) = 2ate*. 
The next would be Sftc*. 

305. An Infinite Series is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite ; 
otherwise it is called Divergent. 

III. -ft, yHiy, tAi), TJihns* etc., to infinity, is an infinite, converging series 
whose sum is J. That -h + tStt + tAtt + Tff 8 op + etc., to infinity ♦= i is evi- 
dent, since by division we have i =.3333 +=T% + Tojy + -n/W + etc. 

* The expreflsion ** to Infinity " is nsnally omitted, as being snflltilenUy indicated by ** ete.; * 
and, in fact, either the -f sign at the end or the '' etc." may be omitted. . 
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306m To Revert a Series involving an nnknown quantity 
is to express t]ie value of that unknown quantity in terms of 
another quantity which is assumed as the sum of the first series, or 
as involved in that sum. Thus the general problem is, having 
given/(y) = ew; + ^a:* + car* + etc., to express x in terms of y, t. e., 
to find x^f{y). 

Ili., — Thus to revert tlie series a? 4- So?* + 5aj' + 7aj* + 9aj* + etc., is to expriMs 
the value of x in another series involving y when y = a? + 3x* + to' + 7** 
+ 9aj* + etc., or when 1 — 2y + 5y* =x + dx* + &c * + 7a?* + ftp* + etc., etc. 

307* The First Ortler of Differences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
series firom the 2d, the 2d from the 3d, the 3d from the 4th, etc 
Tlie Second Order is obtained from the first as the first is from the 
primitive series. Tlie Tliird Order is obtained in like manner from 
the second ; eta 

These several series are called the Successive Orders of Differences. 

III. — ^Having the series 

1, 8, 27, 64, 125, etc, we obtain 

1st order of diTs, 7, 19, 87, 61, etc, 

2d " " " 12, 18, 24, etc, 

8d " " " 6, 6, etc, 

4th " " " 0, etc 

308. Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series. 

III. — ^The Icigarithms of the natural numbers 1, 2, 8, i, 5, G, 7, 8, etc., cou- 
Btitute a series of functions. Now knowing these, interpolation teaches how to 
find intermediate logarithms, as log 4.8, 4.5, 4.6, etc, or 2.7, 2.72,. 8.102, 7.025, 
etc, without the labor of computing them from the fundamental formula of 
the series (192). 

[Note. — The student must guard against the notion that every series ia a 
recurring series. Any succession of numbers related to each other by a common 
law, as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions.] 

309* Some of the more important problems concerning infinite 
series are : To find tho scale of relation of a series; To find the wth 
(any) term of a series ; To determine whether a series is convergent 
or divergent ; To find the sum of a convergent series, or of n terms 
of any series ; To revert a series ; and. To interpolate terms betweeii 
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givea terms. To ihese problemB we shall gire attention after 
haying demonstrated the following lemma, which is of use in the 
solution of several of them. 



3 10. Lemma. — Th^ first term of the nth order qf differences 

. n(n — 1) n(n — 1) (n — 2) J . ... , 

w a — nb H — ^— ^ — -c ^^ j^^ d+etc., w/ien n w even^ ana 

, n(n — 1) . n(ii — 1) (n — 2) , , . . . , 

—a 4- nb ^—^ — -c-] — ^ ~ -a—ew.,v)nen n ts odd; a. 



b, e, d, etc., being successive terms of the series* 

Dem. — Letting a, 6, c, d, e,/, etc., be the series, we have 
1st Order of diflTs, 6 — a, c — 6, d — c, « — <i, /^ €, etc.. 



2d " " 

3d " '* 

4th *' " 

5th " '* 



c — 26 + a, rf — 2c + 6, e — 2d + c,/— 2<j + rf, etc, 
d — 3c + 36 — a, e — 3<i + 3c — h/f— 3« + 3rf — c, etc., 
tf— 4(f+6<j — 46 + a,/— 4e + 6rf — 4c + ft, etc., 
/— 5« + lOd — 10c + 66 — a, etc. 



Now hy inspection we observe that, numerically, the coefficients in these 
terms follow the law of the coefficients in the develo^mient of a MnomiaL Thus 
the coefficients in any term of the 2d order of differences, as in is — 2ft + a, are 
the same as in the square of a binomial ; thosd in any term of the 8d order, rh 
in d—dc + db^a, are the same as in the cube of a binomial, etc. Hence, revers- 
ing the order of the simple terms in the first terms of the successive orders, and 
representing the first term of the first order by D| , the first term of the 2d order 
by Dft the Ist term of the 3d order by D^, etc., we have, for the even orders, 

Dj = a — 26 + c, 

2>4=a — 46 + 6c — 4d + tf. 

Hence, by induction, we have, for the 1st term of the nth order, when n is even. 

Again, for the odd orders, we have 

D, = — a + 6, 

i>, = -a + 8ft-3c \- d, 

i>fl = — a + 66 - 10c + lOrf - 5c + /. 

Hence, by induction, when n is odd, the first term of the »th order is 

^ - n{n — 1) n{n — 1) (/i — 2) ^ ^ - 
Dn^ — a + nb ~ — - c + -^ ^ * d - etc.* 

» I - I II 

* The author does not deem U expedient to take the time and aiMCe to demoDHtrate more 
rigurocuily thU law ; nor doe» he fnlly fympathixe with the (^ l!hat i^MfucKiCii ia in no eaaa h 
aatitfactory mathematical ai)punettt. 
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' 311» Cot* — It wiU be observed that in order to find the \8t tertn 
of the first order of differences^ we must have 2 terms of the series 
given ; to find the \st term of the 2d order, 3 terms ; to find the 1st 
term of the Sd order, 4 terms ; and, in general, to find the 1st term 
of the nth order we must know n + 1 terms of the series. 

m 

Examples. 

1. Find the Ist term of the 3d order of differences in the scries 
7, 12, 21, 36, 62, etc. Also the 1st term of the 4th order. 

Bug's. — ^For the 8d order we have 

2)3 = -o + 8&-3c + d=-7 + 312-8.21 + 80 = 2. 
For the 4th order, 

D4 = «-46 + 6<j-4rffe^7-4.12 + 621-4.80 + 62 = 3. 

2 to 6. Find the first terms of the orders of differences specified in 
the following : 

(2.) 2d, 3d, and 4th, in 1, 8, 27, G4, 125, etc. 
(3.) 3d, and 5th, in 1, 3, 3*, 3», 3^ 3\ etc. 
(4.) 5th, in 1, i, i, \, ^, ^, etc. 
(5.) 5th, in 1, 6, 21, 50, 126, 252, etc. 
(6.) 6th, in 3, 6, 11, 17, 24, 36, 50, etc. 



312* JPvob* !• — To find the Scale of RekUion in a recurring 
infinite series when a sufficient number of terms is given. 

Solution. — 1st. When each term after the first depends an tite next preceding, 

— ^Let m represent the scale of relation. Then b = m^ (304). Whence m = -. 

a 

2d. W7ien each term after thef/rst two depends on the two terms next preceding 
it, — Letting m, n be the scale of relatioa, we have e=ma-^nb, and d=9nb+nc 

(304), Whence m = r-;» ^^^ ^ = r** 

ac — b* ae — b* 

3d. When each term after tfie first three depends on the three terms next preced- 
ing it, — Letting w, », r represent the scale, we have d = ma + w6 + re, e=mb 
'^ ne + rd, and/= 7nc + nd + re. From these three equations the values of 
m, 71, and r can l>e found. 

4th. We can evidently proceed in a similar manner when the dependence im 
upon any number of preceding terms. 

313» Sen. — ^In applying this method, if we assume that the depcndenco 
k upon more terms than it really is, one or more of the terms of the scale 
will reduce to 0. If we assume the dependence to be on too few terms, the 
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error will appear in attempting to apply the sealc when imind. If we 
attempt to apply the metlKxl to a series whkh is not recnrring, the error 
will appear in the form which the scale assumes, or when wc attempt to 
apply it. 

When the dependence is upon two terms, any two cquaticms of tlio scril^s 
c = ma-¥ nby d^mb + nc, e = inc + nd, /= md + tie, etc., will give the mme 
calues for m and m. So also if the dependence is upon three terms, any thruc 
equations of the scries d = ma + lib + 7y, e = wift + ne + rd, /= me -^ nd ■\- re, 
g t=: md -¥ ne ■\- rf, etc., will give the mme iMi^tMsi to m, n^ and r; etc., etc. 

There is no general method of determining that a series is absolutely vU 
recurring. The best practical mcthcMl of procedure is to assume finA tlisit 
the de|)endence is upon tico terms: if this does not give a scale which will 
extend the series, try whether the dei)endeuce is not ui)oa three terms, then 
U])on four, etc. Of course, Hp])lying this process to an infinite series would 
not detennine that the series was absolutely not recurring. 

Examples. 

1. Find the scale of relation in the series 1, 12, 48, 384, 1920, etc. 

SuG*s. — Assuming that the dependenc« is upon two terms, we liave 48 = m 
+ 12m, and 384 = 12?» + 48/i ; whence m — 24, and n = 2. Now since 1U20 
= 24. 48 + 2 384, we conclude tliat + 24, + 2, is the scale. 

2. Find the scale of relation in the series 1, O.r, IS.'c', 48.r", VZOj"^, 
etc. 

Bug's.— We have 12** = w + ftm,and 48«' = (ixm + 12eF» ; wheiicf»««:8:ft«^ 
and ri-=x. Now, an 120i:* = (te* • 12aj* + x- 48aj^, we conclude that the scale of 
relation is + dc*, + a*. 

3. Find the scale of relation in the series 1, 4a;, C.r', 11a:*, 28.'e?*, 63a:*, 
and extend the series two terms. 

Scale of relation, +3a;\ —a:', +2a:. 
Next two terms, VMaf, 283a;\ 

4 to 11. Find the scale of relation in the following, and extend 
each series 2 or 3 terms : 

(4.) 1, Xy 2x\ 2x\ 3a,-*, Sx\ 4x\ 4x\ etc. 

(5.) 1, 3, 18, 54, 243, 720, 201G, 8748, eta 

(6.) 1, X, 5a:', 13.r\ 41a^ 121ar*, 3G5a:*, etc 

(7.) 1, 4, 12, 32, 80, etc. 

(8.) 3, 5a:, 7a:», 13a;\ 23a^ 45a:', etc. 

/9\ ? ^^'a; 1?^^* -(^V etc 
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^ r 



(10.) 1, 4, 10, 20, 35, 56 84^ 120, etc. 
(11.) 1, 4, 8, 13, 10, 26, 34^ etc. 



•• •• » 



^ 



dl4i. Prob. 2. — To find t/ie nth term cf a series when a suf- 
/kteni number of terms is given. 

BoIjVTIOV, — The best method of Mng thUi depends upon the chanMrter of 
the series. We give the following : 

1st. The formula ^ =: /i + (m — l)d, and I =: at^"^, resolye the problem for 
arithmetical and geometrical series, I being any term. 

2d. Tlie scale of relation may be determined by Piion. 1, and the series 
extended to the nth tenn by means of it. 

8d. But the first terms ot the successive orders of differences afford one of 
the most elegant and general methods. Thus from (310) we have 

2>,=r a—2b+e; /. c=a+22>,+D, ;♦ 

2>,=-.«H.;»-3c+rf ; .'. f?=«+82>, +:32>,+2>.,; f 

2>4= a-hib—dc-^Ad—e ; ,\ e=a+4J9, +fl/>,4-42>;,+2>4 ; 

l>a5=— tf4-5fr— lOc+lOrf— 5e+/; .'. f^a-k-^D^ +102>,+102>4+5/?4+/>5. 
etc., etc., etc. 

Whence, by induction, we have, in general, the nth term Tza-\-(n— 1)7>| 

(n - 1K» - 2) _ (n - 1K» - 2Kn - 3) ^ ^ ' ,„ ,, ^ 
+ ' 5 ' Dt + ^ \9 ' ^3 + «*«., till the term containing 

2>«_i is reached, or till an order of differences is reached of whicli cacIi tenn 
is 0. It is only in the latter case that the method is practically useful, hince to 
determine the first terms of the n — \ successive orders of differences, requires 
thai n tenkis of the series be known. 



Examples. 

1 to 5. Solve the following by means of the scale of relation : 

(1.) Find the 8th term of 1, 3a:, 8ai», 28af, 100a:*, etc. 

(2.) Find the 9th term of 1, 3«, 6a:», 7a:*, 9a:*, lla:», etc 

(3.) Find the 10th term of 1, 3.r, 2a:», — a:*, - 3a:*, — 2a:*, etc. 

(4.) Find the 12th term of 3, 5, 7, 13, 23, 45, etc. 

(5.) Find the 11th term of 1, 1, 5, 13, 41, 121, etc. 

to 12. Solve the following by means of the successive orders of 
differences: 

(G.) The 12th term of 1, 5, 15, 35, 70, 126, etc. 

• c a - a t- Sft f Xr, s > a f 2(a 4 X^i) + i^i ~ <i '^ S^i -i i>9« 
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(7.) The 15th term of 1, 3, 6, 10, 15, 21, etc. Ako the fiXL 
(8.) The nth term of 1-2, 2-3, 3.4> 4-6, etc 
(9.) The 12th term of 1, 4a:, Saf, lla^, 28a^, 63a:», etc.* 
(10.) Solve the first five given above by this method, when it 
will apply. Also determine the scale of relation in (6) to (9) in cases 
in which the series is recurring. 

(11.) Find the nth term of 1, 2*, 3*, 4», etc. 

(12.) Find the 9th term of 70, 252, 694, 1144, 1950, etc. 

13. Extend the following to 10 terms by tlie method of differences: 
1, 4, 8, 13, 19, etc. Also ic*, 4a:*, 8a:*, 13a:*, 19a:^ etc Also 1, 6, 20, 
50, 105, 196, etc, 

313* JPvob* 3* — To determine tohether a series is convergent or 
diverffeuL 

Solution. — let When the terms are oil +. If the series is not deereiLsing, 
of course it cannot be convergent. Thus a4-6 + c + d + e + etc. , if rt < 6 
<■€ <d < e, etc, is > aco. Let us then consider the case when the terms are 
all + , and a>b>c>d>e, etc. We have 

Sz=a -^b -^ e + d -{- e -h etc =a(l +-+-+- + -+ etc. ) 

\ a a a a / 

(. b cb deb edcb ^ \ 
1+-+J-+-1-+ ^-7- + etc. ). 
a ba eba dcba J 

Now if -, £, -, 3, etc< p, 5 < »(1 + p + p' + |>« + p* + etc.), which, if 

O, C Ot ■ \ 

p < 1, = q . Therefore, An infinite series of posiHee terms is advoays eonver- 

1 — p 

f/ent, if the ratio of eaeJi term to the preceding term is less than some assignable 

quantity tohich is itself less titan 1. 

2d. When the terms are alternately + and — , ojid decreasing. Let the series 
1m^ a, — ft, + c, — <i, 4- «, — etc. Now we may write 

S=z{a — b) + {c — d) + {e -/) + etc ; 
and also 5 = a — (ft — c) — (rf — c) — etc 

Bince the terms are decreasing (e — d), (e—f), etc., are +, and 8>a-'b. 
Again, (ft — c), {d — e), etc, are + , and 8 <a. Therefore, Any series of decreas- 
ing terms, which terms are aUernately + and — ,is eonvergetit. 

8d. When the terms are alternately + and — , and increasing, we have 

fi^=o — ft + c — (f + e—f -^f g — etc = a — (ft — <;) — (rf — €) — (/ — ^) — etc 

Now, since the terms are increasing, 6 — c, d — c,f — g, etc., are essentially 
negative. Representing these differences by — rf , —d\, — dt, etc., we have 



^ It Is evident that the ISth term involves x to the 11th power, or contains a;>^ Lence we 
have only to find the coeffldeat, or tlM 19t1i term of the scries 1, 4, 6, 11, t8, 4K, etc. 
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/9=a + c2 + <f] +<ff + etc., a series whicli can be examined by the first process 
^ven above. 

4th. The process of grouping the terms and thus forming a new series, as in 
the last case, is frequently senrioeable in other eases than that there specified.* 



Examples. 

1. Detemine whether 1 + 1 + ^ + ji^ + ^^ + ete, is 
a convergent series. 

Suq's. — Here - = 1, t = x, - = «, ^= t» etc. ; whence we see that each 
a 6 3 c o a 4 

of the ratios after the second is less than i, which is itself less than 1. Hence 

the series is oonverging. 

2. Detennine whether l+^4-^H-i + ^^'y ^* * eonyerging series. 
3 to 6. Determine which of the following are converging : 

(3.) 1 + i + i + TV + etc. 

(4.) 14--H — j+~8 + etc., r being > 1, i. c., any decreasing 

geometrical progression. 

J_ 1 1 1 

^^'\ 8.18 ^ 10.21 ^ 12^24 "^ 14:27 "^ 

/A\ 3 4 5 

^^•^ 1:2:2 "^ 2:3:2'« "^ 34:2' ^ ^*^' 

•?/' ilj' 2?^ ir' Ob 

7. For what values ofa:isar — tT + n- — -T+-=— -;r4- etc., 

'^ o 4 5 

convergent, and for what divergent? 

Sno's.— For « ^ 1 we have a series with the terms alternately + and -r, 
and decreasing. Hence, by {3 J a, 2d), the series is convergent, /gain, to 

examine the series for «> 1, it may be written ^ — -sr + ^ ("o" — r] 
+ ^ j-r «-) + aj' (-= — — I + etc. Now, for so 1, some one of the 

factors (— - ^j, f g- - -|- j, f y - ^\ etc., and all followiDg it 

8 \ X 

will become negative. Thus, if « = =, all following = — 5 will be negative. 

7 7 8 



* This is confessedly qnite an imperfect prefentation of this problem ; bat it is safUcient for 
nMMt purposes, and is as fUU as our limits will allow. 
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The sum of that portion of the series preceding this first negative factor will i)e 
finite, since it will be composed of a finite number of finite terms. Let as now 
examine the infinite series which is composed of cegatiye terms. Let a be 
the yalue of x for which we are examining the series, and y the exponent of t 

in the first negative term. This term is ^erefore a^l r V Now this 

may be taken as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases bj 2 in each successive term, 

the first two terms of this series are a^l ; ), oH-v . — . . ) ; and 

Vy y + 1/ Vy + 2 y + a/' 

the ratio of the Sfeooiid to the first is a* \l±lrJl^Z^ x _y^^±iLj. 

( (y + 2)(y + 3) y + l-ay\ 

Ml-'Oy* + («-6a)y* + (ll-6a)y + 6(' ^ 

creases to infinity, is a*. But as /i > 1 , /»* > 1, and this negative series is diver- 
gent and its sum is infinite. Hence the given series is convergent tot»^\^ and 
for all values of a; > 1 it la divergent 



316* Proh. 4. — To find the mm of n terms of a series. 

This problem, like many others concerning series, does not admit of a general 
solution. We specify the following cases : 



Case 1. — When the series is AAiTHMETiCAii cr Geometrical* eUher divergent 

air* — !) 
or convergent, for n finite, 8 = {n[2a ■}- (n '- l)d], or 8= ^ ' . For an 

infinite geometrical convergent series we hUve 8 = ; . 

1 — r 

Case ^,—Whm the ieriee m an inJMte, decreasing, nactssMX^ series, ta&id 
the sum of the series (t. «., n being oo). Let the series be a+ft+c+d+«+ etc^ 
and m, n the scale of relation, the dependence being upon two terms. Whence 
we have 

> = ». 

e = am + hn, 
d = hm + en, 
e 2= cm + (fwi 
f sz dm •¥ erit 



Puttlng/&=5fl+6-l-c-l-il+etc., 

and adding, this gives S^a-^h + Sm-^iS— a)n. 

Solving for 8, w© have S = -z — — . (1) 
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When the eeaie <^ relation eansigU of Uiree terms, as m, n, r/wo !*»▼« 



a = a, 

b =&, 

c = c, 

d = am + 6n + er, 

e = bm + en -{■ dr, 

f z= em + dn + er, 

ff = dm + en -{- fir. 



Whence i8^= a + & + c + A» + (5— a)ii + (^8^— a — *)r. 

And Bolvhur for iSi S = z ^ ^ . f2> 

^ 1 —m-^n — r ^ ' 

When the eeale of relation eonsieU of four terme, as m, n, r, f» we can write 

from analogy, 

AT + &+ <; + ff — «/i — (a + 6)r — (rt + ft -f «V _,. 

a = . (8) 

Case 3. — To flftd the turn of n terms of a series by the method of difffir- 
enees. — Let the series be a, b, e, d, e,f, etc., which we will call (A), 
Now if we write the series 

(B) 0,a,a -{■ b, a + 6 + c, a ■\' b -^ e -^ d, a + b + e-\-d-^e, etc., 

of which the series (vl) is the first order of differences, it is evident that the 
(n + l)th term of {B) is the sum of n terms of the giren series (A). 67 tho 
formula for the nth term (3 Id, 3d), which is 

The nth tcnn = « + („-l)2), + <!^=1X«=2) ^^ ^ (»-lX»-2Xn-8) ^^^ ^ 

noticing that a, the first term, in series {B) is 0, that Di of series (B) is a of 

aeries (A), Dt of series {B) is Z>| of series (A), etc., we have, for the sum of 

n terms of {A) 

Q-.«>. a. "<^-^) n . «(n - l)(n - 2) 

A» = TM* 4- 5 x/i + j^ JJt + etc. 

On this formula wo observe that when the orders of differences do not vanihh. 
if the series 13 extended to the (n + l)th term the coeAcient of that term will 
become 0, and the series will terminate. 

Moreover, in cases in which the nth older of differences vanishes, the same 
number of terms of this formula will give the jiam of any number of terms of 
the series above the nth. 

Case 4. — Upon the principle that anj fraction of the form 



n(n+ p) 

= - ( — ) ,♦ many series of fractional terms of the form — ; — - — : 

p\n n ■{■ p/ n(n + p] 

may be summed. 

♦ This is cTident sinco ^ - -4- = "^-P^- = -^— . 
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A]«> m«>y series of fractional terms of the form -, % ^r. ^t^l ^ 

■ummed from the fact that 

g ^ ^ i ^ g } 

When the fractional terms are of the form — ^ ^ ., n-v. the 

7i(n + pX^ + 2pX^ + 3p) 

summation may often be effected upon the principle that 



_ i 1 2 ^ 

n(» + pX^ + 2pX» + 8p) 3p (?i(n + ^)(n + 2p) (n + ^X» + 2pX» + 3p) j ' 

The practicability of this method depends upon our ability to find the jdiffer- 
ence between two series. Thus, when the terms of the given series are of the 

form . — r , if we can find the difference between two series whose terms 

q q 

are of the form — , and — - — respectively, we can find the sum of the given 

n 71 + p 

series. But the method will be more readily comprehended in connection 

with its application. (See Ex's 15-30.) 

Examples. 
1 to 7. Find the sum of the following recurring scries : 

(1.) 1 + 2a; + 8a:» + %%7^ + lOOar* + etc. 

(2.) 1 + 2a: + 3a;* 4- Sa:* + 8a:* + etc. 

(3.) 1 + 3a; + 6a:* + 7a:* + etc. 

(4.) 3 + 5a: + 7a:* 4- 13a:» + 23a:* + 46a:» + etc 

(5.) 1 + 1 + 5 + 13 + 41 + 121 + etc. 

(6.) 1 + a; + 2a;* + 2a:' + 3a:* + 33;* + 4a;» + 4a;' + etc 

(7.) ~-^a; + ^a;*--^a;» + etc. 

8 to 14. Find the sum of the following by the method of differences : 

(8.) 1 + 3 + 5 + 7 + etc., to 20 terms; to n terms. 

(9.) 1 + 2 + 3 + 4 + 5 + etc., to 50 terms; to n terms. 

(10.) 1 + 5 + 15 + 35 + 70 + 126+etc., to30 terms; to w terms. 

(11.) 70 + 262 + 694 + 1144 + 1950 etc., to 25 terms ; to n terms. 

(12.) 1 + 2* + 3* + 4*+ etc., to 12 terms; to n terms, 

(13.) 1 + 2* +3* + 4*+ etc, to n terms. 

(14.) l+2» + 3' + 4» + etc., to M terms. 



15. Find the sum of— Tr+tr-5 + ^-r+ r-^+ etc., by the method 

!•* At'O o«4 4«o 

given in Case 4. 
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SuG*8. — If we put p=:l, q=:l, and n = 1, 2, 3, 4, etc, Buccesaivelj, tho 
general fonn of the term in this series is -t-^ — r . Thus we have 

For the 1st term, -— 1-_ = ,^_^^ = 1 fj ^ -L-V == 1 A - 5 ") ; 

n(n-tp) 1(1-1-1) 1 \1 1 -h 1/ \ 2 / ' 

Forthe2dtenn. -^^ = ^ = ^^ - ^-J»= 1 g .. ^ ) 
Forthe3dterm, ^^j = ^j = |g-^)-lg 

Fbr the 4th term, , ^ x = .// .x = t ("t- r^V= ^ (^7 --i ) i 

»(» H- p) 4(4 H- 1) 1 \4 4-1-1/ \4 6 / * 

• etc., etc., etc. 

Putting 8 for the sum of the series and adding, we have 

i^=(l-i) + (t-4) + (i-i) + (4-i) + etc. 

__(l-hi + J-hi-h etc. ) . 

-•J -.j-J-.i^etcJ^'^- 
NoTE. — It will be seen that this method is only an ingenious device for de- 
composing the given infinite series into two infinite series, one of which destroys 
all but a finite portion of the other. 

16. Find the sum of— ^+5-=+^-i-h=-7:-h etc. 

l-o O'O o«7 7«y 

17. Find the sum of n terms of each of the two preceding senes. 
SuG. — We have for the nth term of the last series g = l, p = 2, ns=2n—l, 

since 2» — 1 is the »th odd number. Hence for the nth term 

n{n + p) 

= TT I n 7 — s 7 )• W® therefore have 

2 \2n — 1 27H- 1/ 

r. 1 2. 1 1 ■] 

1 J -^3 ^5 + 7 - ■ ■ ■ 2«-l I ^ lA 1 \ 

2I _l_}^_t 1 1 [ ~ 2\ 2^1^/ 

8 6 " 7 ' ■ ' " 2/1-1 2» + 1 J 

_ n 
~ 2» + 1' 

18. Find the sum of--j + ^r-=-i-^-5-f7-^ + etc. Also of n terms 

1-4 2*5 3*6 4*7 

of the same. 

19. Find the sum o^t^ — or + «Q— So + etc., to n terms. 

±0 00 DO «/«/ 



♦ Since by Ca?c 4, — L =1(1- -"^L Y 
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Suo'8. — It will be seen that this series is the same aa r— = — s-Ti + f—x — 



8-5 67 • 7 9 » 11 
+ etc. Hence by making q=z2,3, 4, 5, etc., sncoesslTely, n = 3, 5, 7, 9, etc., 
successivelj, and p = 2, we have 

i{(|-l)-(f-f) + (t-«-(»-ft) + etc.}, or 
i { i - (I + f ) + » + « - (t + t) + A + etc. } 
= i{j-l + l-l+A + etc}. 

n 4> 1 
Now the form of this last term is ^r ;r ; and if an e^en number of terms of 

1 (2 n + 1 ) ' 

the ^ven series is taken, we have « l o"~ ^ **■ ^ — q\ * •^ **^® intermediate 

terms destroying each other. But if an odd nomber is taken, we liare 
1/2 w + l\_„ n + 1 1 1 , - 

number of term8^j|-^-^^A_( . or i - j^i^^ ; «.d lor an odd 

number. | {| - ^ + a^T)! ' *" S + 4^^- ^^^ *=*' '^ '-'^ 
= ; whence the sum is 



4(2» + 3) ' 12 

20. Find the sum of^r-r+^^ + o-r + ete. 

l«o «*4 o*0 

21. Find the sum of r-5 — ir-r + ^r? — etc 

I'O /«'4: o»5 

22. Find the sum of J^ + ^ + ^ + etc. 

8uo.-Thi« equate l(ji^ + 2^ + glj + etc.). 

4 4 4 4 

23. Find the sum of j^ + - + ^ + j^^ + rte. 

24. Find the sum of jj^ + ^ + ^ + eta 

SlTO'B.— By putting p = l, gr = 4, 5, 6, etc^snooessiveiy, and n =3 1,18, Sji file., 

sucoessively, these terms take the form — ; ~ s— v , and since 

w(» + p)(n + 2p) 

~ s-T = TT- \^7-^ — -v — ■; T? s-v \ . we may write the given 

7H/i + i))(n + 2p) 2pin(n-\'p) (»+p)(» + 2p)f ^ * 



series thus : 
'2 



IKA - A) -^ (A - A) ^ Gt - rc)-^"*^^ 



PILIKO BAU^ AND SHELLS. 

;4 S 6 1 

_ J B_ 
2 3 8.4" 

25. Find the Bnm of ~ 



5-8U ^ 8.11-U^ 11.1417 



S6. Find tlie earn of 

27. Find the sum of 

38. Find the snm of j 

6uo. — Consider thitt 
t 

29. Find the sum of 

30. Find tlie enm of 



1-3.5 ^ 3-5-7 ^ 6.7-9 



1.3.5 3-5-7 5-7.9 7-9-11 



a-3-4-5 3.4-5-6 



»(» + p)l'» + 3p)(» + 8p) 



1-3.5.7 3.5-7-8 
3 , 5 



3.6-9-12 6-9.13-15 9-12-I6-18 
Note. — The Abov« examples are tAken from YotiKO'e Aloebka, an eioellent 
•lid English irork to which American editors are much indebted. 



PiLixQ Balls akd Shells. 

317t la arsenals and uftvy-jards, cannon-balls and Eliells are 

piled on a level Borfkce in neat and orderly piles of three different: 

forms, viz., triangular, square, and ohlong. TJie figures below will 

sufBciently illustrate these forms : 



4 





318. Prop. — The formvla for iht numbero/balla or sheila in a 

triangular pile having 11 balls or shells on a side of its lowest course h 

Jn(n + l)(n + 3). 
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Dem. — The student will be able to discover that, beginning at the top, the 
number of balls or shells in each course is as follows : 

1, 1+2, 1+3 + 3, 1 + 2 + 3 + 4,. etc., 

or 1, 3, G, 10, 15, 21, - - - - etc. 

Summing this series to n terms by the method of differences he will obtain the 
formula. 

3 If). Cor. — The number of courses in a trianguiar pile is equal 
to the number of baUs or shells in one side of the lowest course ; and 
the number of balls or shells in the lowest course is 1 + ^ + 3 + 4 
n, or ^(n* + n). 

320* Prop. — TTie formula for the number of baUs or shells in 
a square pile having n baUs or shells on a side of its lowest course is 

|n (n + 1) (2n + 1). 

The student should be able to demonstrate this as above. 

32 1» OoK. — The number of courses in a square pile is equtd to the 
number of balls or shells in one side of the lowest course ; and the 
number of balls or shells in the lowest course is 1 + 3 + 5 + 7 + 9 
2ii — 1, or n*. 



322* Prop. — Tlie formula for the nutnber of baUs or sJieUs in 

an oblong pile haoing m baUs or shells in the length of the base and 

n i7i the width is 

in (n + 1) (3m - n + 1). 

Dem. — Observe that there are as many courses as there are balls in the width 
of the base. Let m' be the number in the top row, whence we have for tho 
number in the successive rows from the top downward, 

m\ 2(m' + 1), 3(m' +- 2), 4(m' -h 3), 5(w' + 4), etc. 

Taking the successive differences, we find 2>i = f»' + 2, Dt = 2, and 2>, =:0. 

Substituting in 

o_^ . Mn-D j. n(n-lX/i-2) 

we have ig = m'n + ^^^ ^^ m' +- 2) + ^^"''^^^~^\ whidi iwulUy 

reduces to 5- in{{n + 1)(3j»' +2»- 2)}. 

Now m being the number of balls or shells in the length of the base, we observe 
that m' = m — n +- 1, which substituted in the previous equation gives 

ScH. — If we make m = n, this gives the formula for the square pile, as it 
should. 
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Examples. 

1. Find the number of balls in a triangular pile of 20 courses. 
In a triangular pile with 42 balls on one side of the lowest course. 
How many balls in the bottom course ? How many in one of the 
faces ? 

2. Find the number of shells in a square pile with 30 courses. 
With 23 balls in one side of the lowest course. With 2209 in the 
bottom course. How many balls in one face of each pile ? 

3. Find the number of balls in an oblong pile whose bottom 
course is 42 balls by 20. Whose top course contains 23 balls, and 
which has fifteen courses. 

4. How many shells remain in an incomplete triangular pile whose 
top course contains 28 shells, and whose bottom course has 15 shells 
on a side ? 

5. How many balls in an incomplete square pile wliose top course 
is 8 balls on a side, and whose bottom course is 20 balls on a side ? 

6. How many shells in an incomplete oblong pile whose top 
course is 12 by 20, and whose bottom course is 52 shells in length ? 



Reversion of Series. 

323* Pvoh. — To revert a Series. 

Solution. — The problem is, having given 

/(y) = aaj -f 6a;* -f caj» -4- &j* -4- etc., {A) 

to express a; as a function of y, i. e., to obtain 

a; = ^y -f 5y* + Cy^ -f Dy* + etc, (J5) 

the essential thing in the solution being to find the yalueto of the indeterminate 
coefficients A, B, C, D, etc. To do this, we form «*, «*, «*, etc., from (J5) in 
terms of y, and substitute in the second member of (A). Whence we have 
/ (y) = /' (y).* From this relation we can obtain the values of the indeterminates 
A,B,C, D, etc., in the ordinary way. 

Examples. 

1. Given y = a; + ia' + ^a:* + Ja^ + etc., to revert the series, t. e.y 
to express the value of a; in a series involving y. 



* This notation meano that both meinhen are functions of y, bat that they are not the same 
fanction : one is the /f auction, and the other the /' f auction. 
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SuG'8.— AflBume « = -4y + By* + Qr* + 2V* + etc. 
Whence a?* =^V +2.4^y» +3.4(7 |y*+etc., 

+ B*\ 
X* = -4»y» + 3A*By* + etc, 

and X* = ^'*y* + etc., theee deyelopments bein^ extended 

as far as is necessary in order to determine fonr terms of the reyerted 
series. 

Substituting these values in the given series we haye 

y* + etc 



y = Ay-hB y« + 


y'+ 2> 


+ M« +AB 


+ AC 


H-M' 


+ iB^ 




+A*B 




+ W 



Whence A = l, B + iA* = 0, (7 + AB-^iA^ =0, and D-^AC-^iB'-^A'B 

+ i^* =0. These give A = h ^= - i, C-i, and D^ — /*-. Therefm 

the reyerted series is « = y— "0^* + T«y' "* 7jy* + ®tCi» 

* 15 c 

2 to 6. Revert the following : 

(2.) y = a;-ha:* + a;' + iK* + etc 

(3.) y = a; + 3a:* + 52:* + 7iB* + Oa:* + etc. 

(4) y = a; — ia:».+ ^a:» — |a^ + etc.* 

(5.) y = 2ic + 3a:» + 4a:* + 5a;' + etc 

(6.) y = 1 + a; + ia;* + iJaf' + jja:* + etcf 

7. Required to express the value of y in terms of x from the 
relation 

y + ay' 4- iy* + cy* + etc. = mz + no? + pa? + qa? + etc. 



Interpolation. 

d)2^. Prob, — Having given a series of functions a, h, c, d, e, 
etc,, to find a function intermediate between any two of this series^ 
which function shall conform to the law of the series, 

Ilu— Let the series of functions be the logarithms of 282, 288, 284, 285, etc., 
viz., 2.865488, 2.867856, 2.8e9216, and 2.871068 ; let it be required to find the 
logarithm of 288.4, i. e., the function } of the way from 2.867856 to 2.869216. 

Solution. — ^The solution of this problem is simply an application of the 

* In this example it will be more expeditioas to atfisume x^Af+ By* + Cy^ + etc., though it 
it not esnential. 

t TnuiopoM the 1, pat t sjr - 1, and then revert the series s = P-i- Ix* + 4.^4. ^^jp4+ etc. 

ThiBiti necessary, since the theory- of Indeterminate Coeflkieats asmttiestliat botii vaiiabkt 
/>ecomeOMt tto ismo time ;!.«., that x=0, makea isO. 
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formula for finding the nth term of a series bj the Method of Differences 
{314) ; viz., 

fPi *i X / ^NT^ (n— l)(n— 2) ^ (n— l)(n— 2Xn— 8) ^ 

Tlie nth term — a-^{n-- l)2>i + ^^ ^ i>, + ^ ^' ^ ' i>3 4-etc. 

Bat for our present purpose it is more convenient to replace the (n— 1) of the 

formula, where n represents the number of the term sought, by - , a fraction 

which indicates the distance of the term sought, from the first term used, 
this distance being measured by calling the distance between any two given 
terms 1. Thus in the series a, 6, c, d, e, etc., a term } of the way from b to c, 

would be reckoned at a distance IJ, or f from a, i. e., - would be ^ in this case. 

• 9 

Now bj this method of reckoning it is evident that the (n— 1) of the formula must 

l»e leplaped bj - , for n stands for the number of the term, which is one more ^ 

{ban the number of intervals between it and the first term. Thus the 4th 

term is 3 intervals from the first term. Making this substitution of ^ for n— 1 
the formula becomes 

Term tobeinterpolated=aH- ^j9, + ^ ?^?-l^i>,-f- 1 ^(?- -l^ ^?_2)i)3H-ctc. 

32S* ScH. 1. — On this formula we observe that when the series of func- 
tions is such that the differences vanish, i. «., D^, i>3, 2)4, or some order 
becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third and fourth 
become necessary. 

Examples. 

1. Finding from the tables the logarithms of 232, 233, 234, 235, 
to be 2.365488, 2.367356, 2.369216, and 2.371068, required to inter- 
polate the logarithm of 233.4. 

SOLUTION. 



ARGUMENTS.* 


FUNCT10K8. 


IST biff's. 


2d diff^s. 


8d biff's. 


232 

233 
234 
285 


2.865488 
2.867856 
2.869216 
2.871068 


.001868 
.001860 
.001852 


-.000008 
-.000008 


.000000 



. * In >iich a easa the number Is caUed the Argument^ and fti logarithm the itancCipn. Ttiis 
■Mans simidy that the logarithm, if a ftiactiou of the number (or argument). 
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n 7 
In this caae a = 2.866488, A = .001868, J?, = -.000008, i>, =0,aiid^ = g. 

Hence we have 

log 282 = a = 2.865488 

5 D, = \ (.001868) = .002615 

g 

||. (|-l) 2>. = -^ (.000008) = - .000002 

. •. log 288.4 = 2.868101, which is ex- 

Mctlj as it is in the tables. 



2. Finding from the table the logarithms of ^y 62, etc^ interpo- 
late the logarithm of 62.23. 

S26. ScH. 2. — When second differences only are to be used, and four 
functions of the series are known, a conyenient and excellent formula it 
obtained thus : Let the four functions be a, &, c^ d^ and let it be required to 

interpolate between & and c. Let —, be the interval from h to the place of the 

term to be interpolated. Now if we compute from h, instead of from a, the 
preceding formula will become 

The interpolated function =6 + ^|2>, +2W"" ^^* \ * 

in which 2)| is the second of the first differences, i. e,, the one which falls 
between h and e; or, in general, if we tabulate the differences as aboye, it 
is the first difference which falls in the same horizontal line with the func- 
tion to be interpolated. Again, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function. 

3. Find by (326) the logarithm of 68.53 from the logarithms of 
67,68,69,70. (See table.) 



ABGUHENTS. 


FUNCTIONS. 


IST DIFF'S. 


2d diff'b. 


HSAN OF 

2d diff's. 


67 

68 
» 


1.826075 
1.882509 


.006484 
.006840 
.006249 


-.000090 
-.000091 


-.0000905 


69 
70 


1.888840 
1.845098 



Heie we have 6 = log 68 = 1.882509, ^ = :«7^ , 2>i = .006840, and 

q lUU 

Df = '- .0000905. The student should make the substitutions and compare 

with the table. 
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S27» ScH. 3. — But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (196) is 
preferable. The student will readily discover that the method of (106) 
is identical with that just given if only first differences are used. When 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes necessary to use mean second differences, 
as above. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been observed four times at intervals of, 
say one day. By interpolation we may find its Right Asoension at each interme- 
diate hour, or point of time. In this problem the Right Asoension is ^^efuncUon, 
and the time is the cMrgument. 

4. Tlie Right Ascension of Jupiter to-day, July let, at noon, is 
lOh. 6m. 38.6s. ; July 2d, at noon, it will be lOhi 6m. 18.868. ; on July 
8d, lOh. 6m. 69.41s., and July 4th, lOh. 7m. 40.248. What will it be 
July 2d, at midnight ? 

SOLUTION. 



ARGUMENTS.* 


FUNCTIONS.* 


ISTDIFF'S. 


2l> DIFF'S. 


MSAN 

2d diff*s. 


July 1. 
July 2. 
Julys. 
July 4. 


lOh. 5 m. 88.60. 
lOh. 6 m. 18.868. 
10 h. 6 m. 59.418. 
10 h. 7 m. 40.248. 


40.26 8. 
40.55 8. 
40.88 8. 


0.29 8. 
0.28 8. 


0.2858. 



In this case ^ = h » ^ = lOh. 6m. 18.86s., 2>i = 40.55s., and 2>, = 0.2858. 
q A 

The answer is lOh. 6m. 89.18. 

5. To-day, July 1st, at noon, the moon's declination (distance 
from the celestial equator) is 6° 38' 10".8 north ; at 4 o'clock it will 
be 5° 45' 51".3 ; at 8 o'clock, 4° 63' 7".8 ; at midnight, 4° C 2".8 ; and 
at 4 o'clock in the morning it will be 3^ 6' 38".7. Interpolate for 
the intermediate hours. 



* In thi8 example the argameut Is the timt^ and the fnactioii if the Right Ascension, i. «., 
the Right Ascension U a function of the time. 
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SECTION II. 

PERMUTATIONS. 

S28* Combinations are the different groups which can be 
made of m things taken n in a group, n being less than m. 

III. — Taking the 5 letters a, h, c, d, e, we have the 10 following combincvnons 
when the letters are taken 8 in a group, or, as it is nsoaUj expressed, tasen 3 
and 3 : cibc, cM, ahe, acd, aee, ade, bed, bee, bds, ede. Taken 2 and 2, we haye the 
following 10 combinations : ab, ae, ad, ae;be, bd, be, ed, ee,de. It is to be naUeed 
thcU no ttoo eambinations eontain the same letters; i. e,, thej a?b different groups. 

329. Permutations are the differefit orders in which things 
can succeed each other. 

III. — Thus the two letters a, b haye the two permutations db, ba. The three 
letters a, b, e have the 6 permutations ode, <ieb, cab, bae, bea, eba, 

330. Arrangetnents are permutations of combinations. 

III. — Taking the 10 combinations of 5 letters taken 3 and 3, and permuting 
each combination, we get the arrangements of 5 letters taken 8 and 3. Thus 
the combination abe gives the 6 arrangements abc, acb, cab, bae, bea, eba. In like 
manner each of the 10 combinations of 5 letters taken 3 and 3 will give 6 arrange- 
ments ; whence, in all, 5 letters taken 3 and 3 have 60 arrangements. 

33 10 Prop. — The number of Arrangements of m things taken 

n and n is 

m (m - 1) (m - 2) (m - 3) (m - n + 1). 

Dem. — Let us consider the number of arrangements which can be made of the 
m letters a, b, e, d, etc., taken 2 and 2. Letting a stand first, we can have db, ae, 
adf etc., to m — 1 arrangements. Letting b stand first, we can have ba, be, bd, 
etc., to m — 1 arrangements. Thus taking each of the m letters in turn we can 
have m — l arrangements in each case, orm{m — 1) arrangements in all. 

Again, each of these m(m — 1) 2 and 2 arrangements will give m -- ^arrange- 
ments 3 and 3, hj placing before it each of the letters not involved in it. Thus 
we have m (w — 1) (w — 2) arrangements of m letters taken 3 and 3. 

Once more, ecuih of these m (tti — 1) (m — 2) 3 and 3 arrangements will give 
m — S arrangements 4 and 4, by placing before it each of the letters not involved 
in it. Thus we have m(m—l)(m — 2) {m — 3) arrangements of m letters taken 
4 and 4. 

FiDally, we observe the law ; »'. e., the number of arrangements is equal to 
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tlie oontinned product of m (m — 1) (m — 2) (m — 8) - - • • {m — (n~l)} or 
m (m — 1) (m — 2) (m — 3) - - - - (m — n + 1). 

332* CoE. 1. — Tfie number of Permutations ofjsi things is 

1.2.3.4 m. 

This is evident since arrangements become permutations when the number in 
a group is equal to the whole number considered ; t. e,, when n^m. 

333. Cor. 2. — If p of the xa letters are alike (as each a), q others 
alike, r others alike, etc.^ the numher of permiUations is 

1»2»3.4.- - - - m 
|p X [q X |r X etc.' 

Thus consider the permutations of o, h, c, d, viz., abed, bacd, acdb, heda, aebd, 
head, abdc, hade, adcb, bdea, etc. Suppose b to become a, then since for any par- 
ticular position of e and d, as in abed, there are as many permutations of the four 
letters as there can be permutations of the two letters a and b, viz., 1 x 2 ; if & 
becomes a there will be 1 x 2 fewer permutations when these two letters are 

alike than when they are different, ». e., —7—5 — • 

1 • ti 

So, in general, if p of the letters are alike, there will be 1-2-3- p, or 

[p fewer permutations than if they are all different, etc. 

334* Cor. 3. — The number of Combinations of m things takefh 
n and n is 

m (m — 1) (m ~ 2) (m ^ 3) » (m — n + 1) 

1.2.3.4 11 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken n and n is equal to the number of combinations 
of m things taken n and n multiplied by the number of permutations of n 
things. Hence the number of combinations is equal to the number of arrange- 
ments of m things taken n and n divided by the number of permutations of n 
things. 

Examples. 

1. How many permutations can be made of the letters in the word 
marble? Of those in homef Of those in logarithmsf 

2. How many arrangements can be made of 10 colors taken 3 and 
3 ? Of 7 colors taken 2 and 2 ? Taken 3 and 3 ? 4 and 4 ? 5 and 
5 ? 6 and 6 ? 7 and 7 ? How many mixtures in each case, iri-e- 
spective of proportions ? 

3. How many different products can be made from the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? 5 and 5 ? 6 and 6 ? 7 and 
7 ? 8 and 8 ? 9 and ? 
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4. How many different numbers can be represented by the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? etc. 

5. In a certain district 3 representatires are to be elected, and there 
are 6 candidates. In how many different ways may a ticket be made 
up? 

6. There are 7 chemical elements which will unite with each other- 
How many ternary compounds can be made from them ? How many 
binary? 

7. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 50-cent piece ? 

8u6. — ^If taken 1 and 1, how many ? If 2 and 2, how many 7 If 8 and S, etc.? 
How many in all ? 

8. In how many ways can 12 ladies and 12 gentlemen arrange 
themselves in couples ? 

9. If you are to select 7 articles out of 12, how many different 
choices have you ? 

« 

10. How many different sums can be made from 1, %, 3, 4, 5, 6, 
taken 2 and 2 ? 

11. How many permutations can be made from the letters in the 
word possessions? (See 333.) How many from the letters 
in the word co n si s t e n ci e sf 

12. How many different signals can be made with 10 different- 
colored flags, by displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 



Probabilities. 

335. The Mathe'tnatical ProbabUity of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. Tlie Mathematical Improiability is the iiumber of un- 
favorable opportunities divided by the whole number of opportunities. 

III. — ^A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball are Jfw, and the whole num- 
ber of opportunities is seven ; hence the mathematical probability of drawing 
a white ball is ^. The mathematical improbability of drawing a white ball is f 
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Examples. 

1. I learn that from a yessel on which my friend had taken pass- 
age, one person has been lost overboard. There were 40 passengers, 
and 20 in the crew. What is the probability that my friend is safe f 
What the improbability ? If I learn that a passefiger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? 

2. A man fires into a flock of birds of which 6 are white, 4 black, 
5 slate-colored, and 3 piebald. If he kills one, wliat is the probability 
of its being a black bird ? What the improbability of its being pie- 
bald ? How mnch more probable is it that he will kill a white than 
a piebald bird? A black than a piebald ? 

3. Twenty-three persons sit around a table. What is the proba- 
bility of any given couple sitting together ? 

III. — Call the two persons A and B, Then wherever A may sit, there are 23 
others who majf sit beside him in one of two places (on his right or left). There 
are therefore 2 favorable and 20 unfavorable opportunities. 

4. What are the odds against the fourth of July coming on Sun- 
day in any year taken at random ? 

Suo. — ^The odds against an event is the ratio of the unfavorable to the favor- 
able opportunities. 

5. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 

6. The letters a, e, in, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word ? What the " odds 
against*' their forming a word ? 

7. Show that the probability that a leap-year will contain 53 Sun- 
days is f . 

8. Three balls are to be drawn from an nm which contains 5 black, 
3 red, and 2 white balls. What is the probability of drawing 2 
black balls and 1 red ? 

Suo*8.— The first question is, How many opportunities in all ? That is, how 
many different groups {eombinatians) can be made of 10 balls taken 3 and 3. 
Second, How many opportunities favorable to drawing two black balls and one 
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red at the eame time ? There are 5 black balls, and these can be combined 2 and 

5*4 
2 in r-^ , or 10, ways ; and as one of the three red balls can be obtained in 3 

1 • a 

wajB, each one of these combined with one of the 10 ways of obtaining the 
black balls will give 10 x 8, or 30, favorable opportunities lor selecting the balls 
as desired. The probability is therefore ^ffo, or \. 

9. If from a lottery of 30 tickets, marked 1, 2, 3, eta, 4 tickets are 
drawn, what is the probability that 3 and 5 are among them ? What 
are the odds against it ? 

Sue's. — ^From 30 how many combinations of 4 and 4? From 28 how many 
combinations of 2 and 2 ? Odds against drawing 8 and 5, 143 to 2. 

10. A bag contains a $5 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing ? That is, what is one drawing worth ? 

SuG. — ^The probability that one draught will take the $5 bill is J, and hence 
is worth ii. The probability that the $10 note will be drawn is also i, and 
hence this eospectation is %^. The entire expectation is therefore $hf; or 
$1.87^. Hence a gambler who should sell such chances at $2 each, would in 
the long run make money. 

11. What is the expectation of a draught from a bag containing 5 
$2 bills, 4 $5 bills, 2 $10 bills, 1 $100 bill, and 60 blanks? 

12. In a given bag are 5 $2 bills, 3 $5 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 

SuG*8. — There are - = 91 opportunities, or ways in which 2 things can 

be drawn from 14 

5*4 
There are - — — ways in which $2 bills may be drawn. Hence the probatnlity 

of drawing 2 $2 bills is ^f , and this expectancy is $Ji-. 

In like manner the probability of drawing 2 $5 bills is ^-, and this expect- 
ancy is $J^. 

The probability of drawing 2 blanks is Jf, and this expectancy 0. 

The probabUity of drawing 1 $2 and 1 $5 bill is H, and this expectancy is 

The probability of drawing 1 $3 bill and 1 blank is J^, and this expectancy 

i8$|f. 

The probability of drawing 1 $5 bill and 1 blank is J^ and this ex^ctancy 

is m- 

The entire expectancy, or worth, of 2 draughts is therefore f f + ff + W + W 
4- ft dollars, or $3.57|. 

Observe that the sum of all the probabilities, %, e,, it + A -*- 41 + if + H+4t» 
is 1^ as it should be. 
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That the probability of drawing 1 $2 bill and 1 $5 is Jf, is seen thup : There 
are 5 opportunities favorable to drawing 1 $2 bill, and with each of these there 
are 3 opportunities favorable to drawing 1 $5 bill. 

13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another bag. What is the probability 
of drawing a white ball from each bag at the first draught from 
each ? 

SoLxmoN. — There are in all 7 opportunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 0, or 63 opportunities in all. Again, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white ball from the 
second bag; i. e., there are in all 4x2, or 8, favorable opportunities. Hence 
the probability is -J*:,-. Notice tJiat thia compound probaXnlity is the product of the 
tVDo simple probabilities. 

14. The probability that A can solve a problem is f, and that B 
can do llic same is ^, what is the joint probability P 

SuG*8. — ^The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is i^ ; 2. A may succeed and B fail, 
of which the probability is H ; S. B may succeed and A fail, of which the prob- 
ability is jftf ; and 4. Both may fail, of which the probability is i%. Now either 
the first, second, or the third result will give a solution. Hence the probability 
of success is -3^ + i§- H- -jS- = Jf , or ^ 

This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail. The probability of A*s failure i3 f , and of B's ^. 
Hence the probability that both will fail is f x f, or ^; and the probability of 
success is 1—^, or ^. 

16. It may be said that on an average 10 persons will die during 
the next 10 years 

Out of every 62 whose present age is 30, 

" " 35 " " 60, ' 

" « 25 " '* 60. 

What is the probability that a person who is 30 will live till he is 
60 P What that a person who is 40 will live till he is 70 ? 

Stjo's. — Let us examine the probability that the man who is 80 will dit before 
he is 60. The probability that ho dies before 40 is iJ, and that he lives to 40 
J|, Now llio probability that a man who is 40 dies before 50 is \%. Hence the 
probability U i^ of {J that this man lives to 40 and dies between 40 and 60, or 
it is H <>' H ^^^^ be lives to 60. Finally, ^he probability that he dies between 
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50 and 60 is iJ of f* of ih or it in }J of H of B ^liat he lives from 50 to (MX 
Hence the probabilitj that a man who is 30 will die before he is 60 is 

i? + 5f xU + fix«x4J,oril8; 

and, consequently, the probability that he will live is 1 — if St or iJJ; i, e., it is 
a little mora probable that a man who is 80 will die before he is 60, than that 
he will live to 00. 

16. What is the probability that two persons, A and B, aged re- 
spectively 30 and 40, will be alive 10 years hence ? 

Sug's.— Chance of A's being alive H> of J^« }{, of both H x }}, or m. 



LOaARITHMS OF NUMBERS. 



N. 


Log. 


'x. 


Log. 


1 N- 


Log. 


N. 


Log. 


1 
8 

8 

4 
5 

6 
7 
8 
9 
10 

11 
18 
18 
U 
15 


o*oooooo 
o*3oio3o 
©•477121 
o*6o2o6o 
0*698970 


26 
27 
88 
29 
80 


1-414973 
i*43i364 
i*447i58 
1.462398 
i«477<2i 


51 
68 
58 
54 
55 


1*734376 

1*733394 

I '740363 


76 
77 
78 
79 
80 


1*880814 
1*886491 
1*893095 
1*897627 
1*903090 


©•778i5i 
o^845o98 
0*903090 
©•954243 

1 'OOOOOO 


81 
82 
88 
84 
80 
I 


I •491362 
■•5o5i5o 
I*5i85i4 
i*53i479 
1.544068 


56 

67 
58 
59 
60 


1*748188 
I • 755875 
■•763438 
1.770853 
I -778151 


81 
88 
88 
84 
85 


1.908485 

I*9i38i4 
1*919078 
1-924379 
1*939419 


i*o4i3o3 
i«o79i8i 
1 • I 13943 
I^i46i28 
1*176091 


86 

37 
88 
89 

40 


i.5563o3 
i^5682o2 
1.579784 
I .591065 

I •602060 

• 


61 
68 
68 
84 
65 


i*78533o 
1*792392 

I •813913 


86 
87 
88 
89 
90 


1.934498 
I •939519 
I •944483 
1*949390 
I -954343 


16 
17 
18 
19 
20 


I •204130 

i.23o44o 
I •255213 
I •278734 
■•3oio3o 


41 
48 
48 
44 
45 


I '61 3784 
1 '633349 
1*633468 
1*643453 
I •653313 


66 
67 
68 
69 
70 


I -819544 
I •826075 
1-833509 
1*838849 
1.845098 


91 
92 
i3 
94 
95 


1*959041 

1*963788 
1*968483 
1*973128 

1*977734 


21 
22 
28 
24 
25 


I*332310 

I '34342 J 
1*361728 
■•38o3ii 
1.397940 


46 
47 

48 
49 
50 


I •662758 
I •672098 

■•68i34i 
1*690196 
1*698970 


71 
72 
78 
74 
75 


I -851258 
1-857333 
1*863333 
1*869333 
I. 876061 


96 
97 

93 

99 

100 


I •982271 
I -986772 
I •991336 
1-996635 

2-000000 



Remark. — ^In the following Table, the Jirst two figure*^ in the first column of 
Logarithms, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (*) occurs, a is to be put 
in its place, and the two initial Jij%trc9 aro to be taken from the next line below. 
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6533 

4638 
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•300 

4*31 

X 

5«9 
9017 


3166 
6466 
•734 
49J0 
0116 

S352 

73So 
1408 
5430 
9414 


3*98 
6894 

5300 

77*1 

5830 
98.. 


5779 
9947 

a 

33.6 

6330 
•307 


346. 
7748 
.993 

44B6 

8*71 
3619 


3S9. 

10=8 
.998 


433 

';! 

4oH 
404 

396 


111 
11! 

iia 

lU 
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in 

in 
11» 


04I393 
5333 

cis3^78 
6905 

11 

071883 
3347 


SI 
1! 
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s 

5io6 
8938 

h 


I1S76 
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4:3o 
8046 

SSI 
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I9MS 
6640 


il 

1306 

6953 

7004 


11 

S58» 
6336 
••38 

]12 


3755 
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.538 

l'£ 
1 

773. 


4 148 

9^63 
3333 

i 
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4540 
8443 
3309 
6143 

s 

1145 
4816 
8457 
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i 

tt8.9 


83 

i 

63 
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27 
129 
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33.W 


& 
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1 
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loS, 

.363 
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@ 

447' 
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i4o3 
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8337 

.599 
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4319 

1747 
836? 


ei36 
1667 
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3370 


.347 
4934 
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S5i8 

974. 
»6g5 


539I 

J370 
,335 
till 


3067 
5647 
919^ 

61 '3 

f, 

653. 


1416 
6D04 

3463 

3609 


36a 

IS 

35. 

IS 

338 
335 


130 

lai 

182 
133 
131 

136 
137 


u3»ll 
Til 

■is; 

■iro5 

i3o334 

3J3, 


7603 

'M 

3858 
7o3t 

•i9i 

3337 


461 r 
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I33l 

4W 
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0977 

II 

3639 


^9)4 
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4496 
7671 
•833 
395. 


5,:8 
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4363 
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89=6 

i48l 
87}* 

sn 

S3o3 
.450 
4574 


5943 
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3)44 
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9045 

B 


6576 
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9690 
1900 
6086 

?3^ 
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•34* 
35j5 

Sin 
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III 


333 
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3}S 
3)5 
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3iS 
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Ui 
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119 
117 

ua 

149 
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5336 
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6i3B 

9517 
j5,i 
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0535 
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6748 
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i 
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33o5 
6146 
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9'.67 

If.'. 

SI 

4J5i 
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3863 
5838 
8791 
.736 
4641 


n 

7^*4 
•168 
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i 
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4434 
7457 
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3466 
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86o3 
.676 

1 
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55iJ 


891. 
.98a 
5o33 
6061 
1068 
4o55 
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a 

3o3 
3oi 
399 

393 
39. 


150 
151 

1S4 
l:>5 
ISO 
157 
153 
la» 


z 

M1397 


6331 
q'64 

i 

3403 


5359 

0P93 

36)- 1 
64i3 
9306 
19)3 


g 

654J 
8366 

309 
67)9 
94B. 


7348 

•P56 


7*36 
•4.3 

3J70 

7381 


639. 
9309 

ii 

•3<>3 
3o31 


8M3 

6674 

SSI 
IS! 


8401 

4133 
69*6 

is; 

5J46 
•85o 
3*17 


:S46 
8IK3 


i 

383 
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31* 
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IM 
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16T 
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4391 
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S368 
8.44 
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7J6S 

a; 

063 1 
3336 
S836 
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Si 

8657 


!a 

3331 

&? 

Ii53 

3i5S 
634J 
89.3 


35i8 
616S 

40.) 
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9170 


6,<6 
3783 

4374 
6858 
9436 


SI 


6386 
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9341 

i 

3o5r 


367 

164 
15I 
»5i 

156 




170 
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17* 
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117 
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■si 

8046 

55 13 
,7973 
>BS3 


0704 
3]5d 
5781 
81,7 

0664 
3096 


8518 
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3531 

8464 

^3^ 


Si 

8797 
6j5a 

3580 


1470 
6537 

3U33 


1754 
4164 
6789 
9399 

■195 
4377 

Si 

4064 


43o6 


1134 
4770 
7391 
9B00 
33,3 

4i48 


1488 
So33 

£Si 

7<8. 

Si 
^790 


IK 

779' 

si 
£; 

3o3i 


354 
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35a 

',% 

346 
115 




180 
ISI 
133 
183 
1» 
135 
1S« 
187 
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1679 

34ii 
4318 
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6463 


55i4 

r. 

36S3 
5o54 
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3,35 
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S53f 
3533 
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k; 

3873 
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i 
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HI 
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138 
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mi 
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as 
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2S? 


•35 r 
•378 


-578 

7334 

9S3^ 
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B 
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s 
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7616 
97)0 
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si 
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ANSWERS. 



PARTI. 



[NoTB.~Tbe ftill-faced fignres in connection with the namber of the page refer tn the Aitt- 
elee in the text. The nambera in parenthesis in the pan^iniph refer to the particolar Example. 
* * * indicate that it is not thought expedient to give the answer.] 



ADDITION. 

(Pagb 18, 68.) 

(1.) -7a.^ (2.) 4rt«-6*4-a«*-fci6«4-26»-3<»». (8.) 16MV4-26aV + 

lm»*tf*, (4.) 4iJ*-»*+&»*+5«*|^-aft-aj»-3. (o.) x, (6.) 5ca-«^+2a*. 
(7.) (o+c)8+(w»-flk»)y (8.) (2rt+3ft+8c-2<e+«-2w>u*+(13tf-».4w+2)yi 

(9.) (o+6+l)«*+^-a+l>iy+(a-&+l)y*. (10.) (/»i*-mX4r+y)-H(&-wXj;-y). 
(11.) 8(m+»-2) f'i^. (12.) ttc"*+(8-m)y-»4-8c. (18.) ^Va^-x'. 

(14.) 0. (16.) liB*+Jy"^-i«-«. (16.) (a+6+c) V?^. (17.) 2(<»-2m)jj* 
-f8(f»-l)y«+8«i. 



(Pagb 15, 7S.) 

(2.) «3-h«*-2«-a (8.) -2(jtJ«-hflKf). (4.) e«^-f2«'. (5.) 4»V. 
(6.) 10 vT+fl?-flayi (7.) a(y«-y)+(10-'a') i^. (8.) ftjj(iP-6)-4 V^-f 2. 
(9.) 2 Va^b^ ^TSb. (10). o— ft+c+<f ; 6a ; a— 6-hc— cf ; and 8a+0^. 



(11.) 



« # # 
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M ULTIPLICATIOK. 

(Page 20, 87.) 

(1.) 72a»kr*y«. (2.) 24m-+»x-^ti-r. ^gj lOOaj^y^ ; and - Oa^A* 

(4.) i»^ ; 1 ; a* ; m"^^; oT^ \ c^. (5.) 3a*+10aft-86*. («.) «*+«V+y*. 

(7.) m^-Zm^n^o^-^n^-k-o*. (8.) «*•— «"«+-+rt^«-a-+«-l-a"+>-a». (».) «*- 
(/<+ft+c+rf)«' + (a*+a<r-|-6c+<Mi4-W+«f)»* — {abc + abd -h <i«f -h hcd)t -\- abed. 

(10.) x*-y«. (11.) aS"6"»+l. (12.)20rt6«+80a»-/+-6-+*+' 
-10rt/-^+i»-t6«— — -15fi-+''-f-'. (It.) • • •. (14.) ♦ • * 
(15.) -a«4.2a*6«-6*4-2(<»»+6*)c*-c*. 

(Page 21, ««.) 

(8.) (k»*-10a»«-22a«««+46aaj*-20c*. (4.) 4a»-16a»6«+10a«6»+16o6* 
-C5i»*. (5.) a*-x*. (6.) «*-5**+10x*-10»*+5«-l. 



(Page U, IW.) 
(1.) m^; n"4-V (ab)^ , \, \, .J; J^. (2.) ^; 4^. ; ^. 

(8.)» ♦ ♦. (4.) L»Bttwo. &»-«--ii-"-6-&«+";«^""'-2»"^~^*4.8*'-. 
(6 to II.) * <:■ » (12.) (j'+y)*. (18.) ♦ * *. (14.) • • •. (15.) «+&. 
(10.) tt*"*"^rV4i(;— «««-+»• -i^V4-^''tf». (17.) wi*H.a»«». (18.) t»aj»+iMJ* + 
f/* + m. (10.) ;«•— 2.T + A:. (20.) »*— «'y*H-y'— «V— yV-f a^ 

(Page 26, IM.) 
(2.) (r«-rm.r-f 4a«. (8.) 2rt*+4a*+8«4-16. (4.) ?y«-4»*. (8.) ««-a5«^ 

(Page 27, 107.) 

1 ^. a- -f «« -♦- :r » H- «* + «^ 4- OJ'* 4- »^ + *« ctr. (5.) ♦ • *. ^«.) • • *• 
f7.) * * •. 
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FACTOniNG. 

(Page 31, 122. 

ExAMFiiBS in factoring are, in general, of such a nature that the answers can- 
hot be given without destroying the utility of the problem ; hence only the fol- 
lowing are given: {t^.) k^y*-~k^m^yV-\-k^m^ffV'-k^m*yz* + k^m^p^si^ 

-It'my^z + wV. (24.) aj'-x^^'y'**' + x^y^-x^\^ + x^y^-x^y^^* + y^ . 

(26.) • ♦ *; l-«=(l+ V^ (l- 4^) ; 1 + « is divisible by 1+ ^J, 1+ fS, 
^•t- (27.)l(V.(^.i^)'. 



GREATEST OR HIGHEST COMMOX DIVISOR. 

(Paqb 84, 124.) 
(1.) 12. (2.) 12. (8.) 3. (5.) afc'f'w*. (C.) 2a*h. (7.) x^y'hr. 



(8.) Q^y. (10.) 46«i?-46*. 



(Page 38, ^;^.9.) 



(8.) a?-l. (4.) a;+l. (5.) 2a4-3a;. («.) 2/»-6. (7.) 4(««-2ay+y*). 
(8.) 2a«»— 6aa;*-+-10tfa;— 2a. 

(Page 38. 1^0.) 

(1.) «+6. (2.) 2(a;+y). 



LOWEST OR LEAST COMMON MULTIBLE. 

(Page 39, 1S2.) 

(2.) (a+&)M«-2')'. (3.) «^-4. (4.) 4{a*-2rt*+l). (5.) 4959a«6«a;='y'. 
(6.) l-18a+81«*. (8.) (a;»-39x+70)(a;-10)., (9.) (ar-l)(aj+2)(ar-S). 

(10.) (a='-4/»«6+9a6«-10&=»)(flH.4ft). (11.) ir*-Ur'4-7Li!«-154r+13D. 

(12.) 2!''+7x*-10x»-70x« + 9j:+6:3. 



^06 



AN8WEB8. 



FRACTIONS. 



(Pag« 48, 167.) 



a.) ♦ ♦ ♦. (2.) ♦ ♦ *. («.) l+a?4-a:« -!-«»+ etc.; ««+10- -^; 

«»+» « 4 8 16 

+ etc.; a-haj; a?»-t- l+ar«+«- *•+«-••+ etc. ; 1— na-'^-i-ii'a-^— n'a-*» 

-Mi*a-8"-.|i»o"»»"+ etc. (4.) 8 • 7-»a-»y ; (m+n)«+» ; c'd-*^ 






«(«*-«*) • ^^-^ (a:-y)=* ' (x-y)^ ' (a;-y)» * ^^^'^ (i+x^ (1-x') 



etc (12.)„yr?I. «^-=^.. ,S^k. (I*.)"-'* 



ai<ftt* -16) ' 849a;* - 10) ' 8a<9a;« -16) * ^*''*' <i^; 

1 0a* ^ X* ftdfh^bcfh m'^+mn*—m*n ^ afd-hae 

20b*y* -\-7e*x* * 9+3ay* * bdeh + ftrfj^ ' w^=^» ' 5^+*«H^ 

.. 886<e 6(a;-7) 2 ga;+l 



8a;«-f2a?4-13 ^ /icx 2(a*+a;«) . ^2a*a?-3ca;« ,^^. 



36*-2a»ft-2/r~3 
a(6'-l) 

2 8a?* ■|-20a;» —82a;— 285 /t7\ 2a+rf+g tf^px —^mpy* 

a;*H-a;*-fl' a;»H-8a;«-5a;-84 ' ^ '(a+<j)(aH-<Q(a+6)* (8my*-a-)* 

?±-^ (i8.)0. (t9.)^; 4; j,^A_.. (20.)6...«^» 

(a-6)«- ^**-^a;«-l)(2a;4-3)* ^^^'^ 3 ' a ' ' ' 6«-6a;+Ay-ay 

^— ^; ^. (2«.)rt-'+6; -ia;; ^^ ; l-aj« ; y*«. (24.) -^p 

^,4.&rc-2^'_ 1.. l+i+l_l; l4-ia;«-ia;»-Aa;- 

(a«(-->6»<-/))(2a--36)' ^ ' a« ^ ac ^ c« ft« * ^^'^ ' *** 

^?L; !?1±^. (26.) tJ^. (26.) l4-x'4-^'; r^ 

2(a;*-fy*) a* a? a*— ft* 



Ola* 

(27.)'^; . -f-i; 1; i. (28.) 



7o»ft* 1 1 



66* • • m*»* * " ' *• ^""*' 121>»*y ' l-81a' • ' x^"" 



' * • 
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(29.) 1 +«« + «': 3(a+«); ^; -J—; --t^^Z^L. («,.)^, 

-m«7i-«+m7i-*-7i-«; ^,^^^^ ' ; o«~2aj+c«^6» ; 1. («1.) 1. 

(82.) 1. (88.) o-»-a-»6-»+6-*-a-»c-»-ft->c-i+c-». (84.) ^'^*^' "^ ^*^'<^' . 
aVv*-(-A'»g> g^y^ a»+y /hex ^^-^ -JL 



2a*-fl«j-ay; 1; (a»-6»)«. 



INVOLUTION. 
(Page 59, J90.) 
9 9 . 25 1 i»* 



2 V V ISO 1 l»* 

(1.) 9a« ; 4a^x* ; ^TT^; 49««* ; J^J 2' "T* ^^'^ l-2a?+8»«-2»» + aj*; 

4a«-12<M;=» + 9aj«. (8.) 9-12a;-2aj«+4p»+»*; 27ir«-27aj*+»aj«-l; l-2a?* 

+«; a?*— 3ay^H-3a:*y-y*. (4.) 81a*«» ; ie<rtr" ; a-^ay-"; a^a;^; «««'; 

6*ajV ; 5^«^y^ ; 1— . (5.) 25aa;* ; 612a9a?^; (^^^) fr . wn . 

125a;*y=» a'^ (1681)V 



JL • Cf 



y^ * -;:r^ • («•) *' 4-7«»y+21«*y* +85»*y»H-85a? V+21aj V H-7ay« +y' ; 



a'x -,.— 



«*— 4a;'y+ftB*y*— 4ajy*+y«; 27a«— 27a*<r+9a*»«— «» ; «-»— Sa^-^y+lSar-^y'- 
a^ar-'y' + 70a;- V* - etc. ; x-* + 4a;-»y 4- l(Xi;-V*4- 20a;-''y» + S5x-^y* + etc. ; 
J a;« 3'* a;<^ 5j;* 1 a* Sa^ Sa^ 35a« 

+ etc.; l-4x'+(te*-4*«+*': •••; JjA+i* + *^ + l*^+ 15*! 

* * m*\ mm* m* m* 

+ etc.); »•♦; •♦♦. (7.) » » * * * 



(Page 61, 195.) 

(1.) 2 ■ 2 - 2 - 59 = 472; 2 . 73=146; 5 • 7 • 67=2345 ; ♦ ♦ ♦; ± {a - c • (a+6)} 
= ± (/»'c+a6<;) ; ♦ ♦. (8 to G.) ♦ ♦ ♦ ♦. 



\)8 



AN8WEBS. 



(Page 65, 197.) 

To give the roots in problems in evolution would be to destroj tbe benefit of 
tlie exercise ; hence they are omitted. 



BEBUCTION OF MABICALS. 

(Page 70, 20^.) 

(!.)♦•♦♦. (2.)*; iVl8; ♦; •; •; V^; JL(a«-&«)i; • • • • • «; 

^ yl5{x*—jf*). In such examples be careful to leave only integral 

forms under the radical sign, in the reduced expression, (8 and 4.) * * * *, 

VI = y'i. (5.) ♦ ♦ ♦, a'(l -^)*={o«-6«)*. (6.) h tiud ^; 

•♦♦*; V(«=y)*and Vap+y. (7.)»*». (8.) ^♦^; * * * •; ^^^^^^J 

3 ar— y 9— 3a?* a:*— y ' 

a;~2V^+y.^ ^. 8(Vy~9V^-f V3^V^--15 + V3V^~ V^) 



;V5^V2 . 

a?— y 2 



J 



!±£^^^1±Z; 2aj« + l-2a:V5^"T; -(a^+VSTTi); ««+«+ i^a?* + ?a?«+a;«-l; 



a; 

a 



2(_V6+*^+3); g*^3 + i^- «<^g. (10.) a>'*'+/V+a'V+«'^»* 

6 

+ « ^y* + a!»y + aj*y» +ajy +a?*y*+aj^y*+a;V* + iiy + » «^ 

+ a?"y* -4- x^y* + .r * y* + a; » y » + aj*y * + x^if* + aj»y *^+ aj«y« + aj*y^ + aj'y *^ 
+y'"^; (4^8+ 4^- VS) (3-2V'o). (11 to 18.) * * *. 



COMBINATION OF RADICALS. 

(Page 74, 2J7.) 

(1.) * * *. (2.) * ♦ *; ^ ; — . (8, 4, 5.) * * ♦. (6.) 4'^864; 

X X 

iVVi51875; y'SoV^; QxVxp; Vl-{-5x*-hl0x*+10x^-h5x^-k-x^^ 
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iV'iSlcli^; 3V^; 30; 12 V^. (7.) 41 ; jc+y; 246+58 4^ 

-4^5-36 VQ; 3V'aO-12V'3- V180 + 12. (8.)3VlO; 4V'9; 

Vsl^; }VTO. (9.) V+iV2; 2«V^; 5^6 + ^2; 64^; r^f' 
^j^^/«---l; V-a-HV5 + ^; ?^. (10.) «.^; 

^'vla«i; -J-V15"; 5-2 V6; 27(a-ip)Va^; a*-3a6*+3a*6-6* 

it's; (12.) 3+3 VT; 2Vg+8VT; aV«-Vai; 



» » * 



>«. 



IMAGINARY QUANTITIES. 

(Page 78, ;^;?.!^.) 

(2.) 12( V3 + 1) V^ ; 19a V^ ; (46' +3c) V^H". (4.) ( V» ± iP7) ^'^. 
(5.)lV^; 12(i^-l)V^; • llai^^; (a Vft"- c V5") 4^=T. 

(6.)lV^. (7.) 5^2/^; laVTV^; li^=l; V^V^. 

(Page 79, ;?05.) 
5-7V^, and 9i^^-l; 2a+( VT-f V7) i^^, and (VT- V7)i^^. 



MULTIPLICATION AND INVOLUTION OF 

IMAGINABIE8. 

(Page 80, 226.) ' 

(2.)_^ ♦, -6v^ _a) *. s; v§. (9.) 273 y^, or 278VS V-^ » 

972^-3. or 972\/2 V^. (10.) a^w. 



DIVISION OF IMAQINABIE8. 

(Page 81, ;?;?r*) 

(3.) -1 4^4 V-1 ; . v« v::! («.) -^IZjT • 



\)8 



AN8WEBS. 



(Page C5, i97.) 

To give the roots in problems in evolution would be to destroj tbe benefit of 
tlie exercise ; hence they are omitted. 



BEI> UCTION OF RADICA LS. 

(Page 70, 20\) 

(!.)••♦*. (2.)*; iVl8; *; *; ♦; Vl; —Aa^^b*)^ ;••••• *; 

P^ ? Vl^x* — y *). In such examples be careful to leave only integral 

forms under the radical sign, in the reduced expression, (S and 4.) * * * *, 

V\ = 4^i. (5.) * * *, o»(l -^)*=(a'-&')*. (6.) ^ and i^ ; 

» » # » . V(x-.y)* and Vap+y. (7.)***. (8.) ^♦^; * * * * ; ^^^^^^; 

8 y 



« » *. 



v^y'si 






3 ar-y " 9— Sa?' ' a:*-y 



a;-2Vgy+y /r ^. 8(4^ --9^5+ V3»t^--15 + ^3^5*- V5^) , 
jr-y ' 2 ^ • 

2(^^^4-^6); lli^-4Vr5; 3 V5 ^ 24^0 ^ 3 V3 ^ 2 V6^ 

a* 

2(_V6+*^+3); a^3 + V80-3V 2. (10.) a>'*'+/V+»*/+«'»V* 

6 

+ /^y* + «'y + a;V*+aj*y^+«V+« y +* y* + ^ +»*y^+a;*y^+y ^; «^ 

+j?"y*-4- ««y*+ .r *y*+ « *^y»+ »*y * + «^y*+ aj*y *^+ aj*y + * ^ + * ^ 
+y'^; (1^8+ 4^- V5) (3-2V0). (lltolS.) * * *. 



COMBINATION OF RADICALS. 

(Page 74, 217.) 

(1.) * * *. (2.) * ♦ *; %', -. (8, 4, 5.) * * ♦. (6.) 5^; 
\h V 151875 ; V 8a'ar" ; 6a: Vxy' ; Vl+5a;« + lOo;* + 10a;« 4-5a<* + a:^ 
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i^^WiH^ ; 3V^; 30; 12 V^. (7.) 41 ; ar+y; 2464-58 4^ 

-1^5-36 V^; SV'aO-iaV?- Vlg04-12. (8.)3VlO; 4V'9; 

Vsi^; }VTO. (9.) V+iV2; 2«V^; jV6 + y^; 64^; r^' 
^-^^5^^^ VS-hVS + IT,; ?^. (10.)«.^; 

?^'vl^; -J-VT5"; 5-2^6; 27(a-ir)Va^; a*-3a6*+3a*6-6*. 

(ll.)9*V^*; 4««Vy; ftySV^ ; 2|/^?^; Vl^ iV'8i25i; 
Jf'J; (12.)3+3V5"; 2^8+8^5"; aVx-^Vax; 



» » * 



in. 



IMAGINARY QUANTITIES. 

(Page 78, 223.) 

(2.) 12( V3+1) V^ ; 19a V^ ; (46'+3c) V^. (4.) ( V»± V7) i^=T. 
(5.)lV^; 12{V^-1)V^; ' llaV^; (a Vft"- c VJ) 4^=T. 

(fi,) tint. {7.)tiV2V^; laVTV^; li^=i:; V^V^. 

(Page 79, 226.) 
5-7V^, and 9i^^-l; 2a+(Vb-^ V7)im, and (VT- V7)i^^. 



MULTIPLICATION AND INVOLUTION OF 

IMAGINARIE8. 

(Page 80, 226.) ^ 

(2.)J^ *, -6V«. _a) •, 8, Vs. (9.) 278 V^, or 278>v/8 V^ ? 
972 V--^, or 972\/2 >v/-l. (10.) a^w. 



DIVISION OF IMAQINABIES. 

(Page 81, ;^;^r.) 

(3.) -I i/4 V-1 ; - Va V-1. («.) -^nir • 
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PART II. 



SIMPLE EQUATIONS. 

(Page 87, 28.) 

86 b a4-6+e 

(l.)13; 24; 28i; 3A; 8; 4; j^-^; -; — ^ ; 2.9; 2|f. 

^""*' ic. ^y-P) 5a(26-a) 8 aft»-f4&'--12q«& 2k« 



'J[^±M^±^&., 8; 0; 8. («.) |; 4; 4; 4i. (4.) 81 

«'-2fte; 1(8; 5; 4(a-l); 8; 1; 6; «; 8; ±?^; -; 4 






ft+T' 



a 



4m* a 9 



(w+l)«' 26' ' ' 7 



3a 
4 • 



APPLICATIONS OP SIMPLE EQUATIONS. 

(Page 90, 33.) 

(1.) A*B 84, Rb 42, CTs 14. («.) A'b . ^^ . Rb-^ — — , 

CTb 5 . («.) «0, 18. (4.) ~, ?^^. («.) 35. 

l+n+w» ^2 2 ^ ' 

(7) ^„ ^ ■» (S.) 4. (»•) ;r^-Ti;;: • (18.) HJ of an hour; . 

(U.)817.«.«.im2.«; 5^. 5^. ^>. fJi^-2. (1*.)90; 

s • (l®-) ••*, — ^- — ^ . (17.) 3; — jr. — . 

p-\-2'~in'-n m-¥n^mp-^p a— 26+c 

(18.) 19, 805 £^. «-2ir^i. (19.) 78. 77, '-=^^ . 

£=^. (20.) 8. (21.) J^^. j^^. (2*.)20.40.60; 16i 

83i, 50; 14J, 28f, 42^ (2«.) 1200. (27.) 50. (28.) 5712. 

(SO.) 50. 
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SIMPLE EQUATIONS WITH TWO UNKNOWN 

QUANTITIES. 

(Page 00, 42.) 

(1.) af=10, y=3. (2.) 19, 2.t (8.) 16, 35. (4.) 7, 2. (5.) 7, 17. 

(6.) 2, 2. (7.) 12,9. (8.) -2, 19. (9.) -2, 1. (10.) ^. ^. 

^^^•^iS' ^- ^^^-^ 35"—' 36 • ^^'-^f+c' ""5"- 

(14.) (a^-6)^ (a-6)«. (16.) 10. 5. (16.) 18, 12. (17.) \, \. 

(18.)^. S* ^^^-^i* ^- (20.) 20, 5; 6,8; 7,10; ?y«-72=0; 

y*-22y+120=0; y»~4y«^-lV~2(^y«+9=0. 



APPLICATIONS. 
(Page 98, 42.) 

a.) 18*» 31f (2.) 3. (3.) 20. 8. (4.) 5000, 5000. (6.) i. (6.) 24 

pm+7»— 7m» pmn—qn—pm 



(7.) 29, 32. (8.) 5000, 6. (9.) 



mn — m — n win — tn — ti 



(10.)^+?. ^t*. (11.) 48, 16. (12.)H88. 
' mn—1 mn—l ^- ' ' 



SIMPLE EQUATIONS WITH MORE THAN TWO 

UNKNOWN QUANTITIES. 

(Page 101, 43.) 

(2.) 4, 3, 2. (8.) 2, 3, 4. (4.) 24, 60, 120. (6.) 64, 72, 84. (6.) 8, 2, 1. 

(7.) 25. .w. 05. (».) gj^ , ^ , g^j— . (9.) J , 

-2' To- <^^-^-5' I' ^- (ll.)2«,26,2.. (l«.)j-5)(J=^' 

1 1 (13.)-.^, -^., -1^,. (14.) 12. 5, 



7, 4. (15.) 2, 1, 3> -1, -2. (18.) 3, 4, 5, 1, 2. (17.) 6+c-rt. a+c-ft. 
a-^b—e. 



t The valaes of tho unknown quantities are given in tiie order 7, y, s, etc. 
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APPLICATIONS. 

(Page 103.) 

(2.) |2, 20 cents, 10 cents. (8.) £3000 at 4^, etc. (4.) ^ , ^, ^, 

ol ot o7 

^. (6.) 142857. («.) 26, 9, 5. (7.) 140, 60, 45, 80. (8.) 18ft, 34f. 
23A-. 80. 



RATIO. 
(Page 105, SO.) 

/^ X o 1 3 5a 9 bm , ,' . 1 « 4 3 

(l.)2; ^; ^; -; x+y; -; -; a~6. (2.)^; 2,- ^; -; 



1 16 an 1 



x-\-y ' 9 * 6w ' a—b ' 



(3.) 5:11; l:a«+6«; 2(a-a;) :(«+•■»). (4.) 9:25; 



a»:6«; 27:125; a':6»; 5:4; V3:V7; Vw;V»; 3:4; ^x : Py, 
(5.) The former. (7.) 4:1. 



P^OPO-Bl'JO^T.— APPLICATIONS. 

(Page 111.) 

(8.) 13, 26, 39. (4.) 8, 6. (5.) ^^ + ^^ . ^ - ^ . (6.) 120, 160. 200. 

(7.) 8:9. (8.) 252. (0.) 56,84, 70. (10.) 20. (11.) 150. (12.) 300. 
(14.) Sh, ^^m., 8h. 323^m., 3li. lO^m. (15.) Every I^a, hours, -ft hours, 
and 1|\ ; or 11 times in 12h., 22 times, and 11 times. (IB.) No ; since it takes 
the minute hand IrV hours to gain a round, and ft to gain half a round. 

(17.) 8:45 a.m. (18.) 1st. jj:^^, W^* ®^^- ' ^^" ^Iljf ' w^S" *' 
a-j-m t $+a+m t 2s-\-a-h mt a—a—mt ^s—a—mt 

>"g+^< ^-^+^< etc *♦* 



ARITHMETICAL rBOGRESSION. 

(Page 117, 8S.) 

(1.) 83. 903. (2.) -39, -384. (8.) ~^ , ^(^gtl) . (4.) q, 5=1 
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(5.) 193. 243. .298. 343. .893. 448. (7.) -46, |. (8.) 100. (9.) ?!!^, / 



GEOMETMICAL PROGRESSION. 

(Page 120, 90.) 
• (1.) 46876, 58593. (2.) 6, 18, 54, 162, 486. (8 ) 16384, 21845H. (4.) -A, 

-if. (6.) i f , f L Si. (6.) V ; .3 ; }3 ; It. (10.) -A-[(-!)--lJ ; 
!MH; I; mW; J. 



VARIATION. 

(Page 124, 95.) 
(6.) x<xt. (12.) 18. (111.) «=i/t*. 



HARMONIC rROrORTION ANB PROGRESSION. 

(Page 126, 100.) 



rURE QUADRATICS. 
(Page 128, 108.) 
(1) ±4. (2.) ±5. (J.) ±V2a6-&». (4.) ±V5. (S.) ±i«Vi 

(6.) ±6. (7.) *y 5Z^. ») ±V=8. (9.) *^V5. (10.) ±^^^^ 
(XI.) ±tV=10. (12.) ±i. (tt) ;^=p. (14.) i^^^^^^;!^^ 

APPLICATIONS. 
(1.) 12,20. (2.)±iaV3. (8.) -^^^|^= , 7==f^ . 

_^^^ ^^ ^^, -F=^= . -^:i^ . (6.) 6.57+, 

18.12- , 40.51 + . (7.) 149,247J» + miles flom the surface of the earth (8.) 240. 
(9.) ^y^^ from A. (!•.) ^^^ fwrai the louder belL 
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ATFECTEn QUADRATICS. 
(Page 133, 114.) 
(1.) 8, -8. (2.) 6. 2. (t.) a(2± Vfi). (4.) 8, — 1. (5.) 3 ± V^BT 
(«.)!, -a. (7.) 3,-1. (8.) 7, 4. (t.) ^. ^. (11.) 3. -«. 

(12.) 5, -A^ (li.) ^~ . (14.) t, A. (16.) IIHI. «. (1«.) 3. -?. 
(17.)^, |. (18.) K-l ± i^m). (1».)4,4. (20.) 4a(-8 ± f^> 

(21.) ±4^3. (22.) 8, -|. (28.) -^ — , h. (24.) 4, -J. 

(26.) 12, 4. (26.) 4, \. (27.) 7.12+, -5.78+. (28.) 4a(l±8 V^). 

(29.) 1, iv. (80.) 5, 8. 



HIGHER EQUATIONS SOLVED AS QUADRATICS. 

(Paob 136, 122.) 
(1.) ±8, ±8 y^. (2.) 2 ; the other foar rooU not reqaired. (t.) ^ n^. 
(4.) 27. (4.) 121. (6.) (M. (7.) >". (8.) ± 8. (f .) ± V^. ± V2. 

ao.) v'K-i ± v^i). ("-) 4. M (12.) )^(-> * vs;+»')} ^' 

(18.) -0^(0 ± y^*+4)'. (14.) 248, (-28)*. (16.) 16, iJtl*. 

(l«.)|l(»±V^f:ilSi)}*. (17.) 8,^. (18.) 55s, J/I^. (If.)l. 

1, 1 * 2 Vi5. (20.) », -12. (21.) 8. -i, 4(5 ^Vml). (22.) 4, 89. 

(tt.) Kl * VS). (24.) |(l ± V6). (26.) 8, 4. i{-8 ± VW). (2«.)8.1t, 

{{7±m). (27) It^^- (28.) 6. -1. 2 ± ♦'=14 (2».)6,-S, 
i(8±*r=i5). (80.) 2. 8.1. (81.) 8. -I, 4(1 * *^=S). (82.) 1. -8, -8. 
(88.) 8. 2 ± V^. (84.) 5, 4 ± Vt: (86.) -2, -1, -5. (88.) 6, 80. 8. 
(87.) 6.4,6. (88.) 1, 1, -2, -2. (89.) 4, 1, 8. 2. (40.) 8, -1,1 ± V^ 
(41.) 6, -4, 8, -2. (42.) 8, -8. 4(-18 ± V^^IM). (48.) 4, 8. 4(7± Vw). 
(44.) 9. 4, 4(-8 ± /=7). (46.) +1. -1. iV^i -1, id * ^^ : 1. 

i{^±V^)., 1.-1, ±4^=1; ^^^^i ± V^, 4( * VT * V:^ ; 
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(49.)t± iV-8 ± V8(^). (50.) Kl ± ^). (51.) a, -i, i(3 ± Vm)- 
(52.) 1, 1, -2. -2. (6S.) f (-1 ± i^). (54.) ± -^ i -r^ + t^S^Tl I , 

(56.) 0, i, f -1, +2, -2. (57.) i, i (-U VIIIS), ±1, ±Vi(-ll±v»«)- 



SIMULTANEOUS QUJJDMATICS. 

(Page 142, ij^7.) 

(1.) a?=8, -H ; y=-4, W- (2.) «=± V* ; y=2T tl. (S.) «=2 ; 
y=2. (4.)a;=±7, ±4; y=±4,±7. (5.) ar=±3, ±f ^2; p=±2,±iV2. 
(6.)«=±2, ±iVlO; y=±i, TftTo. (7.) ar=±3. t8; y=±5. 

(8.)«=±^fl4; y=±|Vii (9.)flj=±ft^; ^=±1^21. (10.) «=±1, 
±^V^; y=±2, ±iV^. (ll.)a;=±2, ±»V8'; y=±6, ±V^V3. 
(12.)a;=±10, ±Hi^^=47; y=±8, tH^^^=^. (18.) « = 4. 2, 

i(-13 ± i^877) ; y = 2, 4. i(-13 T VSTT). (U.) aj=4, -2, 0; y=2, -4, 0. 
(15.)« = 2,3; y = 3, 2. (16.) « = ± 3 4^2 ; y=:±V2, (17.) a? = 9, 4; 
y = 4,9. (18.)« = 11, i(l±V^^2n); y = 3, t(- W ± i^^^^m). 

(19.) « = 15, ; y=46, 0. (20.)«=±i^; y = 2TV2. (21.)« = 0,2; 

y = -2,0. (22.)« = 1,4; y = 4,l. (2S.) « = 1, 8, 2 T Si'^; y = 3, 
1, 2 ± 5 4/^. (24.) « = 5, -2. l(3 ± V^=67); y=:2. -6, i(-3 ± V=«f). 
(25.)«=±8, ±2; y=±2, ±3. (26.) *= ± 2, ± 1, T 2f'^, ± 4^^ ; 

y=±l, ±2, ±4^=1, T2 4^^. (27.) aj = V^K^^-l) ; y= ^^(yg^^S - 

r«« V 2afe 2a6c 2a&; ,^^ ^ 

(28.) « = — --r r, y= . . , , « = -T-; r- (29.) a? =±3, 

y=±2, 2=±1. (80.)a; = ±2. y=±4, e=±6. (81.)flJ = l, y = 2 
2 = 3. (82.)«=±¥, tVV=T, ±5, T4f^; y=±V, ±¥4^^ 
±4, ±64/^. (88.) ar = ± 1 1^, ±8, ±3tC4; y= ± f^2, ± 1, 

± 4^^. (84.) ir=8,0;y=8,0. (85.) «=2, 8 ; y=8, 3. (86.) «=10t44^, 

*0Tt4^i5; y = 10±4V6, 10±f 4^. (87.) « = ± g 4''±15, ± |V^w; 
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-3±4VZio. (89.) « = A(15 ± « ^'^, 6, 1 ; y = ^(25 ± 10 i^^), 8. i 
(40.) «= f ; y=16. (41.) «=4, 1,0 ; y=8,0. (42.) aj=a744. 8 ; y=9604, 4. 

APPLICATIONS. 
(1.) 8. (2.) 18, |20. (8.) 10 and 8 dajs, 120 and 86 miles. (4.) 12, 36. 

(5.) 14, 10. (6.) 6 milea an hour. (7.) 4 and 5. (8.) H ^^^^L^ -^Y 

\ rm-^t / 

\ T WJ— 1 / 

3, 4, 5, 6. (12.) 3, 6, 12. (18.) 2, 4, 8. (14.) 5, 10. 20. 40. (16.) 2, 4, 

8. (16.) 6, 8, 10, 12. (17.) 1, 2, 4, 8. (18.) 108, 144, 192, 266. (19.) 72, 

68, 66. (20.) 7, 8. (21.) 25. (22.) $960, $1120. (28.) 248. 
(24.) 6 and 7 per cent. (28.) 8 and 14. 



INEQ UALITIES. 
(Page 150, 134.) 
(8.) ii and V. (9.) Anj number between 15 and 20. 



^•» 



PART III. 



niFFERENTIATION. 
(Page 157, 156.) 
(8.) W>x*dx - mcdx ^Adx, (4 ) 2^«fe + ZBx*dx -+- 4Cfe'da;. 

(7 to 12.) ^y^^ _^; 2j^zdz^~ 3.Vc^y+2^3d. 
H-6<te; (5aj*-12aj»-<-12sB«-2aj>to; (aj-2x«-hl)«to. (18tol7,) ^6(«'+aJ»)Vcfa; 
2(1 W 

2d!]; 8(2r Sffula; ^mdx 



J (ap-2)'daj ; 4(2-««)-*axto ; . . (18 to «.) - tt— r-, . 



(iH-a?)'' (l-h«)** (l4-«)«' (!+«)* • 



(28.) When « > 1, fkster; alao 



faster wben aj<l and > — -r . When x = — — : , they both change at the same 

3 4^2 3 V3 

rate. When x < — — , y chanf es slower than x. 
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INI>mTEBMINATE COEFFICIENTS.'-DJSVEhOPUEJin: OF 

FUNCTIONS. 

(Paob 1«1, 161.) 
(8.) l-l««-t«*-ete. ; a;-jr«-h«»~»*-»-etc ; f + ^«-+- ^«« + j^x^ 
-hietc; lH-iii?-l-i«*-hA«»-<-i%«*-f©tc (4.) 2H-2«—ac«— &»»—«*— etc.; 

(5.) l-J«-i«*-A«»— etc.; l+|aj-.J«»4./r«*-etc. 

DECOMPOSITION OF FRACTIONS. 

(Paok 164, 167.) 

^ ^. 5 a 8 1 _5 A_ 7 

C»to».) g^^_2j 8(«+l)' 2(aj-2) 8«' a?-4 aj-8' 2(«~^ 

2(aj-2)' 2(aJH-l) aj-h2"^ 2(aj+8) * ^^ **'^ («-!)» («-!)« "^ a- 1 ' 

2 8_ ^. l^l ^ ^J ^ 7 

(ajH-3)» (a?-f8)« "^ aj4-3* «» a?« "^ i "*■ 4(l-«) 2(l-fa;)« 4(1 -ha?) * 

1 1 1__ _J 2__ 1 2 

4(aj-l) 4(a5-hl) 2(«*-|-l)' 25(a;-2)« 126(aj-2) "^ 26(aj-h8)« "*■ 125(ajH-8) ' 

/i«4 tfix ^ 2a;~2 2 . 8(a;4-4) . 1 . 112 3 

(IS to 1».} ^j-j-j - ^j-^ ; a; -*-(a.«.2)«'^i^=2 "*■«=!' 5«"i"^iTI' 

1 ( 1 1_ g?-2 a;+2 j 1 1 

1^ 1 1 18 2 10_ 

'*"2a*(a«4-aj*)' (a-6)(a5-a) (a-6)(a!-6)* a;-3 a;-l x-2' 



THE BINOMIAL EOBMULA. 
(Page 167, 171.) 
(1 to 6.) a<'-6a»6+15a*6*-20a'6»-hl5a«6*-6a6«+6« ; «»-.7««y+21a;V 

- 85ajV' + 35a5'y* - 21ajV 4- 7ajy« - y^ ; o^- n<i^»» + ^^^ll^ f»»-»aj« 

n(n-l)(7t— 2) ^, , n(n— l)(n— 2)(n— 8) _ ^ ^ ^ « . . . 

1? If 

n(n-l) . »(n-l)(n-2) 
4-«* ; l-S|y-hl(^y«-.lQgr»+6y*-y» ; l-ny+ ^^^"^ ~ "^ f ^^^^ 

+ ^ ' 14 ^y*-hetc. (7 toll.) ♦♦♦♦♦. (18, 14 to 17.) ♦ ♦ ♦ ♦. 

flStoM.) a*-la"-*««-ia-Vir*-A«"^'''««-etc; ^^ + ^ 4- ^ 
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-h ^^ -f- eUs. ; ••+4i««*+aa*<j+4a*4>*+<j'. (2S.) -rfira'^V, 

ft 

LOGABITHM8. 

(Pagk 179» ldl»«) 

(1.) 4, «, ♦ ♦ ♦. (2.) -2, ♦ ♦ ♦. (8.) 4, ♦ ♦. (5.) To tli^ ^39114701 
power, and the 1000000th root extribcted. (6.) The lOOOOOOth root of the 
3414689th power. (7 to 9.) * * * *• (10.) .28108, .17677, ♦ ♦. (11.) .4.449419, 
4.627084, 1.890210. (12.) 12.«^, .00010081, 18.8685, l.«858. (14.) f log « 
+i[log (l+a-)+log (1-a?)], i(log a^log m-hig »-log y), i[log (#-a)4-log (#-ft) 

+log (#-c)-log #], 4[log JT+log (1— a?)]— i log y ; - (wlog a+j) log^^nqgc), 

1 1 <&• 

iloge— -l<^c{+ -[log(m-Ha?)+lqg(TO— «)]—•» log a+nlogd. (16.) ~ z — 

mdx dmdx mdx mdx .^^ iii»ir»i« >i .iaioj 

, , 2575 r. (19.) .665712, 4.49184. 

X X 2(1 +a') 






SUCCESSIVE niEFERENTIATIOK. 

(Page 182, 904.) 
(2.) lawte*. (6.) ♦ ♦ *. (7.) 2[(a?-ft)^-(a?-c)+(«-«gcte^ 



BIFFEBENTIAL COEFFICIENTS. 

(Page 185, ;?07.) 
(6.) 10«*+12*»-10aj, 40»»+86««-10, 120ir«+72a;, 2407+72, 240; ••♦♦ 



TAYLORS S FORMULA. 
(Page 188, 1tI2.) 

(2.) ♦ ♦ ♦. «t+l«"V-l«" V+A«^ V -T^^ Vh-tM" V-«tc. ; r-« 

-*-W«^y*-»-H*B"^y*-»!*'"^^y'+etc. Page 189,(2.) a«''-2»*H-(16»*-4r)A 
^^/5Wp»-5VI* + 80tr«iH + 15jA< + 8A». 
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INDETERMINATE EQUATIONS. 

(PA0B lt», 91S.) 

<*X''>1J:J:8J:S';: ^^^"^^ 

iy= 5, 14, 28, 82, 41, 50, 59, 88, 77,86,95,104,118,122,131,140,149. 
^ ' (0^=215,202,189,178,168,150,187,124,111,98,85, 72, (», 46, 83, 20, 7. 

/rfx U=23, 6. (y= 8. ,^(y=i>, 28, 47, etc. (y=2, 119, 286, etc. 

^ M «= 17, 28. ^ ' ( a?=20. ^' \ aj=56, 178, 290, etc. ^^^ ( «=8, 131, 259, etc. 

(A)|Jl*;: ««^-H«».=«. None. ^-^^^. {Z^i'^^^^X 

etc 
etc 



(*) 5.^^=87. J J-»; «^-».=87.jJi,J;^;*^; 



APPLICATIONS. 

(2.) Tea ; 15, 163, 9. (4.) No ; jes, in an infinite number of wajs ; 4 Smhil- 
Ihig pieces and 192 guineas ; possible ; possible ; possible. (5.) 190. 



INDETEMMINATE EQUATIONS BETWEEN THREE 

QUANTITIES. 

(Paob 1M, 219.) 

/2= 1, 2, 3, 4, 5. 6, 11, 12, 13, 14. 
(2.) Ky=ll, 9, 7, 5, 3. 1, 8, 6, 4, 2. (8.) 59 sets of yaluen 

(«= 10, 11, 12, 18. 14, 15, 1, 2, 8. 4. 

f4W-l^y=^' 4.6,8,10.) ,^3«y=l, 8.5,7,9.) ^^g ^y= ^'^'^'®l 
v».; »~x (a.=:i5,i2,9,6, 3.f Jaj=14, 11, 8, 5, 2. f U=10,7,4,l.) 

,^4 <y=l, 3, 5.) ^^5 <y=2, 4. ) ^^^ <y=l, 3.) 
U=9,6,3.f f«=5,2.f U=4,1.5 

(Page 194, 220.) 
(1.) «=7, y=2, aj=10. (2.) e=15, 80, y=82, 40, «=15, 50. (8.) Nona. 

APPLICATIONS. 

(1.) 8 of Ist, 6 of 2d, 2 of 8d, and in 9 other ways ; 23 and 2, 16 and 5. 9 and 
8. 2 and 11. (2.) $4, $2, $7 ; infinite variety of prices. (8.) 6, 3, 1, 16. 

(4.) Number of the 8d Idnd equals twice the number of the 1st kind, plus the 
number of the 2d kind ; 1 of let, 6 of 2d, 8 of 8d kind. (5.) 40. 60, 24. 
(6.) 55, 10, 85 is one result in integers. There are an infinite number of other 
ways. (7.) * *. (8.) « = 10, y = 1, x = 13. 
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XrOCJ OF EQUATIONS. 

A LARGB namber of theise ooimtractioiifl are exhibited in the text, and to give 
taioro would be to destioj the poMdbilltj of the stadent'B deriving anj benefit 
from the exerdse. 



HIGHER jBQr^TJO^^SL— TRANSFORMATION. 

(Page 205, 228.) 

(2.) Multiply bj y*, and then put y^x^. Finally put a;= 7- , etc 
It iB not deemed expedient to give farther explanatiouB. 

(Page 314, 249.) 

(2 to S4.) To give the roots of these equations would destroy the practical 
value of the examples. 

(Page 216, 2SO.) 

(1.) a;»-2a;«-ll«-hl2=0. (2.) a5*-2aj«-6««-<-4iJ+6=0. (8.) * ♦ * 

(4.) «»~a?«-7a;-hl5=0. (5.) ♦ ♦ ♦. (6.) 80aj»-17«*-lla;+6=0. 

(7 to 10.) •••♦•♦. (11.) a;S~l(ki;»+d&B«-56i;'-78x<-fe6a;+39:=0. 



EQUATIONS WITH INCOMMEN SUB ABLE BOOTS. 

(Pages 216-247.) 

To givo the answers to these examples would be to destroy their value to the 
student. 



CABDAN^S rBOCESS. 

(Page 251, 281.) 

(2.) -1, 2,2. (8.) 2, -1 ± Vs. (4.) i^4 - ^^2, and the roots of 
«*-»-(f^-t^)a? + (Vl-t^)*-f 6r=0, which are -l(v'f-.t^) 

± /I^WI^fll^. (5.) {ai^bi)\ |-i(aU*)±t(a*+ft4)i^}\ 

(6.) 1. -2 ± 8 V^. (7.) * ♦ ♦. (8.) 2. 2 ± V^. (9.) 8. -4, -4. 

(10.) * * ♦. (11.) ♦ ♦ * (12.) ♦ ♦ ♦. (18.) One root is 2.82748+ 

ac 
(14.) -~-i . 
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DESCABTES^S rBOCESSi, 

(Paob 252, 2S3.) 

Ex. 4, ~2, -1 + V^, and -1 - V^, 



BECUBBING EQUATIONS. 
(Pagb 256, 291.) 

(1.) 2±V3,i(l±Vi:8). (2.) -.l,i(9±V77),J(8±VS). g.) 1, 8, 

l+4a±V5+20a 



}, — 2, — ^. (4.) - 1, iw ± Vji»« — 1, in which m = 



2(l-a) 



(5.) -1, 1, 1, -^1, -1, jKl ± V^). («.) 2, i, J«i ± V^m'' --. 1, hi wliich 

m = J(-6±V5). a)2,i,2, J,i(l±Vi:8. (8.) |(3 ± VS), |(-7±8>/5). 

(9.) i(V5-l± V-10-2V5), -i(V5 + 1 T \/-10-f2V5). (10.) }m 
± Vim« — 1, in which w = 2(1 ± Vg). 



BINOMIAL EQUATIONS. 
(Page 265, 292.) 
(1 to 5.) See answer: to (45), page 138, and multiply them retfpectivelj hs 
i% i^S, t^, i^, i^. (7.) See as ahoye. 



EXPONENTIAL EQUATIONS, 

(Page 256, 206.) 

(2 to 6.) 8.0957+, 11.384+, 3.2«2+, 0, 0. (8.) 8.597+. (9.) 2.816+. 

(10.) 2.879+. (11.) 8J888+. (i^,) 2.001+. (18.) ^^ ] ^^' • 

2(2+log 5) (g^^j 2^42^^ ^^^^^^ (21.) ??^^i (a4.)H96.71. 



2 log 2+3 log 3 * '" ' ' ' ' log («+&) • 

$198.98, $200.17, $259.37, $265.83, $268.51, $180.61, $18t.4E^ ^1^9% 



822 ANSW8B8. 

(2i.) 7.13, 10J34, 1«.28« 20.48 jeara. (86.) 29.91 yean. (27.) $1502.63. 

(28.) $1983.97. (M.) $1197.28. (82.) $4794.52, $8500. (S8.) $577.08- 

(K.) The former bj $829.03. (M.) $500i^l. (88.) 13.58 yean. (89.) $798.87. 
(40.) $8229.70. (41.) (Mdb $1756.80. 
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APPENDIX. 



8EBIE8. 
(Page 275, Sll.) 
(2.) 12, 6, 0. (8.) 8, 32. (4.) - Jf. («.) 1. (6.) -14 

(Paob 276, 313.) 

(4.) -aj*, +««, +«. 5afS 5aj». (5.) -27, 4-9, +3. 82805, 98415. 

(6.) +acS+2aj. 1093aj% 3281««. (7.) -4, +4. 192,448. (8.) -2aj», -»-ar«, 

+2«. 87«», 17a»». (9.) - 1 aj. ^ «*, - -^ «•. (10.) -1, +4, -6, +4. 

56, 84, 120. (11.) +1, -8, +3. 26, 84, 48. 

(Page 277, 314.) 
(1.) 4518«'. (2.) VJx\ (8.) -«». (4.) 2733. (6.) 29525. (6.) 1365. 
(7.) 20. 5i^). (8.) nCn+l). (9.)639ftr". (10.) -fl, -5, 

+10, -10, +6. H-1, -8, H-3. +1, -3, +3. H-3aj', -««, -h2aj. (11.) n*. 

(12.) 8694. (18.) 26, 34, 48, 53, 64. 2ftr", 84b'*, 4ar», 53«», 64aj». 196, 336, 
540, 825, 1210, 1716. 

(Page 279, 313.) 
(2.) No. (8 to 6.) Yes. 

(Page 282, 31S.) 

».)«>. («.)t=^.TF- (^^TS- (8.)400;n«. (9.) 1275; 
?<!fl>. aO.) 278256; ^--^10n*-|-35n^+50n«-|-24n (u^tmm; 

6n^ + 44n»-f99n'-f-61n ^^^^ g^,^. ^» ^ n_| + ^' . J. 
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KV'-;^-;jT2-;iT3> »^-)i- »!•>*• (««)A- »«)^- 

(26.) ^. (26.) i. (27.) A. (28.) A. (29.) Vf. (M.) rfnr. 

PILING BALLS AND SHELLS. 

(Page 387, 322.) 

(1.) 1540, 18244, 908. (2.) 0455, 4834, 85720, 405, 376, 1138. (8.) 749% 
3880. (4.) 634. (5.) 3780. (6.) 86356. 

REVERSION OF SERIES. 

(Page 288, 323.) 

(2.) a? = y-y«+y»-y* +etc (8.) « = y-8y* + l^*-67y* + etc. 

(4.) aj = y + 4y' + Ay* + ^fty^ + etc. (6.) x = iif'^^if* + iViy* - etc. 

(6.) aj=(y-l)-i(y-l)« +4(y-l)»-i(y-l)* + etc. (7.) aj = *[ + <^^'-;^>y' 
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INTERPOLATION. 
(Page 290, 325.) 
(2.) 1.794. (6.) (♦ ♦ ♦). 



PERMUTATIONS. 

(Page 298, 3^4.) 

(1.) 720, 24, 8,628300. (2.) 730, 43, 310, 840, 3530, 5040, 5040. 130, 31. 

35, 35, 21, 7, 1. (8.) 86, 84. 126, 126, 84, 86, 1. (4.) 72, 504, 8024. (5.) 2a 

(0.) 35. 21. (7.) 127. (8.) 479,001,600. (9.) 792. (10.) 15. 
;il.)166,320. 64,864,800. (12.) 1028. 

PROBABILITIES. 

(Page 295, 33S.) 

(1.) », A ; \h A. (2.) >, *, 2:1, 4:3. (4.) 6 to 1. (6.) (♦ ♦ •> 
.) i, 5 to 1 (11.) $2if 



[ 



\ 






I 




To avoid fine, this book should be returned on 
or before the date last stamped below 



tOM — S 40 




athor 
I of a 
rocess 
J, its 
mces, 
Ion of 
Bmof 



By 
mrg. 

moed 



Iver- 



Iver- 
land. 



jLivw»w«/«vi/o <uy jL t/*s»i'«/«*» M:AAnHftny •••• • 

By Francis Watlaud, D.D.« late President of Brown Uni- 
vendty. 12mo, cloth, 408 pages. 

Recast by Aabon L. Chapin, D.D.« President of Beloit 
College. 

No text-book on the subject has gained such general accept- 
ance, and been so extensively and continuously used, as Dr. 
Wayland*8. Dr. Chapin has had chiefly in mind the winU of 
■ths eUuS'Toam, as suggested by an experience of many years. 
His aim has been to give in full and proportioned, yet clear 
and compact statement, the elements of this important branch 
of science, in their latest aspects and applications. 
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